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ABSTRACT The main aim of this book is to present recent results con- 
cerning inequalities for continuous functions of selfadjoint operators on 
complex Hilbert spaces. It is intended for use by both researchers in various 
fields of Linear Operator Theory and Mathematical Inequalities, domains 
which have grown exponentially in the last decade, as well as by postgrad- 
uate students and scientists applying inequalities in their specific areas. 
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Preface 



Linear Operator Theory in Hilbert spaces plays a central role in contempo- 
rary mathematics with numerous applications for Partial Differential Equa- 
tions, in Approximation Theory, Optimization Theory, Numerical Analysis, 
Probability Theory & Statistics and other fields. 

The main aim of this book is to present recent results concerning inequal- 
ities for continuous functions of bounded selfadjoint operators on complex 
Hilbert spaces. 

The book is intended for use by both researchers in various fields of 
Linear Operator Theory and Mathematical Inequalities, domains which 
have grown exponentially in the last decade, as well as by postgraduate 
students and scientists applying inequalities in their specific areas. 

In the first chapter we recall some fundamental facts concerning bounded 
selfadjoint operators on complex Hilbert spaces. The generalized Schwarz's 
inequality for positive selfadjoint operators as well as some results for the 
spectrum of this class of operators are presented. Then we introduce and 
explore the fundamental results for polynomials in a linear operator, con- 
tinuous functions of selfadjoint operators as well as the step functions of 
selfadjoint operators. By the use of these results we then introduce the 
spectral decomposition of selfadjoint operators (the Spectral Representa- 
tion Theorem) that will play a central role in the rest of the book. This 
result is used as a key tool in obtaining various new inequalities for con- 
tinuous functions of selfadjoint operators, functions which are of bounded 
variation, Lipschitzian, monotonic or absolutely continuous. Another tool 
that will greatly simplify the error bounds provided in the book is the Total 
Variation Schwarz's Inequality for which a simple proof is offered. 
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The chapter is concluded with some weU known operator inequaUties 
of Jensen's type for convex and operator convex functions. Finahy, some 
Griiss' type inequaUties obtained in 1993 by Mond & Pecaric are also pre- 
sented. 

Jensen's type inequalities in their various settings ranging from discrete 
to continuous case play an important role in different branches of Modern 
Mathematics. A simple search in the MathSciNet database of the American 
Mathematical Society with the key words "Jensen" and "inequality" in the 
title reveals more than 300 items intimately devoted to this famous result. 
However, the number of papers where this inequality is applied is a lot 
larger and far more difficult to find. 

In the second chapter we present some recent results obtained by the 
author that deal with different aspects of this well research inequality than 
those recently reported in the book f2IJ| . They include but are not restricted 
to the operator version of the Dragomir-Ionescu inequality, Slater's type 
inequalities for operators and its inverses, Jensen's inequality for twice dif- 
ferentiable functions whose second derivatives satisfy some upper and lower 
bounds conditions, Jensen's type inequalities for log-convex functions and 
for differentiable log-convex functions and their applications to Ky Fan's 
inequality. Finally, some Hermite-Hadamard's type inequalities for convex 
functions and Hermite-Hadamard's type inequalities for operator convex 
functions are presented as well. 

The third chapter is devoted to Cebysev and Griiss' type inequalities. 

The Cebysev, or in a different spelling - Chebyshev, inequality which com- 
pares the integral/discrete mean of the product with the product of the 
integral/ discrete means is famous in the literature devoted to Mathemat- 
ical Inequalities. It has been extended, generalized, refined etc... by many 
authors during the last century. A simple search utilizing either spellings 
and the key word " inequality" in the title in the comprehensive MathSciNet 
database produces more than 200 research articles devoted to this result. 

The sister inequality due to Griiss which provides error bounds for the 
magnitude of the difference between the integral mean of the product and 
the product of the integral means has also attracted much interest since 
it has been discovered in 1935 with more than 180 papers published, as a 
simple search in the same database reveals. Far more publications have been 
devoted to the applications of these inequalities and an accurate picture of 
the impacted results in various fields of Modern Mathematics is difficult to 
provide. 

In this chapter, however, we present only some recent results due to 
the author for the corresponding operator versions of these two famous 
inequalities. Applications for particular functions of selfadjoint operators 
such as the power, logarithmic and exponential functions are provided as 
well. 

The next chapter is devoted to the Ostrowski's type inequalities. They 
provide sharp error estimates in approximating the value of a function 
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by its integral mean and can be utilized to obtain a priory error bounds 
for different quadrature rules in approximating the Riemann integral by 
different Riemann sums. They also shows, in general, that the mid-point 
rule provides the best approximation in the class of all Riemann sums 
sampled in the interior points of a given partition. 

As revealed by a simple search in MathSciNet with the key words "Os- 
trowski" and " inequality" in the title, an exponential evolution of research 
papers devoted to this result has been registered in the last decade. There 
are now at least 280 papers that can be found by performing the above 
search. Numerous extensions, generalizations in both the integral and dis- 
crete case have been discovered. More general versions for n-time differ- 
entiable functions, the corresponding versions on time scales, for vector 
valued functions or multiple integrals have been established as well. Nu- 
merous applications in Numerical Analysis, Probability Theory and other 
fields have been also given. 

In this chapter we present some recent results obtained by the author in 
extending Ostrowski inequality in various directions for continuous func- 
tions of selfadjoint operators in complex Hilbert spaces. Applications for 
mid-point inequalities and some elementary functions of operators such as 
the power function, the logarithmic and exponential functions are provided 
as well. 

From a complementary viewpoint to Ostrowski/mid-point inequalities, 
trapezoidal type inequality provide a priory error bounds in approximating 
the Riemann integral by a (generalized) trapezoidal formula. 

Just like in the case of Ostrowski's inequality the development of these 
kind of results have registered a sharp growth in the last decade with more 
than 50 papers published, as one can easily asses this by performing a 
search with the key word "trapezoid" and "inequality" in the title of the 
papers reviewed by MathSciNet. 

Numerous extensions, generalizations in both the integral and discrete 
case have been discovered. More general versions for n-time differentiable 
functions, the corresponding versions on time scales, for vector valued func- 
tions or multiple integrals have been established as well. Numerous appli- 
cations in Numerical Analysis, Probability Theory and other fields have 
been also given. 

In chapter five we present some recent results obtained by the author in 
extending trapezoidal type inequality in various directions for continuous 
functions of selfadjoint operators in complex Hilbert spaces. Applications 
for some elementary functions of operators are provided as well. 

In approximating n-time differentiable functions around a point, perhaps 
the classical Taylor's expansion is one of the simplest and most convenient 
and elegant methods that has been employed in the development of Math- 
ematics for the last three centuries. 

In the sixth and last chapter of the book, we present some error bounds 
in approximating n-time differentiable functions of selfadjoint operators by 
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the use of operator Taylor's type expansions around a point or two points 
from its spectrum for which the remainder is known in an integral form. 
Some applications for elementary functions including the exponential and 
logarithmic functions are provided as well. 

For the sake of completeness, all the results presented are completely 
proved and the original references where they have been firstly obtained are 
mentioned. The chapters are followed by the list of references used therein 
and therefore are relatively independent and can be read separately. 



The Author* 




^ * This book is dedicated to my beloved ehildren Sergiu & Camelia and granddaugh- 
ter Sienna Clarisse. 



Functions of Self adjoint Operators in 
Hilbert Spaces 



1.1 Introduction 

In this introductory chapter we recaU some fundamental facts concerning 
bounded selfadjoint operators on complex Hilbert spaces. Since all the op- 
erators considered in this book are supposed to be bounded, we no longer 
mention this but understand it implicitly. 

The generalized Schwarz's inequality for positive selfadjoint operators as 
well as some results for the spectrum of this class of operators are presented. 
Then we introduce and explore the fundamental results for polynomials in a 
linear operator, continuous functions of selfadjoint operators as well as the 
step functions of selfadjoint operators. By the use of these results we then 
introduce the spectral decomposition of selfadjoint operators (the Spectral 
Representation Theorem) that will play a central role in the rest of the 
book. This result is used as a key tool in obtaining various new inequali- 
ties for continuous functions of selfadjoint operators which are of bounded 
variation, Lipschitzian, monotonic or absolutely continuous. Another tool 
that will greatly simplify the error bounds provided in the book is the Total 
Variation Schwarz 's Inequality for which a simple proof is offered. 

The chapter is concluded with some well known operator inequalities of 
Jensen's type for convex and operator convex functions. More results in 
this spirit can be found in the recent book [T]. 

Finally, some Griiss' type inequalities obtained in 1993 by Mond & 
Pecaric are also presented. They are developed extensively in a special 
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chapter later in the book where some apphcations in relation with classical 
power operator inequalities are provided as well. 



1.2 Bounded Selfadjoint Operators 

1.2.1 Operator Order 

Let {H\ (., .)) be a Hilbert space over the complex numbers field C. 

A bounded linear operator A defined on H is selfadjoint^ i.e., A = A* \i 
and only if {Ax, a;) G R for all a; G if and if A is selfadjoint, then 

Pll = sup |(A2;,x)|= sup \{Ax,y)\. (1.1) 

ll^ll— 1 ll^ll — lly II— 1 

We assume in what follows that all operators are bounded on defined on 
the whole Hilbert space H. We denote by B [H] the Banach algebra of all 
bounded linear operators defined on H. 

Definition 1 Let A and B be selfadjoint operators on H. Then A < B (A 
is less or equal to B) or, equivalently, B > A if {Ax, x) < {Bx, x) for all 
X (z H. In particular, A is called positive if A > 0. 

It is well known that for any operator A ^ B (H) the composite opera- 
tors A* A and A A* are positive selfadjoint operators on H. However, the 
operators A* A and AA* are not comparable with each other in general. 

The following result concerning the operator order holds (see for instance 
H p. 220]): 

Theorem 2 Let A, B,C E B (H) be selfadjoint operators and let a, (3 eM.. 
Then 

1. A<A; 

2. If A<B andB< C, then A<C; 

3. If A<B andB < A, then A = B; 

4. If A< B anda> 0, then 

A + C <B + C,aA<aB,-A> -B; 

5- Ifa< P, then a A < l3A. 

The following generalization of Schwarz's inequality for positive selfad- 
joint operators A holds: 

\{Ax,y)\^<{Ax,x){Ay,y) (1.2) 

for any x,y G H. 

The following inequality is of interest as well, see [H p. 221] 



1.2 Bounded Selfadjoint Operators 
Theorem 3 Let A be a positive selfadjoint operator on H. Then 



\\Ax\\^<\\A\\{Ax,x) (1.3) 



for any x £ H. 



Theorem 4 Let An,B G S (H) with n > 1 be selfadjoint operators with 
the property that 

Ai<A2< ... < A„ < ... < B. 

Then there exists a bounded selfadjoint operator A defined on H .such that 
An <A< B for alln>l 

and 

lini AnX — Ax for all x G H. 

An analogous assertion holds if the sequence {^n}^i is decreasing and 
bounded below. 

Definition 5 We say that a sequence {^n}„^x '~- ^ (^) converges strongly 
to an operator A E B (H) , called the strong limit of the sequence {^n}„^]^ 
and we denote this by (s) lini„_>.oo An = A, if lini„_i.oo AnX ~ Ax for all 
xeH. 

The convergence in norm, i.e. lim„_>.oo \\An — A\\ = will be called 
the "uniform convergence" as opposed to strong convergence. We denote 
lim„_j.oo^n = A for the convergence in norm. From the inequality 

||^m3^ ~ ^ri2;|| < ||^m ~ An\\ \\x\\ 

that holds for all n,m and a; G -ff it follows that uniform convergence of 
the sequence {^n}^i to A implies strong convergence of {^n}^i to A. 
However, the converse of this assertion is false. 

It is also possible to introduce yet another concept of "weak convergence " 
in B (H) by defining (w) lim„_j.oo An = Aii and only if lim„_5.oo {AnX, y) ~ 
{Ax, y) for all x,y G H. 

The following result holds (see [21 p. 225]): 

Theorem 6 Let A be a bounded selfadjoint operator on H. Then 
ai : — inf {Ax,x) — iaax{a €zM\aI < A} ; 

\\x\\ — l 

Oi2 ■ = sup (Aa;,a;) = min{a G K jA < a/} ; 

lkll=i 

and 

\\A\\ =max{|ai| ,|a2|}- 

Moreover, if Sp{A) denotes the spectrum of A, then ai,a2 G Sp{A) and 
Sp{A) C [ai,a2] . 
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Remark 7 We remark that, if A,ai,a2 are as above, then obviously 

ai = Tam{X\X Cz Sp{A)} =: mmSp{A) ; 
a2 — max{A |A e 5p (A) } =: max5p (A) ; 
II All = max{|A||Ae5p(A)}. 

We also observe that 

1. A is positive iff ai > 0; 

2. A is positive and invertible iff ai > 0; 

3. If ai > 0, then A^^ is a positive selfadjoint operator andminSp (^ '^j = 



a2 ,uiaxSp (A ^) 



a. 



,-1 



1.3 Continuous Functions of Selfadjoint Operators 

1.3.1 Polynomials in a Bounded Operator 

For two functions (^, -0 : C — > C we adhere to the canonical notation: 



(A^) (s) 



= vis) +iIj{s) 
= A(^ (s) , 
= ¥'(s)V'(s) 



for sum, scalar multiple and product of these functions. We denote by ip (s) 
the complex conjugate of i^ (s) . 

As a first class of functions we consider the algebra V of all polynomials 
in one variable with complex coefficients, namely 

V -.^ lip (s) := Y^ aks'' |n > 0, a/c e C,0 < A; < n I . 
I fe=o J 

Theorem 8 Let A G B (H) and for ip (s) :— X]fe=o '^ks'' G V define 

V{A) := ELo"fcA'= e B{H){A^ = I) and p{A) := ELo"fe(^*)' ^ 
B (H) . Then the mapping (^ (s) — > (p (A) has the following properties 

a) {p + i:){A)^p{A)+i:{A); 

b) iXp)iA) = XpiA); 

c) {^i,){A)^p{A)i:{A); 

d) [p{A)]*^p{A). 



1.3 Continuous Functions of Selfadjoint Operators 5 

Note that (^ (A) ip {A) — ip {A) ip {A) and the constant polynomial ip (s) := 
Qq is mapped into the operator. 

Recall that, a mapping a — > a' of an algebra hi into an algebra W is 
called a homomorphism if it has the properties 

a) (a + b)' = a' + b'; 

b) (A(^)' = Aa'; 

c) (ah)' = a'b'. 

With this terminology, Theorem [5] asserts that the mapping which asso- 
ciates with any polynomial ip (s) the operator tp (A) is a homomorphism of 
V into B (H) satisfying the additional property d). 

The following result provides a connection between the spectrum of A 
and the spectrum of the operator ip (A) . 

Theorem 9 If A e B (H) and ipeV, then Sp {ip (A)) = ip (Sp (A)) . 

Corollary 10 If A € B (H) is selfadjoint and the polynomial ip (s) (z V 
has real coefficients, then ip (A) is selfadjoint and 

y{A)\\=nmx{\^{\)\,XeSp{A)}. (1.4) 

Remark 11 If A e B (H) andip eV, then 

1. ip {A) is invertible iff ip (A) =/= for all A G Sp {A) ; 

2. Ifip{A) is mvertible, then Sp (w {Ay^\ = lip (A)"^ , A e Sp{A)\ . 

1.3.2 Continuous Functions of Selfadjoint Operators 

Assume that A is a bounded selfadjoint operator on the Hilbert space H. 
If ip is any function defined on R we define 

M^^snv{\^{\)\,\eSp{A)}. 

If ip is continuous, in particular if (^ is a polynomial, then the supremum 
is actually assumed for some points in Sp{A) which is compact. Therefore 
the supremum may then be written as a maximum and the formula (|1.4p 
can be written in the form \\ip {A)\\ — \\ip\\j^ ■ 

Consider C (M) the algebra of all continuous complex valued functions 
defined on M. The following fundamental result for continuous functional 
calculus holds, see for instance [21 p. 232]: 

Theorem 12 If A is a bounded selfadjoint operator on the Hilbert space 
H and ip € C (M), then there exists a unique operator ip (A) G B (H) with 
the property that whenever {(^„}^i C V such that lirrin-^oo \\v ^ VhWa ~ *-*' 
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then (p {A) — lim„_i.oo V5„ {A) . The mapping ip -^ Lp [A) is a homomorphism 
of the algebra C (R) into B (H) with the additional properties [ip (A)] — 
^ (A) and \\ip{A)\\ < 2||iy9||^. Moreover, p (A) is a normal operator, i.e. 
[ip {A)] p (A) = p (A) [ip (A)] . If p is real-valued, then ip (A) is selfadjoint. 

As examples we notice that, ii A ^ B (H) is selfadjoint and ip (s) = 
e",s£ R then 

k=0 

Moreover, e is a unitary operator and its inverse is the operator 

oo _. 

fc=0 

Now, a X e C\R, A e B{H) is selfadjoint and p}{s) = ^ e C (M) , 

then p} (A) = {A - Xiy\ 

If the selfadjoint operator A ^ B [H) and the functions p?,!/; E C (M) are 
given, then we obtain the commutativity property ip (A) ip (A) = ip (A) p (A) . 
This property can be extended for another operator as follows, see for in- 
stance [2j p. 235]: 

Theorem 13 Assume that A £ B [H] and the function p> <£ C (M) are 
given. If B e B (H) is such that AB = BA, then p{A)B ^ Bp {A) . 

The next result extends Theorem [S] to the case of continuous functions, 
see for instance [2l p. 235]: 

Theorem 14 If A is abounded selfadjoint operator on the Hilbert space H 
and p is continuous, then Sp {p {A)) = p {Sp {A)) . 

As a consequence of this result we have: 

Corollary 15 With the assumptions in Theorem \14\ we have: 

a) The operator p (A) is selfadjoint iff p (A) G K for all A G Sp {A) ; 

b) The operator p [A) is unitary iff [p (A)| = 1 for all A G 5*^ {A) ; 

c) The operator p {A) is invertible iff p (A) 7^ for all A G Sp {A) ; 

d) If p (A) is selfadjoint, then [\p{A)[\ = [\p[\j^. 

In order to develop inequalities for functions of selfadjoint operators we 
need the following result, see for instance [H p. 240]: 
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Theorem 16 Let A be a hounded selfadjoint operator on the Hilbert space 
H. The homomorphism ip — > ^p {A) of C (R) into B {H) is order preserving, 
meaning that, if ip,ip £ C (M) are real valued on Sp (A) and ip (A) > ip (A) 
for any A € Sp (A) , then 

ip (A) > tl) {A) in the operator order of B (H) . (P) 

The "square root" of a positive bounded selfadjoint operator on H can 
be defined as follows, see for instance ?I\ p. 240]: 

Theorem 17 If the operator A Cz B {H) is selfadjoint and positive, then 
there exists a unique positive selfadjoint operator B := yA G B (H) such 
that B^ = A. If A is invertible, then so is B. 

li A £ B (H) , then the operator A* A is selfadjoint and positive. Define 
the "absolute value" operator by \A\ := \J A* A. 

Analogously to the familiar factorization of a complex number 



^=1^1 



ai-gC 



a bounded normal operator on II may be written as a commutative product 
of a positive selfadjoint operator, representing its absolute value, and a 
unitary operator, representing the factor of absolute value one. 

In fact, the following more general result holds, see for instance [H p. 
241]: 

Theorem 18 For every bounded linear operator A on H, there exists a 
positive selfadjoint operator B = \A\ £ B (H) and an isometric operator C 
with the domain T>c ~ B (H) and range TZc — C (T>c) — A (H) such that 
A = CB. 

In particular, we have: 

Corollary 19 // the operator A £ B [H) is normal, then there exists a 
positive selfadjoint operator B — \A\ £ B (H) and a unitary operator C 
such that A — BC — CB. Moreover, if A is invertible, then B and C are 
uniquely determined by these requirements. 

Remark 20 Now, suppose that A = CB where B £ B (H) is a positive 
selfadjoint operator and C is an isometric operator. Then 



a) B = \/A* A; consequently B is uniquely determined by the stated 
requirements; 

b) C is uniquely determined by the stated requirements iff A is one-to- 
one. 
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1.4 Step Functions of Selfadjoint Operators 

Let A be a bonded selfadjoint operator on the Hilbert space H. We intend 
to extend the order preserving homomorphism ip ^ Lp [A) of the algebra 
C (R) of continuous functions tp defined on M into B {H) , restricted now to 
real-valued functions, to a larger domain, namely an algebra of functions 
containing the "step functions" (/7;^, A e M, defined by 

{1, for — oo < s < A, 
0, for A < s < -l-cx). 

Observe that p^^ (s) — p^^ (s) and p\ (s) ~ p-^ (s) which will imply that 
\py^ (^)]* — V\ {A) and [py^ {A)] — p-y {A) , i.e. py^ [A) will then be a pro- 
jection. However, since the function p-y cannot be approximated uniformly 
by continuous functions on any interval containing A, then, in general, 
there is no way to define an operator p-y {A) as a uniform limit of operators 
^x,n {A) with p^^^^ e C (R) . 

The uniform limit of operators can be relaxed to the concept of strong 
limit of operators (see Definition [5]) in order to define the operator p-^ {A) . 
In order to do that, observe that the function p))^ may be obtained as a 
pointwise limit of a decreasing sequence of real- valued continuous functions 
Px n defined by 



V\{s) 



1, for — oo < s < A, 

1 - n (s - A) , for A < s < A -^ 1/n 

0, for A < s < -l-oo. 



By Theorem |4] we observe that the sequence of corresponding selfadjoint 
operators ((5;)^ „ {A) is nondecreasing and bounded below by zero in the 
operator order of B (H) . It therefore converges strongly to some bounded 
selfadjoint operator p^ (A) on H, see ^, p. 244]. 

To provide a formal presentation of the above, we need the following 
definition. 

Definition 21 A real-valued function p onM. is called upper semi- continuous 
if it is a pointwise limit of a non-increasing sequence of continuous real- 
valued functions on R. 

We observe that it can be shown that a real- valued functions (/? on R is 
upper semi-continuous iff for every sq € IR smd for every e > there exists 
a (5 > such that 

p{s) < p (so) -f e for all s G (sq — S, sq + 6) . 
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We can introduce now the operator if {A) as follows, see for instance [21 
p. 245]: 

Theorem 22 Let A he a bonded selfadjoint operator on the Hilbert space 
H and let ip be a nonnegative upper semi- continuous function on R. Then 
there exists a unique positive selfadjoint operator ip [A) such that whenever 
{iPn} n=i *'' ^"■2/ non-increasing sequence of non-negative functions inC (R) , 
pointwise converging to ip on Sp (A) , then p [A) = (s) lim p^^ [A) . 

If p} is continuous, then the operator p) [A) defined by Theorem [T^ coin- 
cides with the one defined by Theorem [^ 

Theorem 23 Let A € B (H) be selfadjoint, let ip and rp be non-negative 
upper semi- continuous functions on R, and let a > be given. Then 
the functions p -\- if), aip and ipip are non-negative upper semi- continuous 
and {ip + Ip) {A) ^ p (A) + ip (A) , {a(p) (A) = ap> (A) and {(pip) {A) = 
ip {A) Ip {A) . Moreover, if if {s) < ip (s) for all s G Sp {A) then ip {A) < 
iP{A). 

We enlarge the class of non-negative upper semi-continuous functions to 
an algebra by defining TZ (R) as the set of all functions ip ~ ip-^^ — ip2 where 
ipi, ip2 are nonnegative and upper semi-continuous functions defined on R. 
It is easy to see that TZ (R) endowed with pointwise sum, scalar multiple 
and product is an algebra. 

The following result concerning functions of operators ip {A) with p G 
7?. (R) can be stated, see for instance 2, p. 249-p. 250]: 

Theorem 24 Let Ae B {H) be selfadjoint and let ip &TZ (R) . Then there 
exists a unique selfadjoint operator ip {A) G B {H) such that if ip — p)-^ — ip2 
where <Pi,<P2 '^'^^ nonnegative and upper semi- continuous functions defined 
on R, then p {A) — p^ {A)—ip2 {A) . The mapping ip ^ ip {A) is a homomor- 
phism ofTZ (R) into B {H) which is order preserving in the following sense: 
if ip,ip G TZ (R) with the property that ip {s) < ip (s) for any s G Sp {A) , 
then ip {A) < ip {A) . Moreover, if B & B {H) satisfies the commutativity 
condition AB = BA, then ip{A)B ^ Bp {A) . 



1.5 The Spectral Decomposition of Selfadjoint 
Operators 

Let A ^ B {H) be selfadjoint and let p^ defined for all A G R as follows 

1, for — oo < s < A, 
0, for X < s < +0O. 
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Then for every A S M the operator 

Ex :- ^A (A) 



(1.5) 



is a projection which reduces A. 

The properties of these projections are summed up in the foUowing funda- 
mental result concerning the spectral decomposition of bounded selfadjoint 
operators in Hilbert spaces, see for instance [H p. 256] 

Theorem 25 (Spectral Representation Theorem) Let A be a bonded 
selfadjoint operator on the Hilbert space H and let m = min {A | A S Sp (A) } -- 
imiiSp{A) and M — max {A | A G Sp{A)} =: maxS'p(A) . Then there ex- 
ists a family of projections {Ex}^^g^, called the spectral family of A, with 
the following properties 

a) Ex < Ey for A < A'; 

b) E,n-o = 0, Em = I and Ex+o = Ex for all A G M; 

c) We have the representation 



A 



XdEx. 



(1.6) 



More generally, for every continuous complex-valued function tp defined 
on M and for every £ > there exists a 5 > such that 



^ 



(A)-5;]^(A',)[i?A. -i?A,_j 



fc=i 



whenever 



this means that 



Aq < m = Ai < ... < A„_i < A„ 
'^fc — Afc_i < S for I < k < n, 
X'k e [Afc-i, Afe] forl<k<n 

I'M 

V{A)= v^{X)dEx, 

Jm-O 

where the integral is of Riemann-Stieltjes type. 

Corollary 26 With the assumptions of Theorem 
have the representations 

M 



< £ 



M, 



(1.7) 



(1.8) 



(1.9) 



ip{A)x = if (A) dExx for all x e H 

Jm-O 



for A, Ex and Lp we 
(1.10) 
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and 

I'M 

{(p{A)x,y)= <fi{X)d{Exx,y) for all x,y € H. (1.11) 

In particular, 

{ip{A)x,x)= ip{X)d{Exx,x) forallxeH. (1.12) 

J m-O 

Moreover, we have the equality 

pM 

y{A)xf^ \'f{X)\^d\\Exxf forallxeH. (1.13) 

Jm-O 

The next result shows that it is legitimate to talk about "the" spectral 
family of the bounded selfadjoint operator A since it is uniquely determined 
by the requirements a), b) and c) in Theorem B5l see for instance [2, p. 258]: 

Theorem 27 Let A be a bonded selfadjoint operator on the Hilbert space 
H and let m ~ min Sp (A) and M = max Sp {A) . If {^a} agr ^■s « family of 
projections satisfying the requirements a), h) and c) in Theorem \25[ then 
F\ = Ex for all X €M. where Ex is defined by il.5\) . 

By the above two theorems, the spectral family {Ex}x£m uniquely de- 
termines and in turn is uniquely determined by the bounded selfadjoint 
operator A. The spectral family also reflects in a direct way the properties 
of the operator A as follows, see [5], p. 263-p.266] 

Theorem 28 Let {Ex}x^tsi be the spectral family of the bounded selfadjoint 
operator A. If B is a bounded linear operator on H , then AB = BA iff 
ExB = BEx for all X€^. In particular ExA == AEx for all A G M. 

Theorem 29 Let {Ex}x£9. ^^ ^^^ spectral family of the bounded selfadjoint 
operator A and /z G M. Then 

a) fi is a regular value of A,i.e., A — fil is invertible iff there exists a 
9 > such that E^^g — E^+g; 

b) ^leSp (A) iffE^^g < E^+g for all 6 > 0; 

c) fi is an eigenvalue of A iff Efj_^Q < E^. 

The following result will play a key role in many results concerning in- 
equalities for bounded selfadjoint operators in Hilbert spaces. Since we were 
not able to locate it in the literature, we will provide here a complete proof: 
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Theorem 30 (Total Variation Schwarz's Inequality) Let {E\}^^^ be 
the spectral family of the bounded selfadjoint operator A and let m = 
min Sp (A) and M = max Sp (A) . Then for any x,y ^ H the function 
A — > {E\x, y) is of bounded variation on [m — s, M] , for any s > and we 
have the inequality 



M 



V {{E^.)X,y))<\\x\\\\y\\, 



(TVSI) 



m— 



M 



M 



where \J UE(\x,y')) denotes the limit \iins->-Q+ \/ ((-^(•)'^' y)) ■ 

■m— ni—s 

Proof. If P is a nonnegative selfadjoint operator on H, i.e., {Px, x) > for 
any x € H, then the fohowing inequahty is a generahzation of the Schwarz 
inequahty in H 

\{Px,y)\'<{Px,x){Py,y), (1.14) 

for any x,y £ H. 

Now, ii d : m — s — tf) < ti < ... < i„_i < t„ = M, where s > is an 
arbitrary partition of the interval [m — s, M] , then we have by Schwarz's 
inequality for nonnegative operators (|1.14p that 



M 



V ((^(o^.y)) 



(1.15) 



. 1=0 



< sup <^ ^ [{{Et^^, - Et,) x^xfl^ {{Eu^, - Et^) y, yf 



/2- 



:=/. 



By the Cauchy-Buniakovski-Schwarz inequality for sequences of real num- 
bers we also have that 



/ < sup ■ 

d 



< sup ' 

d 

M 



ri-l 



1 1/2 rn 



J2{{Eu+.-Eu)x,x) 



Y,{{Eu+.~Et;)x,x) 



-,1/2' 



Y.{{Eu,,~E,;)y,y) 



Li=0 



4=0 



1/2 



sup 

d 



V ((^(O^'^)) 



1/2 



M 



V {{Ei-)y^y)) 



n-l 

Y.{{Eu^,-Eu)y.y) 

.4=0 

1/2 



(1.16) 

1/2- 



\\\A? - {Em-sX, x)J l^llyll^ - {Em-sy, y) 



1/2 
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for any x,y E H. 

On making use of (jl.isp and (|1.16p and letting s — )• 0+ we deduce the 
desired result (ITVSII). ■ 



1.6 Jensen's Type Inequalities 

1.6.1 Jensen's Inequality. 

The following result that provides an operator version for the Jensen in- 
equality is due to Mond & Pecaric [5] (see also [2 p. 5]): 

Theorem 31 (Mond- Pecaric, 1993, [5]) Let A he a selfadjoint oper- 
ator on the Hilbert space H and assume that Sp (A) C [m, M] for some 
scalars m, M with m < M. If f is a convex function on [to, M] , then 

f{{Ax,x))<{f{A)x,x) (MP) 

for each x Cz H with \\x\\ ~ 1. 

As a special case of Theorem [3T] we have the following Holder- McCarthy 
inequality: 

Theorem 32 (Holder-McCarthy, 1967, [3]) Let A be a selfadjoint pos- 
itive operator on a Hilbert space H . Then 

(i) [A^x^x] > {Ax,x) for all r > 1 and x £ H with \\x\\ = 1; 

(ii) (A^XjX) < {Ax,x) for all < r < 1 and x d H with \\x\\ = 1; 

(Hi) If A is invertible, then {A'^x,x) > {Ax,xy for all r < and x & H 
with \\x\\ = 1. 

The following theorem is a multiple operator version of Theorem |31] (see 
for instance [U p. 5]): 

Theorem 33 (Furuta-Micic-Pecaric-Seo, 2005, [T]) LetAj be selfad- 
joint operators with Sp{Aj) C [to,, M], j e {l,...,n} for some scalars 
m < M and Xj G H,j G {1, . . . ,n} with X]?=i ll^^jll" = ^- U f 'is a convex 
function on [to, Af], then 

(n \ n 

J2 ^A,x,,x,) < J2 {f{Aj)x,,x,) . (1.17) 

The following particular case is of interest. 

Corollary 34 Let Aj be selfadjoint operators with Sp{Aj) C [m,M], j G 
{1, . . . ,n} for some scalars m < M. Ifpj > 0, j G {1, . . . , n} with X]i=i Pj — 
1, then 

I {{y,P3A,x,x\\ < (y2pjfiAj)x,xy (1.18) 



14 
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for any x Cz H with \\x\\ = 1. 

Proof. Follows from Theorem [551 by choosing Xj — ypp] • x, j G {1, . . . , n} 
where x d H with ||j:|| = 1. ■ 

Remark 35 The above inequality can be used to produce some norm in- 
equalities for the sum of positive operators in the case when the convex 
function f is nonnegative and monotonic nondecreasing on [0, M] . Namely, 
we have: 



I 






< 






(1.19) 



The inequality hl.l9\) reverses if the function is concave on [0,M]. 
As particular cases we can state the following inequalities: 



n 


p 


n 


Y.pi^^ 


< 


> -M^ 


j=i 




i=i 



for p > I and 



n 


p 


n 


T.P^A, 


> 


> >.^f 


3 = 1 




J = l 



(1.20) 



(1.21) 



/or < p < 1. 

If Aj are positive definite for each j G {1, . . . ,n} then lil.2U\) also holds 
for p < 0. 

// one uses the inequality \1.19\) for the exponential function, that one 
obtains the inequality 



exp 






< 



^Pjexp(Aj 



(1.22) 



where Aj are positive operators for each j g {1, . . . , n} . 



1.6.2 Reverses of Jensen's Inequality 

In Section 2.4 of the monograph [T] there are numerous interesting converses 
of the Jensen's type inequality (J1.17p from which we would like to mention 
only two of the simplest. 

The following result is an operator version of the well known Lah-Ribaric's 
reverse of the Jensen inequality for real functions of a real variable, see for 
instance [ll: 

Theorem 36 Let Aj be selfadjoint operators with Sp{Aj) C [m, M], j S 
{l,...,n} for some scalars m < M and Xj £ H,j G {l,...,n} with 
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^2^=1 ll^ill = 1- ^// '5 a continuous convex function defined on [m,M] , 
then 



X](/(^j)a;j,2;i) 



(1.23) 



j=i 



< 



1 



M — m 



f (M) ^ {{A, - ml) X, ,x,)+f (m) ^ {{MI - A,) x, , : 



Theorem 37 (Micic-Seo-Takahasi-Tominaga, 1999, [4j) Let Aj be self - 
adjoint operators with Sp{Aj) C [m, Af], j E {l,...,n} for some scalars 
m < M and Xj G iJ, j G {1, . . . , n} with X]?=i li^^ill = ^- If f is a strictly 
convex function twice differentiable on [m,M], then for any positive real 
number a we have 



where 



and 






/3 == i-ifto + Vf - af {to) , 



^/ 



/ (M) - / (m) 



i'/^ 



M/ (to) - to/ (M) 



(1.24) 



M-m ' M-m 

f Z'-M^) «/™</'-^(^)<M 

?n if f'^^ \~) — '^■ 

The case of equality was also analyzed, see [I] p. 61] but will be not 
stated in here. 



1.6.3 Operator Monotone and Operator Convex Functions 

We say that a real valued continuous function / defined on an interval / is 
said to be operator monotone if it is monotone with respect to the operator 
order, i.e. if A and B are bounded selfadjoint operators with A < B and 
Sp {A) , Sp {A) C /, then f {A) < f {B) . The function is said to be operator 
convex {operator concave) if for any A^ B bounded selfadjoint operators 
with Sp {A) , Sp {A) C /, we have 



f[{l-\)A + XB]<{>){l-X)J{A) + XJ{B) 
for any A e [0, 1] . 



(1.25) 
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Example 38 The following examples are well know in the literature and 
can be found for instance in f^ p. 7-p. 9] where simple proofs were also 
provided. 

1. The affine function f (t) = a + /3i is operator monotone on every 
interval for all a GM. and /3 > 0. It is operator convex for all a, /3 G K; 

^- V /i 9 o.i'^ operator monotone, and «/ a, /3 > then the linear com- 
bination af + j3g is also operator monotone. If the functions fn are 
operator monotone and /„ (t) — > f (t) as n — > cx), then f is also 
operator monotone; 

3. The function f (t) = t^ is operator convex on every interval, however 
it is not operator monotone on [0, cx)) even though it is monotonic 
nondecreasing on this interval; 

4. The function f (t) ~ t^ is not operator convex on [0, cx)) even though 
it is a convex function on this interval; 

5. The function f {t) ~ j is operator convex on (0, 00) and f (t) = —j 
is operator monotone on (0,oo) ; 

6. The function f (t) = In t is operator monotone and operator concave 
on (0, 00) ; 

7. The entropy function f (t) = —tint is operator concave on (0, 00) ; 

8. The exponential function f (t) — e* is neither operator convex nor 
operator monotone on any interval of R. 

The following monotonicity property for the function / (t) = f with 
r € [0, 1] is well known in the literature as the Lowner-Heinz inequality 
and was established essentially in 1934: 

Theorem 39 (Lowner-Heinz Inequality) Let A and B be positive op- 
erators on a Hilbert space H. If A> B > 0, then A^ > B^ for all r £ [0, 1] . 

The following characterization of operator convexity holds, see [3 p. 10] 

Theorem 40 (Jensen's Operator Inequality) Let H and K be Hilbert 
spaces. Let f be a real valued continuous function on an interval J. Let A 
and Aj be selfadjoint operators on H with spectra contained in J, for each 
j = 1, 2, ..., k. Then the following conditions are mutually equivalent: 

(i) f is operator convex on J; 

(li) f{C*AC) < C*f{A)C for every selfadjoint operator A : H ^ H 
and isometry C : K ^ H, i.e., C*C = Ik', 
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(in) f{C*AC) < C*f{A)C for every self adjoint operator A : H ^ H 
and isometry C : H ^^ H] 

(i'") / (l]i=i C'i ^iQj < I]j=iC'j/(^j)C'j for every selfadjoint opera- 
tor Aj : H ^^ H and hounded linear operators Cj : K ^^ iJ, with 

H f (Ej=i C*! ^jQ) < T^=i ^jf (^j) ^J f°'^ ^'"^'^y selfadjoint opera- 
tor Aj : H ^^ H and bounded linear operators Cj : H ^^ H, with 

E-=iqQ-iH(j-i,->fc); 

M / (Ej=i -Pj^j^j) < J2'j=i Pj f i^j) Pj for every selfadjoint opera- 
tor Aj : H ^ H and projection Pj : H ^^ H, with Ej=i^j ~ 
lH(j = l,...,fc). 

The following well known result due to Hansen & Pedersen also holds: 

Theorem 41 (Hansen-Pedersen-Jensen's Inequality) Let J be an in- 
terval containing and let f be a real valued continuous function defined 
on J. Let A and Aj be selfadjoint operators on H with spectra contained 
in J, for each j = l,2,...,fc. Then the following conditions are mutually 
equivalent: 

(i) f is operator convex on J and f (0) < 0; 

(a) f {C*AC) < C*f{A)C for every selfadjoint operator A : H ^ H 
and contraction C : H ^ H, i.e., C*C < 1h', 

(iii) I \^']=iC*AjC.j^ < Y!j=i'^jfi^i)'^i 1°^ every selfadjoint opera- 
tor Aj : H ^ H and bounded linear operators Cj : H ^ H, with 

(iv) f (PAP) < Pf (A) P for every selfadjoint operator A : H ^^ H and 
projection P. 

The case of continuous and negative functions is as follows, T, p. 13]: 

Theorem 42 Let f be continuous on [0, oo). /// (f) < for all t £ [0, oo), 
then each of the conditions (i)-(vi) from TheoremlJ^is equivalent with 

(vii) —f is an operator monotone function. 

Corollary 43 Let f be a real valued continuous function mapping the pos- 
itive half line [0, oo) into itself. Then f is operator monotone if and only if 
f is operator concave. 

The following result may be stated as well pj p. 14]: 
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Theorem 44 Let f be continuous on the interval [0,r) with r <oo. Then 
the following conditions are mutually equivalent: 

(i) f is operator convex and f (0) < 0; 

(ii) The function t i— >• ii-i is operator monotone on (0, r) . 

As a particular case of interest, we can state that [1] p. 15]: 

Corollary 45 Let f be continuous on [0, oo) and taking positive values. 
The function f is operator monotone if and only if the function t i— >■ -Att 
is operator monotone. 

Finally we recall the following result as well [H p. 16]: 

Theorem 46 Let f be a real valued continuous function on the interval 
J = [a, oo) and bounded below, i.e., there exists to G M such that ni < f (t) 
for all t G J. Then the following conditions are mutually equivalent: 

(i) f is operator concave on J; 

(ii) f is operator monotone on J. 

As a particular case of this result we note that, the function / (i) = f^ 
is operator monotone on [0,oo) if and only if < r < 1. The function 
/ (i) = f is operator convex on (0, oo) if either l<r<2or— l<r<0 
and is operator concave on (0, oo) if < r < 1. 



1.7 Griiss' Type Inequalities 

The following operator version of the Griiss inequality was obtained by 
Mond & Pecaric in |^ : 

Theorem 47 (Mond-Pecaric, 1993, [6]) Let Cj, j G {1, . . . ,n} be .self- 
adjoint operators on the Hilbert space (H, {.,.)) and such that mj ■ 1h < 
Cj < Mj ■ 1h for j G {1, . . . , n} , where 1h is the identity operator on H. 
Further, let gj, hj : [ruj, Mj] — > K, j G {1, . . . ,n} be functions .such that 

V Iff < 9j {Cj) < $ • Iff and 7 • 1h < hj {Cj) <r -Ih (1.26) 

for each j G {1, . . . ,n} . 

If Xj G H, j G {1, . . . , n} are such that J2^=i W^jW ~ I7 then 

n n n 

Yl (9j (Cj) hj {Cj)xj,Xj) - Y^ {gj (Q) Xj,Xj) ■ ^ {hj {Cj) Xj,Xj) 

(1.27) 

< 1 ($ - ^) (r - 7) . 
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li Cj,j e {1, . . . ,n} are selfadjoint operators such that Sp (Cj) C [m, M] 
for j e {1, . . . , n} and for some scalars m < M and iig,h : [m, M] — > R are 
continuous then by the Mond-Pecaric inequahty we deduce the foUowing 
version of the Griiss inequahty for operators 



^ {g {Cj) h (Q) x„ X,) - ^ (g (Q) x,,x,) ■ ^ {h {C,)x„x,) (1.28) 
j=i j=i j=i 

< i ($ - ^) (r - 7) , 

where Xj G H^ j G {l,...,n} are such that X^i^i ll^ill = 1 ^i^^ 'P ~ 
mintg[„^M]g(i), "5 == maXig[„^M] 5 (*) : 7 = niintg[„^M] ^ (0 and T = 
maXig[„_M] /i(t)- 

In particular, if the selfadjoint operator C satisfy the condition Sp (C) C 
[to, M] for some scalars m < M , then 

\{giC)hiC)x,x)~{giC)x,x)-{hiC)x,x)\<^i^-^)iT-j), 

(1.29) 
for any x G -ff with ||x|| = 1. 
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2 

Inequalities for Convex Functions 



2.1 Introduction 

Jensen's type inequalities in their various settings ranging from discrete 
to continuous case play an important role in different branches of Modern 
Mathematics. A simple search in the MathSciNet database of the American 
Mathematical Society with the key words "Jensen" and "inequality" in the 
title reveals more than 300 items intimately devoted to this famous result. 
However, the number of papers where this inequality is applied is a lot 
larger and far more difficult to find. It can be a good project in itself for 
someone to write a monograph devoted to Jensen's inequality in its different 
forms and its applications across Mathematics. 

In the introductory chapter we have recalled a number of Jensen's type 
inequalities for convex and operator convex functions of selfadjoint opera- 
tors in Hilbert spaces. In this chapter we present some recent results ob- 
tained by the author that deal with different aspects of this well research in- 
equality than those recently reported in the book [5D1 . They include but are 
not restricted to the operator version of the Dragomir-Ionescu inequality, 
Slater's type inequalities for operators and its inverses, Jensen's inequality 
for twice differentiable functions whose second derivatives satisfy some up- 
per and lower bounds conditions, Jensen's type inequalities for log-convex 
functions and for differentiable log-convex functions and their applications 
to Ky Fan's inequality. 
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Finally, some Hermite-Hadamard's type inequalities for convex functions 
and Hermite-Hadamard's type inequalities for operator convex functions 
are presented as well. 

All the above results are exemplified for some classes of elementary func- 
tions of interest such as the power function and the logarithmic function. 



2.2 Reverses of the Jensen Inequality 

2.2.1 An Operator Version of the Dragomir-Ionescu 
Inequality 

The following result holds: 

Theorem 48 (Dragomir, 2008, [9]) Let I he an interval and f : I ^^ 
K &e a convex and differ entiahle function on I (the interior of I) whose 
derivative f is continuous on I . If A is a selfadjoint operators on the 
Hilbert space H with Sp {A) C [m, M] dl, then 

{0 <) if {A)x,x)~f {{Ax,x)) < if {A)Ax,x)-{Ax,x)-{f {A)x,x) (2.1) 

for any x £ H with \\x\\ = 1. 

Proof. Since / is convex and differentiable, we have that 

i{t)-f{s)<nt)At-s) 

for any i, s € [m, M] . 

Now, if we chose in this inequality s — {Ax, x) € [m, M] for any x € H 
with ||a;|| = 1 since Sp (A) C [m, M] , then we have 

f{t)~f {{Ax, x))<f (i) • {t - {Ax, x)) (2.2) 

for any t € [m, M] any x £ H with ||a;|| — 1. 

If we fix X € i? with ||a;|| ~ 1 in (|2.2p and apply the property (JP]) then 
we get 

{[f{A)-f{{Ax,x))lH]x,x)<{f'{A)-{A-{Ax,x)lH)x,x) 

for each x £ H with ||x|| = 1, which is clearly equivalent to the desired 
inequality (|2.1|) . ■ 



Corollary 49 (Dragomir, 2008, [9]) Assume that f is as in the The- 
orem \JS\ If Aj are selfadjoint operators with Sp{Aj) C [m,M] Gl, j £ 
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{1, . . . ,n} and Xj G H,j G {1, . . . ,n} wit/i X]i=i ll^ill = 1' ^'^^'^ 

n I ^ 

(0 <) ^ (/ (A,) x„x,) -I\Y. {A,x,,x,) I (2.3) 



j=i 



ij=i 



Proof. As in ^20^, p. 6], if we put 
/ Ai • • • 



A:= 



and 



V 



An 



Xi 



then 



we have Sp (a\ C [m,M], \\l 



x\\=l, 



n 

f(A)x,x)=Y{f(A,): 



■JT^JI I 



J = l 



j\^x J X ) — y { -/I j Xj f X j ) 



and so on. 

Applying Theorem 25] for A and x we deduce the desired result 

Corollary 50 (Dragomir, 2008, [9j) Assume that f is as in the The- 
orem\4^ If Aj are selfadjoint operators with Sp{Aj) C [m,M] cl, j G 
{1, . . . , n} and pj > 0, j G {!,...,«} with J2j=i Pj — 1; then 



(0 <) ( YPif {A,) x,x)-fi {Yp^A.x, : 



(2.4) 



\j=i 



\j=i 



<(5]p,/'(A,)A 






J2pjAjX, X ) ■ iYpjf [Aj) X, : 



for each x Cz H with \\x\\ = 1. 

Remark 51 The inequality ^2.4^, in the scalar case, namely 



{0<)YP^f{^j)-f\Y 



PjXj 



(2.5) 



i=i 



vJ=i 



where Xj G/, j G {1, . . . , n} , /las 6een obtained by the first time in 1994 ^U 
Dragomir & lonescu, see JJ7|/. 
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The following particular cases are of interest: 

Example 52 a. Let A be a positive definite operator on the Hilbert space 
H. Then we have the following inequality: 

(0 <)\n{{Ax.x))- (ln(^)a;,a;) < {Ax,x) ■ (A~^a;,a;) - 1, (2.6) 

for each x £ H with \\x\\ — 1. 

b. If A is a selfadjoint operator on H , then we have the inequality: 

(0<)(exp(A)x,x) -e^-p{{Ax,x)) (2.7) 

< (Aexp (A) X, x) — {Ax^ x) ■ (exp {A) x, x) , 

for each x d H with \\x\\ = 1. 

c- If p > ^ and A is a positive operator on H, then 

(0 <) {APx, x) - {Ax, xf < p [{A^x, x) - {Ax, x) ■ {A^-^x, x)] , (2.8) 

for each x Cz H with \\x\\ =1. If A is positive definite, then the inequality 
\2. 8\} also holds for p < 0. 

If < p < 1 and A is a positive definite operator then the reverse in- 
equality also holds 

{APx, x) ~ {Ax, x)P > p [{APx, x) - {Ax, x) ■ {Ap-'^x, x)] > 0, (2.9) 

for each x & H with \\x\\ = 1. 

Similar results can be stated for sequences of operators, however the 
details are omitted. 



2.2.2 Further Reverses 

In applications would be perhaps more useful to find upper bounds for the 
quantity 

{f{A)x,x)-f{{Ax,x)), xeH with ||x|| = 1, 

that are in terms of the spectrum margins m, M and of the function /. 
The following result may be stated: 

Theorem 53 (Dragomir, 2008, [9]) Let I be an interval and f : I ^ 
]& be a convex and differ entiable function on I (the interior of I) whose 
derivative f is continuous on I. If A is a selfadjoint operator on the Hilbert 



2.2 Reverses of the Jensen Inequality 27 



space H with Sp{A) C [m,M] dl, then 
{0<){f{A)x,x)-f{{Ax,x)) 



(2.10) 



< 



i.(M-m) \\f{A)xf-{f{A)x,xy 



5 • (/' (M) - /' (m)) \\Axf~{Ax,xy 



1/2 



1/2 



< - (Af - m) (/' (M) - /' (m)) , 

/or an?/ x £ H with \\x\\ — 1. 
PFe also have the inequality 

{0<){fiA)x,x)~fi{Ax,x)) 

< i (M - m) (/' (M ) - /' (m)) 



(2.11) 



[(Mx - Ax, Ax - mx) (/' (Af) x - f (A) x, f (A) x - f (m) x)]^ , 



I {Ax, x) 



M+m I 
2 I 



(r(A)x,x)- ^"^^^^+^"("-) 



< - (M - m) (/' (M) - /' (m)) , 

for any x £ H with \\x\\ — 1. 

Moreover, if m > and /' (m) > 0, i/ien we also have 

{0<){f{A)x,x)-f{{Ax,x)) 



(2.12) 



< 



1 (Af-m)(/'(M)-/'M) 

4 VM;;rF(M)7(;;r) (^a;,x)(/ (a)x,x) 



/M - V^) (/rp?) - y?7H) [{Ax, x) (/' (A) a:, x)] -- , 

for any x £ H with \\x\\ = 1. 

Proof. We use the following Griiss' type result we obtained in |B]: 

Let A be a selfadjoint operator on the Hilbert space {H; {., .)) and assume 
that Sp (A) C [m, AI] for some scalars m < M. If hand g are continuous 
on [m, M] and 7 := mintg[„jv/] h (i) and F :— maxtg[„j_M] ^ (i) , then 



I (/i (A) g (A) x,x)-{h {A) X, x) ■ {g {A) x,x)\ 

1/2 



(2.13) 



<--{T--l)\^\g{A)xr-{g{A)x,xY 

< i (r - 7) (A - 5) 

for each x € H with ||a;|| — 1, where S := rmnt^!„^]^.n g (t) and A 
maxtg[^_M]5(<)- 
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Therefore, we can state that 

{Af'{A)x,x)~{Ax,x)-{f'{A)x,x) 

<^.{M-m)[\\f'{A)x\\'-{f'{A)x,x) 
<i(M-m)(/'(Af)-/'(m)) 



(2.14) 



1/2 



(2.15) 



1/2 



and 

{Af'{A)x,x)-{Ax,x)-{f{A)x,x) 

<l-{f(M)-f{m))[\\Axf-{Ax,xf 
< i (M - m) (/' (M) - /' (m)) 

for each x E H with ||a:;|| == 1, which together with (|2.ip provide the desired 
resuh ((2l0)) . 

On making use of the inequahty obtained in [7] : 

|(;i(A)<?(A)a:,a;)-(/i(A)x,a:)(g(A)a:,a:)| (2.16) 

< 1 . (r - 7) (A - <5) 

[(rx - /i (A) a;, f{A)x- 7x) ( Aa; - .g (A) x, g (A) x - 5x)]^ , 



r+7 

2 



:.g(A)x,x)-A±£l 



(/i (A) a;, a; 

for each x E H with ||a:|| = 1, we can state that 
{Af {A) X, x) - {Ax, x) ■ (/' [A) X, x) 

<\{M- m) (/' (Af ) - /' (m)) 

[{Mx - Ax, Ax - mx) (/' (M) x- f (A) x, /' (A) x - f (m) x)]^ , 

{Ax,x)-M±2Ji^ (/'(A)^^.^)_£(M)+£M . 

for each x E H with 1 1 a; 1 1 = 1 , which together with (|2.ip provide the desired 
resuh (P1T|) . 

Further, in order to prove the third inequahty, we make use of the fol- 
fowing resuh of Griiss type obtained in [7] : 

If 7 and S are positive, then 

\{h{A)g{A)x,x)-{h{A)x,x){g{A)x,x)\ (2.17) 



< 



k-^^^^^{hiA)x,x){g{A)x,x), 
Vr - ^') (^VA- Vs)[{h{A)x,x) {g{A)x,x)y- 
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for each x E H with ||a::|| = 1. 

Now, on making use of (I2.17P we can state that 

{Af'{A)x,x)~{Ax,x)-{f'{A)x,x) 



\-'-^^^MM^iA-^-)U'{A)x,x) 



< 



y/Mmf'{M)f'{Tn) 



^-V^)(^^nM)-y/7^J^)[{Ax,x){f{A)x,x}]K 

for each x E H with ||a:;|| = 1, which together with (I2.ip provide the desired 
resuh (I2J2)) . ■ 

Corollary 54 (Dragomir, 2008, |[9j) Assume that f is as in the The- 
orem[5S[ If Aj are selfadjoint operators with Sp{Aj) C [m,M] Cl, j G 
{1, . . . , n}, then 



(0 <) Y. if {A,)x,,x,) - / E (Ajx^x,) 



i • (M - m) 



E;=iii/'(^.>.r- e;=i(/'(^.>.,^.) 



< < 



^(/'(M)-/'M) 



2_/7=i ll^j^ill ^ (z_/7=i (^j^j 



(2.18) 

-,1/2 
1/2 



<-(Af-m)(/'(M)-/'(m)), 

for any Xj E H,j E {1, . . . ,n} with X]i=i ll^^jll = 1- 
We also have the inequality 



(0 <) J2 if (Aj)x,,x,) -f\J2 iA,x,,x,) 
< i (M - m) (/' (M) - f (m)) 



Y^ {Mxj — AjX, AjXj — mxj) 



< 



(2.19) 



E (/' (Af ) X, - /' {A,) x,,f (A,) X, ~ r (m) X,) 



1/2 



2^ [AjXj, Xj) 



M^ 



j=i 



E(/'(A,).,,.,)-^:(M+£>i) 
j=i 



< - (M - m) (/' (M) - /' (m)) , 
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for any Xj G H,j G {!,...,«} with X]?=i ll^ill = 1- 
Moreover, if m > and /' (m) > 0, then we also have 



' 1 (M-m)(/'(M)-/'(m)) 



(2.20) 



y/Mmf'{M)f'im) ^^ 



2_/7 = l \^3^j^^j) Z_/i = l (/ (^j) ^^j, a^i) , 



< < 






for any Xj e H,j e {1, . . . ,n} with YTj=i W^jW = 1- 



The following corollary also holds: 



Corollary 55 (Dragomir, 2008, [9]) Assume that f is as in the The- 
orem \JS\ If Aj are selfadjoint operators with Sp{Aj) C [m, M] <Zl, j € 
{1, . . . , n} and pj > 0, j G {1, . . . , n} with "Ylij^iPj — 1; then 



{Q <) {y^p.f {A,)x,x\ - f {{y^p.A.x,: 



< < 



i • (M - m) 



T.pj\\nA, 



J=l 



E Pjf iAj)x,x 



(/'(M)-/'(m)) 






(2.21) 

1/2 
1/2 



< - (Af - m) (/' (M) - /' (m)) , 



for any x ^ H with \\x\\ = 1. 
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We also have the inequality 



(0 <) (Y^P^f iA,)x,x) - f [ (Y^P.A^ 



j-^i • 



(2.22) 



\3=i I \ \i=i 



< - (M - m) (/' (M) - /' (m)) 



^ Pj {Mx — AjX, AjX — mx) 



E P, (/' (M) a; - /' (A,) X, r {A^) X - f (m) x) 



1/2 



Ep,a, 



\j=i 



j-^' • 



M+m 






/'(M)+/'(m) 
2 



< - (Af - m) (/' (M) - /' (m)) , 

/or any x Cz H with \\x\\ = 1. 

Moreover, if m > and /' (ttt,) > 0, then we also have 



(0<)/^p,/(A,)x,x\-/ /j^p.A.x,: 



(2.23) 






< <^ 



Ej=i Pj^i^;, x\ (EJ=i Pi/' (-4^) X, : 



/or any x Cz H with \\x\\ ~ 1. 

Remark 56 Some of the inequalities in Corollary [23| can be used to pro- 
duce reverse norm inequalities for the sum of positive operators in the case 
when the convex function f is nonnegative and monotonic nondecreasing 
on [0, M] . 

For instance, if we use the inequality 112. 21\) . then we have 



(0<) 



n 


/ 


n 


T.P^f{A,) 


-/ 


Y.pi'^i 


J=l 


V 


j=i 



<-(Af-m)(/'(M)-/'(m)). 

(2.24) 



32 2. Inequalities for Convex Functions 

Moreover, if we use the inequality 112. 23\) . then we obtain 



(0<) 






/ 






(Af-m)(/'(M)-/'(m)) 



< i 






4 ^Mrnf'{M)f'{ni) 









(2.25) 






^.S.5 Some Particular Inequalities of Interest 

1. Consider the convex function / : (0, oo) — >■ R, / (x) = — \nx. On utilis- 
ing the inequality (|2.10p . then for any positive definite operator A on the 
Hilbert space H, we have the inequality 



(0<)ln((Ax,x))-(ln(A)x,x) 



^■{M-m) \\A~^x\\^ -{A-^x,xy 



1/2 



< 



1 M- 



2 mM 



\\Axf ~{Ax,xf 



1/2 



1 (M-rn)" 
~ 4 ' mM 



(2.26) 



for any x (£ H with ||a;|| = 1. 

However, if we use the inequality (|2.1ip . then we have the following result 
as well 



(0 <) In {{Ax, x) ) - (In {A) x, x) 



(2.27) 



< 



1 {M-mf 
4 mM 

[{Mx ~ Ax, Ax - mx) {M~^x - A^'^x, A^^x - m^'^x)] "" , 

\{Ax,x) - ^^1 \{A~^x,x) - ^^^±2il 

1 {M-mf\ 
4 mM / 



2raM 



< 



for any x ^ H with ||a;|| = 1. 

2. Now consider the convex function / : (0, oo) — > M, / (a;) = x\nx. On 
utiUsing the inequality (|2.10p . then for any positive definite operator A on 
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the Hilbert space H, we have the inequaUty 



(0 <){A\n{A)x,x) - {Ax, x) In {{Ax, x)) 



i • (A/-m) \\\n{eA)xf - {ln{eA)x,xy 



1/2 



< 



In./M 



\Axf -{Ax,xf 



1/2 



<l{M-m)ln^M. 



(2.28) 



for any x G H with ||x|| = 1. 

If we now apply the inequality (|2.1ip , then we have the following result 
as well 



(0 <){A\n{A)x,x) - {Ax,x)\n{{Ax,x)) 

1 ... X, [m' 
< - (M-m)ln\/ — 



(2.29) 



[{Mx~Ax, Ax-mx) (In (Af ) a;-ln {A) x. In {A) x-\n (m) x)] • 



{Ax, x) 



M-i 



(In (A) X, x) - In VmM 



<\{M-m)lnfS 



for any x G H with ||a;|| = 1. 

Moreover, if we assume that m > e^^, then, by utilising the inequality 
(|2.12p we can state the inequality 



(0 <){A\n{A)x,x) - {Ax, x) In {{Ax, x)) 



(2.30) 



< 



2 ^Mm In(eM) In(em) 



(^a;, x) (In (eA) x, x) , 



/M - V^l ('^ln(eAf) - ^In {em)\ [{Ax, x) (In {eA) x, x)] ^ , 



for any x G H with ||x|| = 1. 

3. Consider now the following convex function f : M. —^ {Q, oo) , / (x) = 
exp (ax) with a > 0. If we apply the inequalities (|2.10p . (I21ip and (|2.12p 
for / (x) = exp (ax) and for a selfadjoint operator A, then we get the 
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following results 

(0 <) (exp {aA) x, x) — exp (a {Ax, x)) 



(2.31) 



< 



i • a (Af — m) ||exp(aA)x|| — (exp (a^) x,x)^ 



! (exp (aM) — exp (am)) ||At|| — {Ax^x) 



1/2 



1/2 



< -a (M — m) (exp [aM) — exp (a?Ti)) ) , 



and 



(0 <) (exp (aA) x, x) — exp (a {Ax, x)) 
< —a {M — m) (exp {aM) — exp (am)) 



(2.32) 



'[(Ma; — Ax, Ax — mx)] 

X [(exp {aM) x — exp {aA) x, exp (a^) x — exp (a?n) a;)] ^ , 



(Ax, x) 



M+m I 
2 I 



(exp (aA) X, X) - <^-P('^M)+o.p(am) 



< —a {M — m) (exp (aAf ) — exp {am)) 



and 



(0 <) (exp {a A) x,x) — exp (a {Ax,x)) 



(2.33) 



r i • (M-^^xpC^MK^explo^O) ^^^^ ^) ^,^p („^) ^^ ^) ^ 



'Mm exp 



< a X < 



(VM - ^) (exp (hM) - exp (^)) 
X [(Ax,x) (exp(ayl)x,x)]5 

for any x ^ H with ||x|| = 1, respectively. 

Now, consider the convex function / : K — > (0, oo) , f {x) — exp {—fix) 
with /? > 0. If we apply the inequalities ()2.10p and (|2.1ip for / (x) = 
exp (— /3x) and for a selfadjoint operator A, then we get the following results 



(0 <) {exp{-l3A)x,x) -exp{-/3{Ax,x)) 



(2.34) 



</? X 



i • (Af - m) ||exp (-/3A) x||^ - (exp (-/3A) x, x)^ 



i • (exp(-/3m)-exp(-/3Af)) ||Ax||^ - {Ax,x) 



1/2 



1/2 



< -;3 {M - to) (exp (-;3to) - exp (-/3Af)) 



2.2 Reverses of the Jensen Inequality 35 



and 



(0 <) (exp (-ISA) X, x) - exp {-jS {Ax, x) ) 
< -(3 {M - to) (exp (-/3to) - exp (-/3M)) 



(2.35) 



1 /9 

\[{Mx — Ax, Ax — mx)] ' 

I X [(exp (— /3M) X — exp {—/3A) x, exp {~f3A) x — exp {—jSra) x)] 



\{Ax, x) 



M+m I 
2 I 



(exp (-/3A) a;, x) - <^-Pi-I^M)+c.p{-pm) 



< -(3 {M - to) (exp (-/3to) - exp (-/3M)) 



for any x d H with ||x|| = 1, respectively. 

4. Finally, if we consider the convex function / : [0, oo) —^ [0, oo) , f (x) = 
x'P with p > 1, then on applying the inequalities (j2.10p and ()2.1ip for the 
positive operator A we have the inequalities 



{0<){A^x,x)^{Ax,xY 



\-{M-fn) \\AP'^x\\^ ~{AP-^x,xy 



< p X 



1 . (MP-i - mP-i) \\Axf - {Ax,xY 
(< \p {M - to) (MP-1 - TvF~^)\ 



1/2 



1/2 



(2.36) 



and 



{Q<){APx,x)-{Ax,xY 

< jp {M - to) {M'p-^ - mP-^) 



(2.37) 



' [{Mx - Ax, Ax - mx) {MP-'^x - AP'^x, Ap~^x - mP-^x)\ ' , 



M+m I 
2 I 



\{Ax, x) 
(< -p{M-m){MP-^ 



{AP-^x,x) 



2 



for any x G if with ||x|| = 1, respectively. 
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If the operator A is positive definite {m > 0) then, by utilising the in- 
equahty (|2.12l) . we have 



{0<){APx,x)~{Ax,xy 

1 (M-m)(M^-^-rn''-^) , , , 

4 MP/^mP/s \^x,^/^yi x,xy 



(2.38) 



< p X 



(^/M - V^) (Af (P-i)/2 - m(P-i)/2) [(At, .t) (A^-ia;, x)] ' 



for any x d H with ||a;|| = 1. 

Now, if we consider the convex function / : [0, oo) — )■ [0, oo) , f {x) — —x^ 
with p G (0, 1) , then from the inequalities p.lOp and (j2.1ip and for the 
positive definite operator A we have the inequalities 



{0<){Ax,xf-{APx,x} 



i-(M-TO) \\AP-^xf -{AP-^x,xy 



< p X 



\ ■ (mP-i - MP-i) \\\Axf - {Ax.xf 
\<\v [M - m) {mP-^ - MP-^) 



1/2 



1/2 



(2.39) 



and 



{0<){Ax,x}P-{APx,x) 

< -p {M - m) {mP-^ - MP-^) 



(2.40) 



' [{Mx - Ax, Ax - mx) (MP-^x - Ap-^x, Ap-'^x - mP-^x)] " , 



\{Ax, x) 



M+m I 
2 I 



{AP-^x,x) 



MP-^+m" 



< -p {M - m) {mP-^ - MP-^] 



for any x d H with ||x|| = 1, respectively. 

Similar results may be stated for the convex function / : (0, cx)) -^ 
(0, oo) , f (x) — xP with p < 0. However the details are left to the interested 
reader. 
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2.3 Some Slater Type Inequalities 

2.3.1 Slater Type Inequalities for Functions of Real Variables 

Suppose that / is an interval of real numbers with interior I and f : I ^ M. 
is a convex function on /. Then / is continuous on I and has finite left and 
right derivatives at each point of I. Moreover, if x,y Si and x < y, then 
f- (x) < f'+ (x) < f_ (y) < /; (y) which shows that both f_ and /^ are 
nondecreasing function on I. It is also known that a convex function must 
be differentiable except for at most countably many points. 

For a convex function / ; / ^- M, the subdifferential of / denoted by df 
is the set of all functions (p : I ^- [— oo, oo] such that f (i) C M and 

/ (x) > f [a) + {x ~ a) (fi (a) for any x,a ^ I. 

It is also well known that if / is convex on /, then df is nonempty, /I, 
f^ S df and ii ^ £ df, then 

/- {x) < ip (x) < /^ (x) for any x G I. 

In particular, (p is a nondecreasing function. 

If / is differentiable and convex on I, then df = {/'} . 

The following result is well known in the literature as the Slater inequal- 
ity: 

Theorem 57 (Slater, 1981, [37]) /// : / ^- K is a nonincreasing (non- 
decreasing) convex function, Xi ^ I,Pi > with P„ := X]i=i-Pi ^ '^"■'^ 
Yl7=iPi^ i^i) 7^ 0' where ip G df, then 

-fp.fix.) < f (^^^^^^^) . (2.41) 

As pointed out in [F, p. 208], the monotonicity assumption for the deriva- 
tive If can be replaced with the condition 

^-„^"'"'^/":^ e I, (2.42) 

which is more general and can hold for suitable points in / and for not 
necessarily monotonic functions. 



2.3.2 Some Slater Type Inequalities for Operators 
The following result holds: 

Theorem 58 (Dragomir, 2008, [10]) Let I be an interval and f : I ^ 
R fee a convex and differentiable function on I (the interior of I) whose 
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derivative /' is continuous on I. If A is a selfadjoint operator on the Hilbert 
space H with Sp (A) C [m, M] dl and /' {A) is a positive definite operator 
on H then 



^ f {Af'iA)x,x) 
-^ { {r{A)x,x} 



{Af{A)x,x)-{Ax,x){f{A)x,x) 



{f'{A)x,x) 

for any x Cz H with \\x\\ = 1. 

Proof. Since / is convex and difFerentiable on I, then we have that 

/' (.s) ■{t-s)<f{t)-f (s) < f (t) -{t^s) (2.44) 

for any i, s G [m, M] . 

Now, if we fix i e [m, M] and apply the property ([P]) for the operator A, 
then for any x (z H with ||a;|| — 1 we have 

(/' {A) -{t-lH-A) X, x) < ([/ (t) -iH-f {A)] X, x) (2.45) 

<{f'{t)-{t-lH-A)x,x) 

for any t £ [m^ M] and any x £ H with ||x|| = 1. 
The inequality ()2.45p is equivalent with 

t if (A) X, x) - (/' {A) Ax, x)<f (t) - (/ {A) X, x) < f (t) t - f {t) {Ax, x) 

(2.46) 
for any t £ [m, M] any x £ H with ||a;|| — 1. 

Now, since A is selfadjoint with ml < A < MI and /' (A) is posi- 
tive definite, then mf (A) < Af (A) < Mf{A), i.e., m{f{A)x,x) < 
{Af (A) x,x) < M (/' {A) X, x) for any x G H with ||a;|| = 1, which shows 
that 

io := ^f^f/.^^""'!^ e [m, M] for any x E H with ||x|| = 1. 
(/' (A) X, x) 

Finally, if we put t — t^ iw the equation (|2.46p . then we get the desired 
result ([2:43)) . ■ 

Remark 59 It is important to observe that, the condition that f [A) is 
a positive definite operator on H can be replaced with the more general 
assumption that 

(Af(A)x,x) . „ „ , , 

lit J \ e^ foranyxeH with \\x\\=l, (2.47) 

which may be easily verified for particular convex functions f. 
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Remark 60 Now, if the Junctions is concave on I and the condition JJ^.^Tp 
holds, then we have the inequality 



^ f {Af'iA)x,x) 

-^ \ {r{A)x,x) 



{Ax,x){f{A)x,x)-{Af'{A)x,x) 



{r{A)x,x) 
for any x (z H with \\x\\ = 1. 

The following examples are of interest: 
Example 61 If A is a positive definite operator on H, then 

(0 <){\nAx,x) -\n({A-^x,xy^] < {Ax,x) ■{A-^x,x) - 1, (2.49) 

for any x Cz H with \\x\\ ~ 1. 

Indeed, we observe that if we consider the concave function / : (0, oo) -> 
E, f(t) =lni, then 

{Af'{A)x,x) 1 , , 

{f'{A)x,x) =(I^T^^(°'°")' fo^-a^y-e^ -ith 11.11=1 

and by the inequality (|2.48p we deduce the desired result (|2.49p . 

The following example concerning powers of operators is of interest as 
well: 

Example 62 If A is a positive definite operator on H, then for any x £ H 
with \\x\\ — 1 we have 

< {APx, xY'^ ~ {AP-^x, xY (2.50) 

< p {APx, xY^'^ [{A^x, x) - {Ax, x) {AP-^x, x)] 

forp> 1, 

< {AP-'^x, xf - {APx, xY~^ (2.51) 

< p {APx, xY'^ [{Ax, x) {AP-\, x) - {APx, x)] 
for < p < 1, and 

< {APx, xY~^ - {AP-^x, xY (2.52) 



< 



(-p) {APx, xY' [{Ax, x) {AP-^x, x) - {APx, x)] 



for p < 0. 



The proof follows from the inequalities (|2.43p and (|2.48p for the convex 
(concave) function / (t) — tP,p £ (— oo, 0) U [1, oo) {p G (0, 1)) by perform- 
ing the required calculation. The details are omitted. 
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2.3.3 Further Reverses 

The following results that provide perhaps more useful upper bounds for 
the nonnegative quantity 



/ 



{AfiA)x,x) 



{f'iA)x,x) 
can be stated: 



{f{A)x,x) for X e H with ||j:|| = 1, 



Theorem 63 (Dragomir, 2008, [lOj) Let I be an interval and f : I ^^ 
R &e a convex and differ entiahle function on I (the interior of I) whose 
derivative /' is continuous on I. Assume that A is a selfadjoint operator 
on the Hilbert space H with Sp{A) C [m, M] dl and f {A) is a positive 
definite operator on H. If we define 



B{f',A-x) 



1 



/ 



,({Af'{A)x,x) 



{f'{A)x,x) ' V {r{A)x,x) 



then 



(0<)/ 



(Af (A)x,x) 
(/'(A)x,x) 



<i?(/',A;a;)x 



-{f{A)x,x) 
\-{M-m)\\\r{A)x\\'-{r{A)x,xf 



I . {f (M) - f (m)) \\Axf-{Ax,x) 



(2.53) 

1/2 
1/2 



< - (M - m) (/' (Af ) - /' (m)) B (/', A; x) 



and 



(«^)^(fl^)-<^(^)-^) 



(2.54) 



<B{f',A;x)x 



{M - m) (/' (Af ) - /' (m)) 



[{Mx - Ax, Ax - mx) (/' (Af ) x - f [A) x, /' [A) x ~ f (m) x)] • 



I {Ax, x) 



Af4 



{f'{A)x,x)^nMm:^ 



< - [M - m) (/' (Af ) - /' (m)) B (/', A; x) , 



for any x ^ H with \\x\\ = 1, respectively. 
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Moreover, if A is a positive definite operator, then 

■{Af{A)x,x) 



(0<)/ 



{f'iA)x,x) 
<B{f\A;x) 



-{f{A)x,x) 



(2.55) 



'.H^^inm=£A{Ax,x){f'{A)x,x), 



)4 ^Mrnf'{M)f'{ni) 

[(VM- V^) (/HA^- V7>^) [(Ao:, a:) (/' (A) X, x)] ^ 

for any x E H with \\x\\ = 1. 

Proof. We use the following Griiss' type result we obtained in [6j: 

Let A be a selfadjoint operator on the Hilbert space {H; (., .)) and assume 
that Sp (A) C [m, M] for some scalars m < M. If h and g are continuous 
on [m, M] and 7 :— minjgr„jv/i h (t) and F := maxtgr„j_^,/i h (t) , then 



I {h {A) g (A) X, x) - {h (A) X, x) ■ {g (A) x, x) \ 



(2.56) 



1/2 



<--{T-j)[\\g{A)xf-{giA)x,xy 



<-(r~7)(A-<5)), 



for each x Cz H with ||a;|| = 1, where S :— mintg[„j j\/] g (i) and A 

maxte[m.M] 9 (t) ■ 

Therefore, we can state that 



{Af{A)x,x)~{Ax,x)-{f'{A)x,x) 
<^-{M-m)[\\f'{A)xf-{f'{A)x,xf 

< i (M - m) (/' (M) - /' (m)) 



(2.57) 



1/2 



and 



1/2 



(A/' (A) X, x) - (Ax, x) • (/' {A) X, x) (2.58) 

<^-(,/'(M)-/'M)[ll^^ll'-(^^,^>' 

< i (M - m) (/' (M) - /' (m)) , 

for each x E H with ||x|| = 1, which together with (|2.43l) provide the desired 
result ((233)) . 
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On making use of the inequality obtained in [7] 

I {h {A) g {A) x,x)^{h {A) X, x) (<? (A) x,x)\ 
< i . (r - 7) (A - <5) 



(2.59) 



[{Tx - h (A) X, f{A)x- 7x) (Aa; - g (A) x, g (A) x - Sx)] ^ , 



{h{A)x,x)-^^ 



\{g{A)x,x)-^\, 



for each x Cz H with ||a:|| = 1, we can state that 

{Af'{A)x,x)-{Ax,x)-{f'{A)x,x) 
< 1 (Af - m) (/' (M) - /' (m)) 

[{Mx - Ax, Ax - mx) (/' (M) x - f [A) x, f {A) x - f (m) x)]^ , 



{Ax, x) 



M+m I 
2 I 



{r{A)x,x)- ^''''Y''^' 



for each x E H with ||x|| — 1, which together with (|2.43p provide the desired 
resuh (I234)) . 

Further, in order to prove the third inequahty, we make use of the fol- 
lowing result of Griiss type obtained in [7] : 

If 7 and 5 are positive, then 



I {h (A) g (A) X, x) - {h {A) X, x) {g {A) x, x) \ 
\- %fX^'H h{A)x,x){g{A)x,x) 



(2.60) 



< 



(yf-^)(yE-V5)[{h{A)x,x){g{A)x,x)]^ 



for each x G H with ||a;|| = 1. 

Now, on making use of (|2.60p we can state that 



{Af (A) X, x) - {Ax, x) ■ (/' {A) X, x) (2.61) 

* ^Mrnf'{M)f'im) 

M-^^(^^rlM)-y/7^J^)[{Ax,x){f{A)x,x}]K 



for each x G H with ||x|| — 1, which together with p.43p provide the desired 
resuh ([2351) . ■ 



Remark 64 We observe, from the first inequality in Ii2.55\) . that 



(1<) 



{Af (A) x,x) ^1 (M - m) (/' (M) ^ /' (m)) ^ ^ 
{Ax, x) (/' {A) x,x) - 4 ' y^Mmf (M) /' (m) 
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which implies that 
,f{AfiA)x,x[ 



f 



V {f'iA)x,x) 



</' 



1 {M ~ m) if jM) - f (m)) 
4' y/Mmf (A/) /' (m) 



{Ax, x) 



for each x G H with \\x\\ ~ 1, since /' is monotonic nondecreasing and A 
is positive definite. 

Now, the first inequality in i2. 55\) implies the following result 



(0<)/ 



{Af'iA)x,x) 



{f{A)x,x) 



< 



{f'iA)x,x) 
1 (M - m) (/' (Af ) - /' (m)) 



(2.62) 



4 
x/' 



^Mmf (A/) /' (to) 

1 (A'f-TO)(/'(Af)-/'(TO)) 

4 y/Mmf (Af ) /' (to) 



(Aa;, a;) (Aa;,x) , 



/or eac/i x Cz H with \\x\\ = 1. 

From the second inequality in \2.55]) we also have 

x/'( 



(2.63) 



1 (Af - to) (f (Af ) - / (to)) 
4 ^Mmf (Af ) /' (m) 

/or eac/i x Cz H with \\x\\ = 1. 



(Aa 



(Aa;, a;) 
(/'(^)a^,a;) 



Remark 65 f/ t/ie condition that f [A) is a positive definite operator on 
H from the Theorem \63\ is replaced by the condition {2.41^ , then the in- 



equalities 112. 53]} and \2. 56]) will still hold. Similar inequalities for concave 
functions can he stated. However, the details are not provided here. 



2.3.4 Multivariate Versions 

The following result for sequences of operators can be stated. 

Theorem 66 (Dragomir, 2008, [lOj) Let I be an interval and f : I ^ 
M. be a convex and differentiate function on I (the interior of I) whose 
derivative /' is continuous on I. If Aj,j g {1, . . . ,n} are selfadjoint oper- 
ators on the Hilbert space H with Sp (Aj) C [to, Af] Cf and 



E"=i(/'(^.>.,^.) 



Gf 



(2.64) 
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2 



for each Xj <E H,j <E {1, . . . ,ri} with Yl^=i ll^ill ~ ^^ ^^' 



en 






for each Xj e i/, j e {1, . . . ,«} wif/i X^iLi INill — 1- 

Proof. Follows from Theorem [551 The details are omitted. ■ 
The following particular case is of interest 

Corollary 67 (Dragomir, 2008, [lOj) Let I be an interval and f : I —i' 
M. be a convex and differ entiable function on I (the interior of I) whose 
derivative f is continuous on I. //Aj, j' G {1, . . . , n} are self adjoint opera- 
tors on the Hilbert space H with Sp {Aj) C [m, M] dl and for pj > with 
Y^^=iPj ~^ if we also assume that 



EUP,A,f'iA,)x,x] 

'el (2.66) 



for each x Cz H with \\x\\ ~ 1, then 

0</P^^;^ ^\-{Y,P,f{A,)x,x) (2.67) 

Y.Up,A,f{A,)x, 





^EUP.riAj) 
[J2'^=iPjAjf' iA3)x,x)-{jy'^^PjAjX,x) (J^'LiPjf {Aj)x,x 



^%iP3f'{Aj)x,'. 

for each x (z H with \\x\\ = 1. 

Proof. Follows from Theorem 1661 on choosing Xj — Jpf ' '^^ J G {l; ■ • • i '^} i 
where pj > 0, j G {1, . . . , n} , J2^=iPj = 1 ^'^'^ x £ H, with ||a:|| = 1. The 
details are omitted. ■ 

The following examples are interesting in themselves: 
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Example 68 If Aj, j e {!,..., n} are positive definite operators on H, 
then 



(0<)^(lnyl,x„a:j)-ln 



i=i 



2_^{Aj Xj,Xj) 



\j=i 



(2.68) 



< Y^ {AjXj,Xj) ■ Y^ {A^ ^xj,xj) - 1, 

for each Xj ^ H,j ^ {I, . . . ,n} with X]i=i I Nil I — ^■ 

If Pj ^ Oij G {li---j'^} w«t/i X^iLiPj — Ij ^^sn we a/so have the ir 
equality 



\j=i 






\i=i 



/or eac/i x £ H with \\x\\ — 1. 



(2.69) 



2.4 Other Inequalities for Convex Functions 

2.4-1 Some Inequalities for Two Operators 

The following result holds: 

Theorem 69 (Dragomir, 2008, |llp Let I he an interval and f : I ^^ 
M 6e a convex and differ entiahle function on I (the interior of I) whose 
derivative f is continuous on I. If A and B are selfadjoint operators on 
the Hubert space H with Sp [A) , Sp (B) C [m, M] c/, then 

if {A) X, x) {By, y) - (/' {A) Ax, x) < (/ [B] y, y) - (/ {A) x, x) (2.70) 

< {f [B) By,y) - {Ax,x) {f {B)y,y) 

for any x,y (z H with \\x\\ = \\y\\ = 1. 
In particular, we have 

if {A) X, x) {Ay, y) - (/' {A) Ax, x) < (/ {A) y, y) - (/ {A) x, x) (2.71) 

<{f'{A)Ay,y)-{Ax,x){f'{A)y,y) 

for any x,y £ H with \\x\\ — \\y\\ =^ 1 and 

if (A) X, x) {Bx, x) - (/' {A) Ax, x) < (/ {B) x, x) - (/ {A) x, x) (2.72) 

< {f {B) Bx,x) ~ {Ax,x) {f {B)x,x) 
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for any x Cz H with \\x\\ = 1. 

Proof. Since / is convex and difFerentiable on I, then we have that 

/' is) ■{t-s)<f{t)-f (s) < f (t) -(t-s) (2.73) 

for any t, s € [m, M] . 

Now, if we fix i S [m, M] and apply the property ([P]) for the operator A, 
then for any x Cz H with ||a;|| = 1 we have 

(/' (A) -it-lH-A) X, x) < ([/ (t) -iH-f (A)] X, x) (2.74) 

<{f'{t)-{t-lH-A)x,x) 

for any t e [m, M] and any x Cz H with ||a;|| = 1. 
The inequality (|2.74p is equivalent with 

t if (A) X, x) ~ (/' {A) Ax, x)<f (i) - (/ (A) X, x) < f (t) t - f (t) {Ax, x) 

(2.75) 
for any t G [m, M] and any x Cz H with ||a;|| = 1. 

If we fix X e ff with ||a;|| = 1 in (j2.75p and apply the property ([P]) for 
the operator B, then we get 

([(/' {A) x,x)B~ (/' {A) Ax, x) Ih] y, y) < ([/ (B) - (/ {A) x, x) 1^] y, y) 

<{[f'{B)B-{Ax,x)f'iB)]y,y) 

for each y G H with ||y|| = 1, which is clearly equivalent to the desired 
inequality (PTTO)) . ■ 

Remark 70 // we fix x € H with \\x\\ = 1 and choose B = {Ax,x) ■ Ih, 
then we obtain from the first inequality in {2. 10^ the reverse of the Mond- 
Pecaric inequality obtained by the author in 191. The second inequality will 
provide the Mond-Pecaric inequality for convex functions whose derivatives 
are continuous. 

The following corollary is of interest: 

Corollary 71 Let I be an interval and f : I ^>- W be a convex and differ- 
entiable function on I whose derivative f is continuous on I. Also, sup- 
pose that A is a selfadjoint operator on the Hilbert space H with Sp (A) C 
[m,M] C/. If g is nonincreasing and continuous on [m,AI] and 

f'iA)[g{A)-A]>0 (2.76) 

in the operator order of B (H) , then 

{fog){A)>f{A) (2.77) 

in the operator order of B (H) . 



2.4 Other Inequalities for Convex Functions 47 

Proof. If we apply the first inequality from (|2.72p for B = g (A) we have 

(/' (A) X, x) {g {A) X, x) - (/' {A) Ax, x) < (/ {g {A)) x, x) ~ (/ {A) x, x) 

(2.78) 
any x € H with ||a;|| = 1. 

We use the following Cebysev type inequality for functions of operators 
established by the author in |8]: 

Let A be a selfadjoint operator with Sp (A) C [m, M] for some real 
numbers m < M. li h, g : [m, M] — > R are continuous and synchronous 
(asynchronous) on [m, M] , then 

{h (A) g (A) X, x) > (<) {h (A) X, x) ■ {g (A) x, x) (2.79) 

for any x (£ H with ||a;|| = 1. 

Now, since /' and g are continuous and are asynchronous on [m, M] , 
then by (|2.79p we have the inequality 

(/' {A) g (A) X, x) < (/' {A) X, x) ■ {g (A) x, x) (2.80) 

for any x d H with ||x|| = 1. 

Subtracting from both sides of (|2.80p the quantity (/' (A) Ax, x) and 
taking into account, by (|2?76| . that {f {A)[g {A) - A]x,x) > for any 
X (£ H with ||a;|| = 1, we then have 

0<{f'{A)[g{A)~A]x,x) 
= {f'{A)g{A)x,x)~{f'iA)Ax,x) 
< if {A) X, x) ■ {g (A) X, x) - (/' (A) Ax, x) 

which together with (|2.78l) will produce the desired result (I2.77p . ■ 

We provide now some particular inequalities of interest that can be de- 
rived from Theorem 1691 

Example 72 a. Let A, B two positive definite operators on H. Then we 
have the inequalities 

l-{A-^x,x) {By, y) < (In Ax, x) - (In By, y) < {Ax, x) {B-\j, y) - 1 

(2.81) 
for any x,y £ H with \\x\\ = \\y\\ = 1. 
In particular, we have 

1 - (A-^x, x) {Ay, y) < (In Ax, x) - (In Ay, y) < {Ax, x) {A'^y, y) - 1 

(2.82) 
for any x,y £ H with \\x\\ = \\y\\ = 1 and 

1 - {A^^x,x) {Bx,x) < {\nAx,x) - {liiBx,x) < {Ax,x) {B^'^x,x) - 1 

(2.83) 
for any x £ H with \\x\\ = 1. 
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b. With the same assumption for A and B we have the inequalities 

{By, y) - {Ax, x) < {B In By, y) - (In Ax, x) {By, y) (2.84) 

for any x,y & H with \\x\\ = \\y\\ = 1. 
In particular, we have 

{Ay, y) - {Ax, x) < {A In Ay, y) - (In Ax, x) {Ay, y) (2.85) 

for any x,y £ H with \\x\\ = \\y\\ = 1 and 

{Bx, x) - {Ax, x) < {B In Bx, x) - (In Ax, x) {Bx, x) (2.86) 

for any x £ H with \\x\\ = 1. 

The proof of Example a follows from Theorem [BH] for the convex function 
/ (x) = — In x while the proof of the second example follows by the same 
theorem applied for the convex function / (x) = xlna; and performing the 
required calculations. The details are omitted. 

The following result may be stated as well: 

Theorem 73 (Dragomir, 2008, [llj) Let I be an interval and f : I ^ 
W be a convex and differentiate function on I (the interior of I) whose 
derivative f is continuous on I. If A and B are selfadjoint operators on 
the Hubert space H with Sp (A) , Sp (B) C [m, M] <Zl, then 

f'{{Ax,x)){{By,y)^{Ax,x))<{f{B)y,y)-f{{Ax,x)) (2.87) 

< {f {B)By,y) ~ {Ax,x) {f {B)y,y) 

for any x,y £ H with \\x\\ — \\y\\ — 1. 
In particular, we have 

r {{Ax,x)){{Ay,y) - {Ax,x)) < {f {A)y,y) - f {{Ax,x)) (2.88) 

<{f'{A)Ay,y)-{Ax,x){f'{A)y,y) 

for any x,y £ H with \\x\\ = \\y\\ = 1 and 

f {{Ax, x)) {{Bx, x) - {Ax, x))<{f {B) x,x) - f {{Ax, x)) (2.89) 

< {f {B)Bx,x) - {Ax,x) {f {B)x,x) 

for any x £ H with \\x\\ = 1. 

Proof. Since / is convex and differentiable on I, then we have that 

/' (s) ■{t-s)<f(t)-f {s) < f (t) -{t-s) (2.90) 

for any t,s £ [m, M] . 
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If we choose s — {Ax, x) G [to, M] , with a fix x G i/ with ||a;|| = 1, then 
we have 

/' {{Ax,x))it - {Ax, x))<f {t)-f {{Ax, x))<f' {t)-{t - {Ax,x)) (2.91) 

for any t ^ [m, M] . 

Now, if we apply the property ([P]) to the inequahty (|2.9ip and the oper- 
ator B, then we get 

{f{{Ax,x)) ■ {B-{Ax,x) ■ lH)y,v) < {[f{B)-f{{Ax,x)) ■ lH]y,y) 

(2.92) 

<{f'{B)-{B~{Ax,x)-lH)y,y) 

for any x,y € H with ||x|| = \\y\\ = 1, which is equivalent with the desired 
result (p:57|) . ■ 



Remark 74 We observe that if we choose B = A in h2. 89\) or y = x in 



112. 88]} then we recapture the Mond-Pecaric inequality and its reverse from 

KB- 



The following particular case of interest follows from Theorem [73l 

Corollary 75 (Dragomir, 2008, [llj) Assume that f,A and B are as 
in Theorem \7S\ If, either f is increasing on [to, M\ and B > A in the 
operator order of B {H) or f is decreasing and B < A, then we have the 
Jensen's type inequality 

{f{B)x,x)>f{{Ax,x)) (2.93) 

for any x ^ H with \\x\\ = 1. 

The proof is obvious by the first inequality in (|2.89p and the details are 
omitted. 

We provide now some particular inequalities of interest that can be de- 
rived from Theorem 1731 

Example 76 a. Let A, B be two positive definite operators on H. Then 
we have the inequalities 

l-{Ax,x)-'{By,y) <\n{{Ax,x))-{\nBy,y) < {Ax,x) {B-^y,y) - I 

(2.94) 
for any x,y £ H with \\x\\ = \\y\\ = 1. 
In particular, we have 

1 - {Ax,xy^ {Ay,y) < ln{{Ax,x)) - {In Ay, y) < {Ax,x) {A-^y,y) - 1 

(2.95) 
for any x,y (z H with \\x\\ = \\y\\ = 1 and 

1~ {Ax,xy^ {Bx,x) < \n{{Ax,x))- {\nBx,x) < {Ax,x) {B-^x,x) - 1 

(2.96) 
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for any x Cz H with \\x\\ = 1. 

b. With the same assumption for A and B, we have the inequalities 

{By,y) ~ {Ax,x) < {BlnBy,y) - {By,y)ln{{Ax,x)) (2.97) 

for any x,y Cz H with \\x\\ = ||y|| = 1. 
In particular, we have 

{Ay,y)~{Ax,x) < {A\nAy,y) - {Ay,y)\n{{Ax,x)) (2.98) 

for any x,y Cz H with \\x\\ = \\y\\ = 1 and 

{Bx,x) - {Ax,x) < {B\nBx,x) - {Bx,x)\n{{Ax,x)) (2.99) 

for any x (z H with \\x\\ ~ 1. 

2.4-2 Inequalities for Two Sequences of Operators 
The following result may be stated: 

Theorem 77 (Dragomir, 2008, [llj) Let I be an interval and f : I ^ 
M. be a convex and differentiable function on I (the interior of I) whose 
derivative f is continuous on I. If Aj and Bj are selfadjoint operators 
on the Hilbert space H with Sp{Aj) , Sp{Bj) C [m, M] Gl for any j g 
{1, ...,«}, then 

n n n 

J2 if (A,) x,,x,) Y, {B,y,,y,) - J2 </' (^^■) ^^■^^■' ^j") (2-100) 

j^l j^l j^l 

n n 

n n n 

< E (/' (^^■) ^^y^' y^) - E i^^^^'^^) E </' (^^■) y^^y^^ 

for any Xj,yj E H, j E {l,...,n} withj^"^-^ \\xj\\'^ ^TJj=i ll%ll^ = 1- 
In particular, we have 

n n n 

E (/' {A,) x,,x,) E {A,y,,y,) - E (/' {A,) A,x„x,) (2.101) 

j^l j^l j^l 

n n 

< E (/ (^j) j'j' y^) - E (/ (^j) ^j' ^j) 

n n n 

< E (/' (^j) ^j%' %) - E (^j-^^j' 2;^) E ^f (^j) y^' 2^^-) 
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for any Xj,yj e H, j e {1, . . . ,n} withYTj^i Ikjf = E^=i WvA? = 1 ""^ 



^ (/' {A,) X, , X,) Y, {B,x, , X,) - Y. (/' (^^0 ^^^^ ' ^^■) (2-102) 

i^i i^i j^i 

n n 

i=i i=i 

n n n 

< E (/' (^^■) ^.^■^^■' ^j) - E (^^-^j' ^j") E (/' (^^o ^^■' ^j) 

for any Xj € ff, j G {1, . . . , n} mi/i YTj=i W^jW^ = 1- 

Proof. Follows from Theorem |69] and the details are omitted. ■ 
The following particular case may be of interest: 

Corollary 78 (Dragomir, 2008, [llj) Let I he an interval and f : I ^ 
R &e a convex and differ entiahle function on I (the interior of I) whose 
derivative f is continuous on I. If Aj and Bj are selfadjoint operators 
on the Hilhert space H with Sp{Aj) , Sp{Bj) C [m, M] dl for any j € 
{1, . . . , n} , then for any pj, Qj > with X]i=i Pj — Sfci Qj = 1' ™s have 
the inequalities 



{y2p,f'{A,)x,x\ (Yq,B,y,y\ - {Y^pJ' {A,) A,x,x\ (2.103) 
</E'Z./(S,)y,2/\-/Ep,/(A,)a;,a;\ 

< iY<l,f' {B,)B,y,yy {Yp,A,x,x\ {Ylif iBj)y,y\ 

for any x,y ^ H with \\x\\ = \\y\\ = 1. 
In particular, we have 

(y2p,f{A,)x,x\ (y2l,A,y,y\ - {Yp.f'iA,) A,x,x\ (2.104) 

< (Y<ijf i^j)y^y) - (y^Pof (^i)^^^) 

< (y2<ljf'iAj)B,y,y\ - (y2PiA,x,x\ {Yq^f {A,)y,y\ 
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for any x,y (z H with \\x\\ = \\y\\ = 1 and 

(^p,r{A,)x,x\ rf2p,Bjx,x\ - (^p,r{A,)A,x,x\ (2.105) 

< Ij^Pjf iB,)x,x\ ~ {J2p,f {A,)x,x\ 

< (j2p,fiB,)B,x,x\ - r£p,A,x,x\ r£p,f'{B,)x,x\ 

for any x Cz H with \\x\\ = 1. 

Proof. Follows from Theorem 1771 on choosing Xj = Jpj ■ x, yj = ^/qj ■ y, 
j e {!,..., n}, where pj,qj > 0,j € {l,...,n}, J2"=iPj = J2"=il3 == 1 
and x,y (li H, with ||x|| = \\y\\ = 1. The details are omitted. ■ 

Example 79 a. Let Aj,Bj, j € {l,...,n}, be two sequences of positive 
definite operators on H. Then we have the inequalities 

n n n n 

1 - Y^ {Aj^Xj,Xj) Y^ {Bjyj,yj) < ^ {lnAjXj,Xj) - ^ (InSj-y^, y^) 
i=i j=i i=i i=i 

(2.106) 

n n 

< Y {AjXj,x,) Y {Bj'yj,yj) - 1 

for any Xj,yj £ H, j E {1, . . . ,n} with YTj=i \\^]\? = E"=i \\V]\? = 1- 
b. With the same assumption for Aj and Bj we have the inequalities 

n n 

E (^^yj ' yj) - E (^^^1 ' ^j-) (2.107) 

n n n 

/or anyxj,y.j £ H, j £ {\, . . . ,n} withYTj^i W^A? = E"=i Ibjf = 1- 

Finally, we have 

Example 80 a. Let Aj,Bj, j £ {l,...,n}, be two sequences of positive 
definite operators on H. Then for any Pj,qj > with X]^=i Pj = X]?=i 1j = 
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1, we have the inequalities 

1-(Y.PjA-^x,x\ (J2qjB,y,y\ (2.108) 

for any x,y £ H with \\x\\ = \\y\\ = 1. 

6. With the same assumption for A j , Bj, pj andqj, we have the inequal- 
ities 

(y2liB,y,y) - /X^Pj^,x,x\ (2.109) 

for any x,y £ H with \\x\\ = \\y\\ = 1. 

Remark 81 We observe that all the other inequalities for two operators 
obtained in Subsection 3.1 can be extended for two sequences of operators 
in a similar way. However, the details are left to the interested reader. 

2.5 Some Jensen Type Inequalities for Twice 
Differentiable Functions 

2.5.1 Jensen's Inequality for Twice Differentiable Functions 

The following result may be stated: 

Theorem 82 (Dragomir, 2008, [12j) Let A be a positive definite oper- 
ator on the Hilbert space H and assume that Sp (A) C [m, M] for some 
scalars m, M with < m < M. If f is a twice differentiable function on 
(m, M) and for p £ (— oo, 0) U (1, oo) we have for some 7 < F that 

7< / \, ■r{t)<r for any t£{m,M), (2.110) 

p(p-l) 

then 

7 {{APx, x) - {Ax, xY) < (/ {A) x,x)-f {{Ax, x)) (2.111) 

<r{{APx,x)~{Ax,xf) 
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for each x ^ H with \\x\\ = 1. 

5 < — • /" {t) < A for any t € (m, M) (2.112) 

p(l~p) 

and for some S < A, where p G (0, 1), then 

S{{Ax,xf~(APx,x))<{fiA)x,x)~f{{Ax,x)) (2.113) 

<A{{Ax,xyP-{APx,x)) 

for each x £ H with \\x\\ = 1. 

Proof. Consider the function g^^p : (to, M) — >■ R given by g^^p (t) — f {t)~ 
7^^ where p £ (— oo, 0) U (1, oo) . The function g-y^p is twice differentiable, 

g'^,p{t) = rit)-^p{p-l)tP-' 

for any t G (m, Af ) and by ()2.110|) we deduce that g^^p is convex on {m, M) . 
Now, applying the Mond & Pecaric inequahty for g^.p we have 

< ((/ {A) - 7v4P) X, x) - [/ {{Ax, x))~j {Ax, x)"] 
^{f{A)x,x)^f{{Ax,x))^j[{APx,x)~{Ax,xr] 

which is equivalent with the first inequality in (|2.11ip . 

By defining the function gr.p : (m, M) -^ M given by gr,p {t) = Tt^ — f (t) 
and applying the same argument we deduce the second part of (|2.11ip . 

The rest goes likewise and the details are omitted. ■ 

Remark 83 We observe that if f is a twice differentiable function on 
(to, M) and ip := inftg(„_M) /" {t) , $ := supte{m,M) f" (*) > then by 12.111^ 
we get the inequality 



1 



{A^x, x) ~ {Ax, xf\ < (/ {A) x,x)~f {{Ax, x)) (2.114) 

1 



< -$ 

- 2 



{A^x,x) - {Ax,x)' 



for each x £ H with \\x\\ — 1. 

We observe that the inequality [KTJJd holds for selfadjoint operators that 
are not necessarily positive. 

The following version for sequences of operators can be stated: 

Corollary 84 (Dragomir, 2008, [llj) Let Aj be positive definite oper- 
ators with Sp{Aj) C [tti, M] C (0, oo) j G {1, . . . ,n}. If f is a twice 
differentiable function on {m,M) and for p G (— oo, 0)U (l,oo) we have the 



2.5 Some Jensen Type Inequalities for Twice Differentiable Functions 55 
condition h2.110\) . then 



1 



7 , {^j^ji^j/ ^ 2^ i^j^j^^j) 



i=i 



vi=i 



(2.115) 






<r 






/or eac/i Xj G _ff, j G {1, . . . , ri} with X^i^i ll^^jll — 1- 
//we have the condition i2.112\) for p G (0, 1), then 

n \ n 

3 = 1 J 3 = 1 

I I n 

^ H ^-^ (^3)^3^X3) -f\Yl ('^3^3^Xj) 



(2.116) 



i=i 



vJ=i 



< A 






/or eac/i Xj G i/, j G {1, . . . ,n} wit/i X]j=i INill = 1- 
Proof. Follows from Theorem |82] ■ 



Corollary 85 (Dragomir, 2008, [llj) Let Aj be positive definite oper- 
ators with Sp{Aj) C [m, M] C (0,oo) j G {l,...,n} and pj > 0, j' G 
{l,...,n} wJt/i X]?=iPi ~ ^- If f is a twice differentiable function on 
{m,M) and for p G (— oo,0) U (l,oo) we have the condition i2.110\) . then 

(2.117) 



7 






\i=i 



\j=i 



< r 



^ PjA^jX, x\ ~ {y2 P3^3^^ • 



/or eac/i x G -ff wJt/i ||x|| = 1. 
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If we have the condition i2.112\) for p G (0, 1), then 

• n \P/n < 

< ( Y.P3^ (^j) X,x)~f\l Y.pi^i^^ 



(2.118) 



\i=i 



\j=i 



< A 



2_^PjAjX,: 



E^.^^'^ 
\j=i 



/or eac/i x Cz H with \\x\\ — 1. 



Proof. Follows from Corollary [M] on choosing Xj — y/pj-x, j e {1, . . . ,n} , 
where pj > 0, j G {1, . . . , n} , ^.j^iPj — 1 and x £ H, with ||a;|| — 1. The 
details are omitted. ■ 

Remark 86 We observe that if f is a twice differ entiahle function on 
{m,M) with -oo < m < M < oo, Sp{Af) C [m,M], j e {l,...,n} 
and (p := inftg(„^M) ,/" (0 > "^ — suptg(,„_jvf) /" (i) , then 



2_^{AjXj,Xj) - 7 , (^j^j^- 



i=i 



vJ=i 



(2.119) 



<J2^-f (^J') ^J' ^J'^ ^ -^ E (^J^:*' ^j) 



j=i 



^i=i 



< $ 






/or each Xj G -ff,j G {1, . . . ,n} with X^iLi ll^^jll = 1- 
Also, if Pj > 0, j G {1, . . . , n} wzi/i X]?=i Pj ^ ^^ then 



V 



YpjA]x, x\ - I ^pj Ajx, X 



\j=i 



\i=i 



(2.120) 









/ (E^j'^j^'- 



\j=l 



< $ 



YpjA]x, x) - ( ^PjA^a;, : 
\j=i / \i=i 
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The next result provides some inequalities for the function / which re- 
place the cases p = and p = I that were not allowed in Theorem [82l 

Theorem 87 (Dragomir, 2008, |11| ) Let A be a positive definite oper- 
ator on the Hilbert space H and assume that Sp {A) C [ttt,, Af ] for some 
scalars m, M with < m < M. If f is a twice differentiable function on 
(m, M) and we have for some 7 < T that 

1 <t^ ■ f" [t) < r for any t G (m, M) , (2.121) 

then 

j{\n{{Ax,x))-{\nAx,x))<{f{A)x,x)~f{{Ax,x)) (2.122) 

< T{ln{{Ax,x))- {\nAx,x)) 

for each x Cz H with \\x\\ = 1. 
If 

S<t-f'{t)<A for any te{m,M) (2.123) 

for some S < A, then 

5{{A\nAx,x) - {Ax,x)\n{{Ax,x))) < {f{A)x,x) - f{{Ax,x)) (2.124) 

< A{{A\nAx,x) - {Ax,x)\n{{Ax,x))) 

for each x d H with \\x\\ = 1. 

Proof. Consider the function g.y^Q : {m, M) — >■ R given by g^^ (t) = f (t) + 
7lni. The function 5^.0 is twice differentiable, 

for any t S (m, M) and by (|2.12ip we deduce that g-y^ is convex on {m, M) . 
Now, applying the Mond & Pecaric inequality for g-^^ we have 

Q<{{f{.A)+^\nA)x,x)~[f({Ax,x))+^\n{{Ax,x))] 
= (/(A)x,x)-/((Ax,x))-7[ln((Ax,x))-(lnAx,x)] 

which is equivalent with the first inequality in (|2.122p . 

By defining the function (7r,o '■ ('^i, M) -^ R given by gr.o {t) = ^T Ini — 
/ [t) and applying the same argument we deduce the second part of (|2.122l) . 

The rest goes likewise for the functions 

g5,i{t)^ f{t)-5t\nt and 5A,o(i) = Ailnt-/(i) 
and the details are omitted. ■ 
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Corollary 88 (Dragomir, 2008, [llj) Let Aj be positive definite oper- 
ators with Sp{Aj) C [m,M] C (0, oo) j G {!,..., n}. If f is a twice 
differentiable function on (m, M) and we have the condition 112.121]) . then 

7 In E (^J2;,'X,) - J2 (ln^,a;,,x,) (2.125) 

n I n 

< ^ (/ (A,) a;^, X,) - / K] (A,x„ a; 

for each Xj € H,j G {!,...,«} with J2^j^i W^jW — ^■ 
If we have the condition \2.123\) . then 

(n n / ^ 

Yl (^J 1=^ ^1^3 ^^o)-Y. ^^0X3 , Xj) In Yl ^^oXj ,Xj)\ ] (2.126) 

n / n 

(n n 

Yl ^^J In^jXj, Xj) - ^ (Aja;j, Xj) In ^ (^ja:^j, a^j) 

/or eac/i Xj G i/,j e {1, ... ,71} with Yl^=i INill — 1- 

The following particular case also holds: 

Corollary 89 (Dragomir, 2008, [llj) Let Aj he positive definite oper- 
ators with Sp{Aj) C [TTjjAf] C (0,00) i G {l,...,n} and pj > 0, j' G 
{l,...,n} with X^i^iPi ~ 1- ^/ / ^'^ t* twice differentiable function on 
(to, M) and we have the condition \2.121\] . then 

7 In (y^p,A,x,x\ - (y^pj\nAjX,x\ (2.127) 

n / n 

-^ I ^" I (H^J^J^'^) ^ {Ypj\^AjX,x 
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for each x ^ H with \\x\\ = 1. 

// we have the condition I12.123\) . then 

^ I (y^pj^j^^^i^^^) ~ y^Vj^it^.A^-^ I wlvi,AjX,x 



< I] (/ (^j) ^l.^l) - / I] (^J-a^jV 



(2.128) 



for each x Cz H with \\x\\ = 1. 






2.5.2 Applications 

It is clear that the resuhs from the previous section can be applied for 
various particular functions which are twice differentiable and the second 
derivatives satisfy the boundedness conditions from the statements of the 
Theorems [5^1571 and the Remark [531 

We point out here only some simple examples that are, in our opinion, 
of large interest. 

1. For a given a > 0, consider the function / (t) = exp (at) , t G K. We 
have /" (i) — o? exp (ai) and for a selfadjoint operator A with Sy {A) C 
[to, M\ (for some real numbers to < M) we also have 

(p := inf /" {t) = o? exp (am) and $ := sup /" (t) = o? exp {aM) , 

te(m,Af) tiE(m,J\/) 

Utilising the inequality (I2.114P we get 



-a^ exp (am) (^J^x^x^~{Ax,x) <(exp (aA) x,x) — exp ((aAa;, a;)) 



(2.129) 



<-a^exp(aM) I^A^x,x)~'{Ax,xY 



for each x <^ H with ||a;|| — 1. 
Now, if /? > 0, then we also have 

1 



/3^ exp(-/3Af ) {A^x,x)-{Ax,x) <(exp(-/3yl)x,x)-exp(- (/3AT,a;)) 

(2.130) 



<-/3^exp(-/3TO) {A^x,x)-{Ax,xY 
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for each x E H with ||x|| = 1. 

2. Now, assume that < m < M and the operator A satisfies the 
condition m ■ \h < A < M ■ 1h- If we consider the function / : (0,oo) — )■ 
(0,00) defined by / (t) = tP with p e (-00, 0) U (0,1) U (l,oo). Then 
/" (i) = p{p— l)i^~^ and if we consider ip := inftg(mjv/) /" (t) and <i> := 
suPtg(,„,Af) /" (*) - then we have 

ip = p{p^l) mP-'\, $ = p (p - 1) MP-2 for p G [2, 00), 

(^ = p (p - 1) MP"^ ^=p{p-l) mP-'^ for p e (1, 2) , 
(^ == p (p - 1) mP"^ $ = p (p - 1) MP-^ for p e (0, 1) , 
and 



V 



= p (p - 1) A/P-2 $ = p (p - 1) mP-2 for p e (-00, 0) , 



Utihsing the inequahty (|2.114l) we then get the fohowing refinements an 
reverses of Holder-McCarthy's inequalities: 



-p(p-l)mP-2 {A'^x,x)~{Ax,xf (2.131) 

< {APx,x)-{Ax,xf 
<-p{p^l)MP-^ {A'^x,x)'~{Ax,xf for pe [2,00), 



-p(p-l)AfP-2 (A'^x,x) - {Ax,xy 
< {APx,x)-{Ax,xf 



< -p {p - 1) mP-^ (A^x^x) -{Ax,xy 



(2.132) 



forpe (1,2), 



-p (1 - p) MP-"^ \{A^x, x) - {Ax, xf 
< {Ax,xf-{APx,x) 



<-p(1-p)toP~2 {A^x,x) - {Ax,xf forpe (0,1) 



(2.133) 



and 



-p(p-l)A.fP-2 (^A^x,x) -{Ax,xf (2.134) 

< {APx,x)~{Ax,xf 

< -p {p - I) mP^'^ {A^x,x) - {Ax.x)'^ for pG (-00,0), 
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for each x E H with ||a:|| = 1. 

3. Now, if we consider the function / : (0,c») — > M, / (t) = — Ini, 
then /" (t) = t~^ which gives that (p = M~^ and $ = m^^. Utihsing the 
inequahty (|2.114l) we then deduce the bounds 



-M- 



{A'^x,x) - {Ax,xy 



< ln{{Ax,x)) - {lnAx,x) 



< —m 



{A'^x,x) - {Ax,x)' 



(2.135) 



for each x G H with ||a:|| = 1. 

Moreover, if we consider the function / : (0, oo) — ^ M, f {t) — tint, 
then /" (i) — t~^ which gives that (p — M^^ and $ = m~^. Utilising the 
inequality (|2.114l) we then deduce the bounds 



Im- 



{A^x,x) - {Ax,xf 
< {A\nAx,x) - {Ax,x)\n{{Ax,x)) 



< —m 

- 2 



{A'^x,x) ~ {Ax,xy 



(2.136) 



for each x £ H with ||a;|| = 1. 

Remark 90 Utilising Theorem \8S\ for the particular value of p = —1 we 
can state the inequality 

i^ {{A-'x, x) - {Ax, x)-') < (/ (A) x,x)~f {{Ax, x)) (2.137) 

< -■^{{A-^x,x) -{Ax,xy^\ 

for each x Cz H with \\x\\ = 1, provided that f is twice differentiable on 
{m,M) C (0,cx)) and 

iP= inf t^f'it) while *= sup t^f'it) 

te(m.M) t£{m,M) 



are assumed to he finite. 

We observe that, by utilising the inequality \2.13'l\ l instead of the in- 
equality \2.11^^ we may obtain similar results in terms of the quantity 
{A~^x,x) — {Ax,x) , X £ H with \\x\\ = 1. However the details are left to 
the interested reader. 
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2.6 Some Jensen's Type Inequalities for 
Log-convex Functions 

2.6.1 Preliminary Results 

The following result that provides an operator version for the Jensen in- 
equality for convex functions is due to Mond and Pecaric [32] (see also [20l 
p. 5]): 

Theorem 91 (Mond-Pecaric, 1993, [32]) Let A be a selfadjoint oper- 
ator on the Hilbert space H and assume that Sp {A) C [m, M] for some 
scalars m, M with m < M. If f is a convex function on [m, M] , then 

f{{Ax,x))<{f{A)x,x) (MP) 

for each x € H with \\x\\ — 1. 

Taking into account the above result and its applications for various con- 
crete examples of convex functions, it is therefore natural to investigate the 
corresponding results for the case of log-convex functions, namely functions 
/ : / — > (0, oo) for which In / is convex. 

We observe that such functions satisfy the elementary inequality 

f{{l^t)a + tb)<[f{a)]'-'[f{b)f (2.138) 

for any a,b E I and t E [0,1]. Also, due to the fact that the weighted 
geometric mean is less than the weighted arithmetic mean, it follows that 
any log-convex function is a convex functions. However, obviously, there 
are functions that are convex but not log-convex. 

As an immediate consequence of the Mond-Pecaric inequality above we 
can provide the following result: 

Theorem 92 (Dragomir, 2010, (15j ) Let A be a selfadjoint operator on 
the Hilbert space H and assume that Sp (A) C [tti, M] for some scalars 
m, M with m < M. If g : [m, M] -^ (0, oo) is log-convex, then 

g{{Ax,x)) <c^p{\ng{A)x,x) < {g{A)x,x) (2.139) 

for each x E H with \\x\\ — 1. 

Proof. Consider the function / := In 5, which is convex on [m, M] . Writing 
(|MP[) for / we get hi[g {{Ax , x))] < {\ng{A)x,x) , for each x E H with 
\\x\\ = 1, which, by taking the exponential, produces the first inequality in 

If we also use (jMPp for the exponential function, we get 

exp (In (7 {A) X, x) < (exp [hig {A)] x, x) — {g {A) x, x) 



2.6 Some Jensen's Type Inequalities for Log-convex Functions 63 

for each x E H with ||x|| = 1 and the proof is complete. ■ 

The case of sequences of operators may be of interest and is embodied 
in the following corollary: 

Corollary 93 (Dragomir, 2010, [15j) Assume that g is as in the Theo- 
rem lQSl If Aj are selfadjoint operators with Sp{Aj) C [?7i,M], j G {1, ...,n} 
and Xj e H,j e {1, ...,n} with X^fci ll^jll ^1' then 

Y^ {AjXj.Xj) \ < exp / ^ In .9 [Aj) Xj.Xj ) < {^9 [Aj) Xj,Xj \ . 

(2.140) 




Proof. Follows from Theorem IMbnd we omit the details. ■ 
In particular we have: 

Corollary 94 (Dragomir, 2010, [15j) Assume that g is as in the The- 
orem fPH If Aj are selfadjoint operators with Sp{Aj) C [m, M] dl, j G 
{1, ..., n} and pj > 0, j G {1, ..., n} with X]?=i Pj = 1; then 

,x,x ) I < {\{[g{A,)Y^x,x\ < {y2p,g{A,)x,x\ 

(2.141) 
for each x G H with \\x\\ ~ 1. 

Proof. Follows from Corollary IMl by choosing Xj — Jp] ■ x, j E {I, ...,n} 
where x € H with ||a;|| = 1. ■ 

It is also important to observe that, as a special case of Theorem [9T] we 
have the following important inequality in Operator Theory that is well 
known as the Holder-McCarthy inequality: 

Theorem 95 (Holder-McCarthy, 1967, [26j) Let A be a selfadjoint pos- 
itive operator on a Hilbert space H . Then 

(i) {A^x,x) > {Ax,x) for all r > 1 and x G H with \\x\\ — 1; 

(a) {A^x^ x) < {Ax, x) for all < r < 1 and x Cz H with \\x\\ — 1; 

(Hi) If A is invertible, then {A^^x,x) > {Ax,x) for all r > and 
X G H with \\x\\ ~ 1. 

Since the function g (t) — t^^ for r > is log-convex, we can improve 
the Holder-McCarthy inequality as follows: 

Proposition 96 Let A be a selfadjoint positive operator on a Hilbert space 
H. If A is invertible, then 

{Ax,xy <exp{\n{A-'')x,x) < (A-^'x^x) (2.142) 

for all r > and x G H with \\x\\ = 1. 
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The following reverse for the Mond-Pecaric inequality that generahzes 
the scalar Lah-Ribaric inequality for convex functions is well known, see 
for instance [20, p. 57]: 

Theorem 97 Let A be a selfadjoint operator on the Hilbert space H and 
assume that Sp {A) C [m, AI] for some scalars m, M with m < M. If f is 
a convex function on [m, M] , then 

, „ , , , , Af — (Ax. x) „ , , (Ax, x) — m „ , ^ 

if (A) x, x) < — — ^ -^ • / m + ^ ' ' / M) 2.143) 

for each x (z H with \\x\\ = 1. 

This result can be improved for log-convex functions as follows: 

Theorem 98 (Dragomir, 2010, [15j) Let A be a selfadjoint operator on 
the Hilbert space H and assume that Sp (A) C [m, M] for some scalars 
m,M with m < M. If g : [m, M] — >■ (0,oo) is log-convex, then 



{g{A)x,x) <([[,g(m)] ^^-'" [g{M)] 

^M-{Ax,x) , , 
M — m 



{Ax, x) — m 
M -m 



(2.144) 



9{M) 



and 



g{{Ax,x))<[gim)] '"-^ [g (M)] ^^- 



< 



[g{m)]' 



[5(M)] 






(2.145) 



for each x (z H with \\x\\ — 1. 

Proof. Observe that, by the log-convexity of g, we have 

t — m 



f M -t 
\M — m 



M -m 



M] <[gim)Y- 



[9{M)V 



for any t G [m,M] . 

Applying the property (|P|) for the operator A, we have that 

{g (A) X, x) < (* {A) X, x) 



(2.146) 



for each x € H with ||a;|| = 1, where \P (t) := [g{m)]"-"' [g (M)]"'-"^ , 
t G [m, M] . This proves the first inequality in (|2.144p . 

Now, observe that, by the weighted arithmetic mean-geometric mean 
inequality we have 



[g{m)]^^[giM)] 



M -t , , t-m 
< 5 (™) + 



M -m 



M — m 



■ 9 (M) 
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for any i e [m, M] . 

Applying the property (|P]) for the operator A we deduce the second 
inequality in (|2.144|) . 

Further on, if we use the inequality (|2.146p for t = {Ax, x) E [m, A'l] then 
we deduce the first part of (|2.145p . 

Now, observe that the function ^P introduced above can be rearranged 
to read as 



^ (i) = 5 ("i) 



g{m) 



,te [m,M] 



showing that ^ is a convex function on [m, M] . 

Applying Mond-Pecaric's inequality for ^1* we deduce the second part of 
(|2.145[) and the proof is complete. ■ 

The case of sequences of operators is as follows: 



Corollary 99 (Dragomir, 2010, [15]) Assume that g is as in the Theo- 
rem \9S\ If Aj are selfadjoint operators with Sp (Aj) C [m, M], j € {1, ..., n} 

Xj G H,j e {1, ..., n} with X^iLi ll^ill — ^' ^^^''^ 






(2.147) 



\i=i 



[ffM]" 



[9iM)]- 



< 



M-Tr,=i{A,x,,x,) 
M — m 



■ 9 (m) 



z^i=i \^i-^i>- 



M -m 



■ 9 (M) 



and 



9 Xl^^i^J'^i) 

<[g{m)] -'-^ [g(M)] 






[g (m)] 



[9{M)]- 



Xj , Xj 



(2.148) 



In particular we have: 



Corollary 100 (Dragomir, 2010, [151]) Assume that g is as in the The- 
orem [ffB IJ Aj are selfadjoint operators with Sp{Aj) C [m,M] C/, j G 
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{1, ..., n} and pj > 0, j G {1, ..., n} with X]?=i Pj ~ 1' ^^^ 



^\^Po [ffM]" 



(2.149) 



[9[M)]- 



X, X 



< 



M ~ [Y:,=iP3A,x, 
M -m 



X) KYTj^iPjAjX,! 

('") + ^ ^ 

M — m 



and 



'(M) 



(2.150) 



m-(e"=i PjAj^,^) (^?=i Pj-4j = .=) 

< [g{m)] ^^^ [g{M)] ^^^^^ 

/ " MlH-Aj Aj-r^lH \ 

< (Z^Pj[5("^)] '■'-" [5(^^)1 "-" a;,a; 



The above result from Theorem 1^ can be utilized to produce the follow- 
ing reverse inequality for negative powers of operators: 

Proposition 101 Let A be a selfadjoint positive operator on a Hilbert 
space H. If A is invertible and Sp (A) C [to, M] (0 < m < M) , then 



{A^'^x^x) 



< 



771 M-ra M '■'-"^ 



X, X 



(2.151) 



^ M - {Ax, x) ^ ^_^ _^ {Ax,x)~m ^ ^^_^ 



M -m 



M -m 



and 



{Ax,x) "" < g{m) "-'-^ 9 (M) '^'-"^ 



(2.152) 



< 









for all r > and x E H with \\x\\ = 1. 

2.6.2 Jensen's Inequality for Dijjerentiable Log-convex 
Functions 



The following result provides a reverse for the Jensen type inequality (jMPp : 
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Theorem 102 (Dragomir, 2008, [9j) Let J be an interval and f : J ^ 
M. be a convex and differentiable function on J (the interior of J) whose 
derivative f is continuous on J. If A is a selfadjoint operators on the 
Hubert space H with Sp (A) C [m, M] C J, then 

(0<) {f{A)x,x)~f{{Ax,x)) < if (A) Ax, x) - {Ax,x) ■ {f{A)x,x} 

(2.153) 
for any x Cz H with \\x\\ — 1. 

The following result may be stated: 

Proposition 103 (Dragomir, 2010, [15]) Let J be an interval and g : 
J ^ R be a differentiable log-convex function on J whose derivative g' is 
continuous on J. If A is a selfadjoint operator on the Hilbert space H with 
Sp {A) C [m, M] C J, then 



(1<) 



exp (In 5 (A) x,x) 



g{{Ax,x)) 
< exp ( 

for each x (£ H with \\x\\ — 1 



(2.154) 



g' (A) [g (A)]-' Ax, x) - {Ax, x) ■ (g' {A) [g {A)]-' x, x 



Proof. It follows by the inequality (|2.153p written for the convex function 
f — Ing that 

{lng{A)x,x) < lng{{Ax,x)) 

+ (5' (A) [g (A)]-' Ax, x) - {Ax, x) ■ (g' (A) [g (A)]-' x, x) 

for each x G H with ||a;|| = 1. 

Now, taking the exponential and dividing by g {{Ax,x)) > for each 
x £ H with 1 1 a; 1 1 = 1, we deduce the desired result (|2.154p . ■ 

Corollary 104 (Dragomir, 2010, |15] ) Assume that g is as in the Propo- 
sition [TU^i and Aj are selfadjoint operators with Sp{Aj) C [m,M] cJ, 
je{l,...,n}. 

If and Xj € H,j G {1, ...,n} with X]i=i ll-^ill = 1; then 



(!<)■ 



exp ( EL 1 In .9 (Aj ) Xj , X 



sfELi {Ajx,: 



(2.155) 



< exp 



J29'iA,)[g{A,)]-'A, 



\i=i 



-I](^ja;j:a;j)-^(ff'(A,)L9(A, 



Xj , Xj 
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IfPj > 0, j e {1, ...,n} with YJj=iP3 = 1' ^^'^ 



(1<) 



YlUbiA,)] 



P] 



9 {{T.U 



PJAj 



(2.156) 



< exp 



J2P^9'iAj)[giA,)] ^A,x,x 



\j=i 



-J2p3 ^^J^' ^^ ■ J2pi \9 (^j) [-9 (^j)] ^ ^' ' 



/or eac/i x (z H with \\x\\ = 1. 

Remark 105 Let A be a selfadjoint positive operator on a Hilhert space 
H. If A is invertible, then 

(1 <) {Ax, xY exp (in (A"'') x, x) < exp [r {{Ax, x) ■ {A^^x, x) - l)] 

(2.157) 
for all r > and x € H with \\x\\ = 1. 

The following result that provides both a refinement and a reverse of the 
multiplicative version of Jensen's inequality can be stated as well: 

Theorem 106 (Dragomir, 2010, [15j ^ Let J be an interval and g : J -^ 
IS. be a log- convex differentiable function on J whose derivative g' is con- 
tinuous on J. If A is a selfadjoint operators on the Hilbert space H with 
Sp (A) C [m, M] C J, then 



1 < ( exp 



g'{{Ax,x)) 



g{{Ax,x)) 



{A^{Ax,x)1h) 



(2.158) 



(.9 (A) X, x) 



'g'{A)[g{A)r'{A-{Ax,x)lH) 



X, X 



for each x & H with \\x\\ = 1, where 1^ denotes the identity operator on 
H. 

Proof. It is well known that ii h : J — > R is a convex differentiable function 
on J, then the following gradient inequality holds 

h(t)-h (s) > h' (s) {t - s) 

for any t, s eJ. 

Now, if we write this inequality for the convex function h ~ Ing, then 
we get 



\ug{t)-\ug{s)>^^{t-s) 



(2.159) 
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which is equivalent with 



'{t)>g (s) exp 



5W 



(t-s) 



(2.160) 



for any t, s eJ. 

Further, if we take s := {Ax,x) G [m,M] C J, for a fixed x € H with 
1 1 cell = 1, in the inequality (|2.160p . then we get 



<{t) >g{{Ax,x))e-xp 



9'{{Ax,x)) 
g{{Ax,x)) 



(i- {Ax,x)) 



for any t eJ. 

Utilising the property (jPj for the operator A and the Mond-Pecaric in- 
equality for the exponential function, we can state the following inequality 
that is of interest in itself as well: 



{a {A) y,y)>g {{Ax, x)) ( exp 



> g{{Ax,x))exp 



g'{{Ax,x)) 
g{{Ax,x)) 

g'{{Ax,x)) 



{A-{Ax,x)1h) 



y,y 



(2.161) 



g{{Ax,x)) 



{{Ay,y)-{Ax,x)) 



for each x,y G H with ||a;|| = \\y\\ = 1. 

Further, if we put y ~ x in (|2.16ip . then we deduce the first and the 
second inequality in (|2.158|) . 

Now, if we replace s with t in (I2.160p we can also write the inequality 



g {t) exp 
which is equivalent with 



g'{t) 
g{t) 



{s-t) 



'{t)<g (s) exp 



g'{t) 
g{t) 



<5(s) 



{t-s) 



(2.162) 



for any i, s €J. 

Further, if we take s := {Ax,x) G [m,M] (Z J, for a fixed x £ H with 
||x|| = 1, in the inequality ()2.162p . then we get 



g{t) <g{{Ax,x))eyiY> 



g'{t) 
g{t) 



{t- {Ax,x)) 



for any t eJ. 

Utilising the property (|P]) for the operator A, then we can state the 
following inequality that is of interest in itself as well: 

{g {A) y,y)<g {{Ax, x)) (exp \g' {A) [g {A)]-' {A - {Ax, x) Ih) 



y.V/ 

(2.163) 
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for each x,y Cz H with ||x|| = \\y\\ = 1. 

FinaUy, if we put y — x in (|2.163l) , then we deduce the last inequahty in 

dUSHD. ■ 

The case of operator sequences is embodied in the following corollary: 

Corollary 107 (Dragomir, 2010, [15] ^ Assume that g is as in the Propo- 
sition [T03i and Aj are self adjoint operators with Sp{Aj) C [m,M] <zJ, 
ie{l,...,n}. 

// and Xj € H^j £ {1, ...,n} with X]i=i ll^^ill — 1j then 



l</^exp 



g' [Y.'j=i{AjXj,xj)^ 

9Ul^=i{AjXj,Xj)] \ j^i 



(2.164) 



< 






< 



^exp 



\i=i 



a' (Aj) [g (A,)] ' \Aj-J2 {Ajx,,x,) Ih 



i=i 



Xj , Xj 



If Pj ^ 0, j G {!,..., n} with X] 1=1 Pi = 1j then for each x Cz H with 



1 < (^PjCXp 



\j=l 






(2.165) 



< 






a;, X 



5((E"=iPi^j2;> 



\i=i 



j' (A,) [g (A,)] '{Aj- {Y^p,A,x,x\ Ih 



Remark 108 Let A be a selfadjoint positive operator on a Hilbert space 
H. If A is invertible, then 

1 < /exp r flff- (^a;,a;)"^yl') x,x\ (2.166) 

< {A~''x, x) {Ax, xY < (exp [r {Ih - {Ax, x) A^'^)] x, x) 
for all r > and x £ H with \\x\\ = 1. 
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The following reverse inequality may be proven as well: 

Theorem 109 (Dragomir, 2010, [15j) Let J be an interval and g : J —> 
R 6e a log-convex dijferentiable function on J whose derivative g' is con- 
tinuous on J. If A is a selfadjoint operators on the Hilhert space H with 
Sp {A) C [m, M] C J, then 



(1<) 



[5(M)]- 



[5 i^)] 



{g (A) X, x) 



(2.167) 



< 



< exp 



9 (A) exp 



{MlH-A)iA-rnl„) ( g' (M) 
M-m \ a(M) 



a' {in) 

aim) 






{g{A)x,x) 
4^ '\g{M) g{m) 



for each x (z H with \\x\\ = 1. 

Proof. Utilising the inequality (I2.159P we have successively 



g{{l-X)t + Xs) 



> exp 



and 



9{s) 

g((l-A)t + A.s) 
9{t) 



^'-'^'-M^'-'i 



> 



exp 



9 m 



(2.168) 
(2.169) 



for any t, s eJ and any A G [0, 1] . 

Now, if wc take the power A in the inequality (|2.168p and the power 1 — A 
in (|2.169p and multiply the obtained inequalities, we deduce 



[9(t)]'-'[9{st 
5((1-A)t + As) 

< exp 



(2.170) 






for any t, s SJ and any A G [0, 1] . 

Further on, if we choose in (I2.170p t = Af , s = m and A 
from (|2.170p we get the inequality 



M-M 

M-m ' 



then, 



[^(M)]M-™ [g{m)]- 



< exp 



9{u) 
{M-u){u-m) ( g' {M) g' {m) 



(2.171) 



M — m 

which, together with the inequality 

(M — u) {u — m) 
M-m 



g{M) g{m) 



<-{M- m) 
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produce 



[g (M)] «-- [g (m)] 



< g [u) exp 

< g {u) exp 



{M ~u){u- m) ( g' [M] g' (to) 



M -m \g (Af ) g (m) 

5' (A^) 5' (m) 



- (M - to) , , , 



(2.172) 



for any u e [to, M] . 

If we apply the property (|P| to the inequahty (I2.172P and for the operator 
A we deduce the desired resuh. ■ 



Corollary 110 (Dragomir, 2010, [15]) Assume that g is as in the The- 
orem {TW\ and Aj are self adjoint operators with Sp{Aj) C [to,M] gJ, 
j e{l,...,n}. 



If Xj e H,j e {l,...,n} with J2'^=i W^jW ^ 1; ^^^ 



(!<)■ 



e;=i([5(m)] 



M— [g{m)] A^-™ 



bj, .i,j 



E;=i(5(^,): 



(2.173) 



< 



ELi(5(^j)exp 



(AflH-^j)(^j-m 
M— m 



ImI (I. 



(M) _ g'(m) 
(M) g(m) 



< exp 



4^ ^U(M) 5M 



If Pj > 0, j e {l,...,n} wit/i jy^^iPj ~ 1' ^^^^ /'''^ ^'^'-^ X E H with 

kll-1 



(i<) 



E"=iP.[ff(M)]- 



[9{m)]- 






YTi=iPj9i.Ao)x,-^ 



(2.174) 



< 



< exp 



2^] = l Pjy \^] ) '"^V [ M-rn \ g\ 



(M) _ g'(m) 
(M) g(m) 



ELlPi5(^j)2:,; 



1.,, , 9 {M) g'{m) 

- M - TO ^ ,\ ^; - :^-^^ 
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Remark 111 Let A be a selfadjoint positive operator on a Hilbert space 
H. If A is invertible and Sp (A) C [m, M] (0 < m < M) , then 

[g{M)] ^■'-"' [g{m)] '•■'-■^ x,x 



A ''exp 
< 



r{MlH-A){A~mlH) 
Mm 



{A-''x,x) 



X, X 

< cxp 



1 (M-mf 
4 mM 



2.6.3 Applications for Ky Fan's Inequality 

Consider the function g : (0, 1) -^ R, g [t) — (^)'' ,r > 0. Observe that 
for the new function / : (0, 1) ^ M, / (t) = lug it) we have 



2^ {\ - i) 



/' (t) = 77^^ and /" (t) = ^}^ > for t e (0, 1) 



showing that the function g is log-convex on the interval (O, ^) . 

If Pi > for i € {l,...,n} with Y^^^iPi = 1 and ti £ (O, i) for i G 
{1, ..., n} , then by applying the Jensen inequality for the convex function 
/ (with r = 1) on the interval (O, ^) we get 

which is the weighted version of the celebrated Ky Fan's inequality, see [3l 
p. 3]. 

This inequality is equivalent with 

where pt > for i e {l,...,n} with X)"=iPi ~ 1 and t^ e (^i 5) for 
i e {l,...,n}. 

By the weighted arithmetic mean - geometric mean inequality we also 
have that 






1=1 i=l 

giving the double inequality 

n n n / ^ \ ~ 

1=1 1=1 i=l \i=l / 

(2.177) 
The following operator inequalities generalizing p.l77p may be stated: 
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Proposition 112 Let A be a selfadjoint positive operator on a Hilbert 
space H. If A is invertible and Sp{A) C (O, 2) , then 



((A-i ilH-A)yx,x) > Gxp(ln(A-i {lH^A)Yx,a 
> (^{{l„-A)x,x){Ax,xy'y 

for each x (z H with \\x\\ = 1 and r > 0. 
In particular, 

{A-^ {1h - A) X, x) > exp (in (A^^ (1^ - A)) x, x) 
> {{Ih - A)x,x) {Ax,x)^'^ 



(2.178) 



(2.179) 



for each x Cz H with \\x\\ == 1. 

The proof follows by Theorem [55] applied for the log-convex function 
g(i) = (i^)^r>0,ie(0,i). 

Proposition 113 Let A be a selfadjoint positive operator on a Hilbert 
space H. If A is invertible and Sp {A) C [to, M] C (O, ^) ■, then 



(^{{lH-A)A-^yx,x) 



(2.180) 



< 



< 



1-to\ '•■'-■^ fl-M\ *f-™ 



M 



M-{Ax,x) (l-mV {Ax,x)-m /I-MV 



M — m \ m J M — m 



M 



< 



< 



1 - {Ax, x) 
{Ax, x) 

■{M-{Ax,x)) r{{Ax,x)-m) 

1-to\ ^f-" /1-M' 



M 

r{MlH-A) ^(A-„^lH) 

1-to\ *^-" /1-M' 



M 






(2.181) 



for each x £ H with \\x\\ — 1 and r > 0. 

The proof follows by Theorem [S5] applied for the log-convex function 
9{t) = {^)\r>Q,t(z (0,i). 
Finally we have: 
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Proposition 114 Let A be a self adjoint positive operator on a Hilbert 
space H. If A is invertible and Sp{A) C (O, :j) , then 



(1<) 



(2.182) 



exp(ln((lH - A)A^'^yx,x) 
[il-{Ax,x)){Ax,x)-'y 

<exp r({Ax,x) ■ /yl"^ (l^f - A)"^ x, a;\ - /{lH-Ay'^x,x\) 



1 < /exp r{l-{Ax,x)) ^(1h-{Ax,x) ^ a) x,x\ (2.183) 

^ {{ilH~A)A-^yx,x) 



< 



\l- {Ax,x)){Ax,x) ^] 
/exp r{lH - Ay^ {{Ax,x)A^^ -1h) x,x\ 

for each x ^ H with \\x\\ = 1 and r > 0. 



The proof follows by Proposition 11031 and Theorem 11061 applied for the 
log-convex function g (i) — {^^) , r > 0, i G (O, |) . The details are omit- 
ted. 



2.6.4 More Inequalities for Differentiable Log-convex 
Functions 

The following results providing companion inequalities for the Jensen in- 
equality for differentiable log-convex functions obtained above hold: 

Theorem 115 (Dragomir, 2010, [16]) Let A be a selfadjoint operator 
on the Hilbert space H and assume that Sp (A) C [m, M] for some scalars 
m, M with m < M. // g : J — >■ (0, cxd) is a differentiable log-convex function 
with the derivative continuous on J and [m, M] C J , then 



exp 



{g' {A) Ax, x) {g (A) Ax, x) {g' (A) x, x) 



> 



exp 



(.g (^) X, x) 

{g(A)\ng{A)x,x) 
{g(A)x,x) 



( {g{A)Ax,x) \ 

\ (a(A)x,x) ) 



{9 (A) X, x) 
- > 1 



(.9 (A) X, x) 



(2.184) 



for each x Cz H with \\x\\ ~ 1 

I! 

(g'(A)AT,.T 



(5' [A) X, x) 



G J for each x £ H with \\x\\ = 1, 



(C) 
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then 



exp 



> 



'g' {A)Ax,x^ 

9' [^\g'{A)x^x)' J /{g'(A)Ax,x) {Ag{A)x,x) 



( {g'{A)Ax,x) ] y {g'{A)x,x) {g{A)x,x) 



(2.185) 



{g'iA)Ax.x) 
.9 I {g'iA)x,x) 



f {g{A)lng{A)x,x) \ 
\ {giA)x,x) ) 



> 1, 



for each x (z H with \\x\\ — 1. 

Proof. By the gradient inequality for the convex function lug we have 



^it-s)>\ngit)-\ng{s)>^it-s) 



(2.186) 



for any t, s € J, which by multiplication with g {t) > is equivalent with 
5' (t) {t~s)>g it) \ng {t) ~ g {t) \ng (s) > ^ {tg (t) - sg (t)) (2.187) 

for any t,s G J. 

Fix s G J and apply the property ((£]) to get that 

((?' {A) Ax, x) ~ s {g' {A) x, x) > {g {A) In 5 {A) x, x) ~ (<? {A) x, x) Ing (s) 

(2.188) 



> 



5(s) 



{{Ag{A)x,x)-s{g{A)x,x)) 



for any x G H with ||x|| = 1, which is an inequality of interest in itself as 
well. 
Since 



(g {A) Ax, x) 
{g{A)x,x) 



G [m, M] for any x G H with \\x\\ = 1 



then on choosing s := / (L^!^\ in (|2.188|) we get 

> (,<,(A)ln<,(A)i,i) - (9(A)rc,rc)ln9 (^^ji^^^ I > 0, 
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which, by division vifith {g [A) x,x) > 0, produces 

{g'{A)Ax,x) {g{A)Ax,x) {g'{A)x,x) 



{giA)x,x) {g{A)x,x) {giA)x,x) 

^ {g{A)\ng{A)x,x) f {g{A)Ax,x) 

- {g{A)x,x} ^{ {g{A)x,x) ' "" 



(2.189) 



for any x € H with ||a;|| — 1. 

Taking the exponential in (I2.189P we deduce the desired inequahty ()2.184p . 
Now, assuming that the condition ([C]) holds, then by choosing s :— 

ig^ in mm we get 

> {g (A) \ng (A) x, x) - (5 {A) x, x)\ng' ^^' ^^^ ^'^' "^^ 



{g'iA)x,x) 

{g'(A)A.,x) \ 
y I {a'{A)x^x) J / {g'{A)Ax,x) , , ^^ ^ 

> i f- (An (A) X, x) ~ ^^ \ ' —!- (a (A) X, x) 

- gf(94^^£4>^ l^ yy ) ^ > {g'{A)x,x) ^-^^ ' ' 

y \ {g'{A}x,x' 



which, by dividing with {g (A) x,x) > and rearranging, is equivalent with 

(2.190) 



(^g'{A)Ax,x 

i9'(A)x.x)' J /(^g'(^A)Ax,x) {Ag{A)x,x) 



ng'iA)Ax.x)\ \ {g'iA)x,x) {g{A)x,x) 

y ^ {g'{A)x,x) J 

f {g'{A)Ax,x) \ {g{A)\ng{A)x,x) 
- \{g'{A)x,x}) {g{A)x,x) - 

for any x d H with ||a;|| = 1. 

Finally, on taking the exponential in (|2.190l) we deduce the desired in- 
equality p.l85p . ■ 

Remark 116 We observe that a sufficient condition for fC]) to hold is that 
either g' [A) or ~g' {A) is a positive definite operator on H. 

Corollary 117 (Dragomir, 2010, [16]) Assume that A and g are as in 

Theorem ] 115[ If the condition fC]) holds, then we have the double inequality 

^^^J {g'{A)Ax,x) \ ^ {giA)\ngiA)x,x) ^ ^^^ f {g (A) Ax,x) 



^ {g'{A)x,x) J {g{A)x,x) \ {giA)x,x) 

(2.191) 
for any x (z H with \\x\\ = 1. 

Remark 118 Assume that A is a positive definite operator on H. Since 
for r > the function g (t) = t^^ is log-convex on (0, 00) and 

{g'{A)Ax,x) _ {A-x,x) ^^ 



{g'iA)x,x) {A- 
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for any x E H with \\x\\ = 1, then on applying the inequality i2.191\) we 
deduce the following interesting result 



In 



{A-'-x,x) 
(A-'-'^x^x) 



^ {A-^lnAx,x) ^ ^^^ 

~ {A-''x,x) 



'{A-'-+^x,xy 
{A-''x,x) 



(2.192) 



for any x £ H with \\x\\ = 1. 

The details of the proof are left to the interested reader. 

The case of sequences of operators is embodied in the foUowing corohary: 

Corollary 119 (Dragomir, 2010, [16j) Let Aj, j e {1, ...,n} be selfad- 
joint operators on the Hilbert space H and assume that Sp{Aj) C [m, M] 
for some scalars m,M with m < M and each j € {!,...,«}. If g : J ~> 
(0, cxd) is a differ entiable log- convex function with the derivative continuous 
on J and [to, M ] C J , then 



exp 



Y.%i{9' {Aj)AjXj,Xj) 
ELi {9{A,)xj,Xj) 



> 



J2]=i{9{Aj)AjXj,Xj) J2]=i{9'iAj)x.j,Xj) 
Er=i (9 (^j) Xj,Xj) Y.%1 (9 (Aj) Xj^Xj) 



exp 



9 



^ I2j = i{9{Aj)AjXj,Xj) 



> 1 



for each Xj G _ff, j G {1, ..., n} with X]^=i 



// 



z2j=i\9 i^j) ^]Xj,Xj/ 
Y^'I=i{9'{Aj)xj,Xj) 



for each Xj G H,j G {1, ..., n} with X^iLi 



■ = 1. 

G J 

— 1, then 



exp 



^ l^ Y:7=i{a'(Aj)x,,x,) 
^ I2"=i{g'{Aj)AjXj,xj) 

^ EjLi {9' {Aj)AjXj,Xj) Y.'j=i {Aj9 {Aj) Xj.xj) 
Ej=i (ff' {Aj)xj,Xj) YTj=i {9 {Aj) Xj,Xj) 



> 






( I]"=i {a{Aj)\n g{Aj)xj ,Xj) 



>1, 



(2.193) 



(2.194) 



(2.195) 



for each Xj G H, j G {1, ..., n} with E?=i 



1. 



2.6 Some Jensen's Type Inequalities for Log-convex Functions 79 



The following particular case for sequences of operators also holds: 

Corollary 120 (Dragomir, 2010, [16] ) With the assumptions of Corol- 
larv \119\ and if Pj > 0, j G {1, ...,n} with X]j=i-Pj ~ 1' then 



exp 






E?=i Pj9 (^j) ^jX, x) (ELi Pj5' i^j) 



I x.x 



ELiPj5'(^j)a;,; 



exp 



> 



(E"=iPjg(^j)i"g(^j 



5 






ELiPj5(^j)a;,: 



> 1 



/or each x d H, with \\x\\ = 1. 
// 



E?=iPjff'(^i)a;,a; 



e J 



for each x G H, with \\x\\ = 1, then 



exp 



^/ [ {ll'j=iPia'(Aj)AjX,x) 
(E"=iPjff'('4j)a;,a;) 



J2]=iPj9' iAj)AjX,x) (E]=iPjAjg{Aj)x,x 



> 



^J2]=iP39'{Aj)x,x 

{l2]=iPja'iAj)AjX,x) 
{T,J=lPj9'iAj)x,x) 



exp 



(E?=i Pj9(^j) ing(Aj)x,x) 



J2"=lP39{Aj)x,X 



>1, 



(2.196) 



(2.197) 



(2.198) 



{T,j = iPj9(.Aj)x.x) 

for each x Cz H, with \\x\\ — 1. 

Proof. Follows from Corollary II 191 by choosing Xj — Jp] ■ x, j £ {1, ...,n} 
where x € H with ||a;|| = 1. ■ 

The following result providing different inequalities also holds: 

Theorem 121 (Dragomir, 2010, [16j) Let A be a selfadjoint operator 
on the Hilbert space H and assume that Sp (A) C [m, M] for some scalars 
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m, M with m < M. If g : J ^ (0, oo) is a differ entiahle log-convex function 
with the derivative continuous on J and [ni, M] C J , then 



I / A-, I A (g (A) Ax,x) ^ 

9(A) 



(2.199) 



{giA)Ax,x) 
^9 I {g(A)x,x) 



> ( exp 



{g{A)Ax,x) 
9 { {g(A)x,x) ) f ^^ _ {g{A)Ax,x, ^ 



< 



{g{A)Ax,x) 
{g{A)x,x) 



{g (A) X, x) 



X. X ) > 1 



for each x £ H with \\x\\ = 1. 

// the condition [^} from Theorem \115\ holds, then 



exp 



, / {g'{A)Ax,x) 

9 y {g'(A)x^x) J / (g' (A) Aa;, x) 



ng'(A)Ax,x) ^^ V {9'{A)x,x) 



> 



9 



9{ {g'{A)x.x) 

{g'iA)Ax,x) 
{g' (A) X, x) 



g{A)-Ag{A) 



x,x) (2.200) 



[9{A)]- 



9iA) 






9iA){4^^^l^^lH-A 



x,x) > 1 



-^^^P^^-^- {9'iA)x,x: 

for each x £ H with \\x\\ ~ 1. 

Proof. By taking the exponential in (I2.187P we have the following inequal- 
ity 



exp [g' {t) {t - s)] > 



5W 
9{^) 



ait) 



> 



exp 



9' is) 
9{^) 



itg{t)-sgit)) 



(2.201) 



for any t,s G J. 

If we fix s G J and apply the property (|P| to the inequality (|2.20ip . we 
deduce 



(exp y (A) {A - sIh)] x,x)>({ ^] ' x, x 



> ( exp 



9 is) 
9' is) 



(2.202) 



9 is) 



{Ag{A)-sg{A)) 






for each x £ H with ||a:|| = 1, where 1// is the identity operator on H. 
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By Mond-Pecaric's inequality applied for the convex function exp we also 
have 



exp 
> exp 



9 is) 
9' is) 
5(s) 



X, X 



iAg{A)-sg{A)) 
{{Ag{A)x,x}-s{g{A)x,x}) 



(2.203) 



for each s £ J and x £ H with 1 1 a; 1 1 = 1. 



Now, if we choose s 



{g(A)Ax,x 



f^ e [m,M] in ^(TUm and (p:^D5|) we 



deduce the desired result (12.1991) . 

Observe that, the inequality ()2.20ip is equivalent with 



exp 



9' is) 
9{s) 



{sg{t)-tg{t)) 



> 



(^y >exp[g'it){s~t)] (2.204) 



for any t,s G J. 

If we fix s e J and apply the property (|P| to the inequality (|2.204p we 
deduce 



exp 



9' is) 



9 is) 



isg{A)-Ag{A)) 



x,x\>/(^gis)[g{A)]-'y''^\,x\ 

(2.205) 

> {e^p[g'{A){slH-A)]x,x) 



for each x G H with ||a::|| = 1. 

By Mond-Pecaric's inequality we also have 

(exp [g' {A) {sIh - A)] x, x) > exp [s {g' {A) x, x) - {g' {A) Ax, x)] (2.206) 

for each s G J and x G H with ||a;|| = 1. 

Taking into account that the condition ([C|) is valid, then we can choose 

{g'{A)Ax,x) 



in (p:^g51) and (1^:^05)) 



{cj'{A}x,x) 



to get the desired resuh (|2.200p . 



Remark 122 // we apply, for instance, the inequality ^2.199\) for the log- 
convex function g [i) = t^^,t > 0, then, after simple calculations, we get 
the inequality 



,=n^TO^^h-)^(«-^--^>-^-'' -^ 



(2.207) 
^ / f A-^-{A-^x,x)lH \ \ 



{A-^x,x)' 



> 1 
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for each x Cz H with \\x\\ = 1. 

Other similar results can be obtained from the inequality h2.200]) . however 
the details are left to the interested reader. 



2.6.5 A Reverse Inequality 

The following reverse inequality is also of interest: 

Theorem 123 (Dragomir, 2010, |16| ) Let A be a selfadjoint operator 
on the Hilbert space H and assume that Sp (A) C [m, M] for some scalars 
TO, M with m < M. //g : J — >■ (0, oo) is a differ entiable log-convex function 
with the derivative continuous on J and [ni, M] C J , then 



(1<) 



M~-{Ax,x) {Ax.x)- 

[5 (to)] «— [g{M)] «-'" 



< exp 

< exp 

< exp 



exp (Ing {A) x,x) 
{{MIh ~A){A~ ijiIh) X, x) (g' (M) g' (to) 



(2.208) 



M — m \ g (M) g im) 

{M~{Ax,x)){{Ax,x)-m) f g' (M) g' [m) 



M — m 
4^ '\g{M) g{m) 



g (M) g (to) 



for each x Cz H with \\x\\ ~ 1. 

Proof. Utilising the inequality (|2.186l) we have successively 



In^ ((1 - A) i + As) - hig (s) > (1 - A) 



5(s) 



{t^s) 



and 



.g'W 



ln5((l-A)t + As)-ln.g(t)>-A^(t-s) 



(2.209) 



(2.210) 



for any i, s G J and any A G [0, 1] . 

Now, if we multiply (I2.209P by A and (|2.210p by 1 - A and sum the 
obtained inequalities, we deduce 



(1 - A) Ing (f) + Aln.g (s) - ln.g ((1 - A) f + As) 



(2.211) 



<(1-A)A 

A.9(<) ays) 

for any i, s G J and any A G [0, 1] . 
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we C 
the inequality 



Now, if we choose A :— l^_^ ,s := m and t :— M in (|2.21ip then we get 



01 — 777 A// — fi 

— — In .9 (M) + ln5 (m) - ln.g {u) (2.212) 

M — m M ~ m 

(M - u) (u - to) fg' (A/) g' (to) 

g{M) ~ g{m) 



< 



M - m 



for any u € [m, M] . 

If we use the property JP]) for the operator A we get 

(Ax,x) — m, .. M — (Ax,x) , , , „ , ,, , ,„„,„^ 
^ ' .lng{M) + ^—^^^lng{m)-{\ng{A)x,x) (2.213) 



< 



M -m ' ' M -m 

{{MlH-A){A-mlH)x,x) (g'{M) /(to) 



M -m 



g [M] g (to) 



for each x G H with ||a;|| = 1. 

Taking the exponential in (|2.213p we deduce the first inequality in (|2.208p . 

Now, consider the function h : [to, M] -j> K, /i {t) = {M - t) (t - m) . 
This function is concave in [m, M ] and by Mond-Pecaric's inequality we 
have 

{{MIh ~ A) {A - mlH) X, x) < {M - {Ax,x)) {{Ax,x) -to) 

for each x G H with ||a;|| — 1, which proves the second inequality in (|2.208l) . 
For the last inequality, we observe that 

1 9 

(M- {Ax,xy){{Ax,x) -to) < -{M -m) , 

and the proof is complete. ■ 

Corollary 124 (Dragomir, 2010, |16] ) Assume that g is as in Theo- 
rem {1^ and Aj are selfadjoint operators with Sp{Aj) C [?ti, Af ] cJ, 
j€{l,...,n}. 



// and Xj G H,j G {1, ..., n} with X^i^i ll-^j II =1; ^^^ 



(1<) 



< exp 



[g(TO)] ^^-" [g(Af)] 

exp(E"(ln5(Aj)a;j,a;j)j 

E;^i ((A^Ih - Aj) {A, - TOlg) x,,x, ) fg'(M) g'{m) 
M -m 



(2.214) 



< 



exp 



g (AT) 5 (to) 

M - YTj^i {^i^j^Xj)) (E"=i {AjX.j,Xj) - to) / / (^) ^, (^) 

g(Ar) " 5 (to) 



< exp 



AT -TO 
^Af A . 9' JM) .9' (to) 
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IfPj > 0, j e {1, ...,n} with J2"=iPj = 1> tf^<^ 



(1<) 



[g(m)] *^-'" [giM)] 



UUi9iA,)r^,x 



(2.215) 



< exp 



E;=i Pj {{MIh - Aj) {A, - miff) x,,x,) ( g' (M) g' (m) 



< 



exp 



< exp 



M -m \g (M) g (m) 

M - (S"^i PjAjX, x^) ((E;=i Pi^ja^> a:) - m] / , (j^,^) g, (^) 
M -m \g (M) g (m) 



/or each x (z H with \\x\\ — 1. 

Remark 125 Let A be a selfadjoint positive operator on a Hilhert space 
H. If A is invertihle, then 



(1 <) /I ._i ^ — < exp 

exp(lnyl '-x,x) 



< exp 

< exp 



{{MIh - A) {A - mln) x,x) 



Mm 



(2.216) 



(M- {Ax,x)){{Ax,x) -to) 



Mm 



1 (M - my 
4 toM 



for all X ^ H with \\x\\ — 1. 



2.7 Hermite-Hadamard's Type Inequalities 

2.7.1 Scalar Case 

If / : / — > M is a convex function on the interval /, then for any a,b ^ I 
with a y^ b we have the following double inequality 



/('^U ' 



b ~ a 



';„,.,< m±m. 



(HH) 



This remarkable result is well known in the literature as the Hermite- 
Hadamard inequality /1P| /. 

For various generalizations, extensions, reverses and related inequalities, 
see [T], [g, [H], EH, m, [25], [27], US] the monograph [H] and the refer- 
ences therein. 
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2.1.2 Some Inequalities for Convex Functions 

The following inequality related to the Mond-Pecaric result also holds: 

Theorem 126 (Dragomir, 2010, [14j) Let A he a selfadjoint operator 
on the Hubert space H and assume that Sp (A) C [to, M] for some scalars 
m, M with m < M. 

If f is a convex function on [m, M] , then 

fi-^)+JiM)^^fi^A)+fiim + M)l,-A)^^^^^ (2.217) 

^ f{{Ax,x)) + f{m + M-{Ax,x)) 

2 
^ /to + M 

for each x £ H with \\x\\ — 1. 

In addition, if x £ H with \\x\\ = 1 and {Ax,x) 7^ '"1, , then also 

f{{Ax,x})+f{m + M-{Ax,x)) ^2.218) 

2 rrn+M-iAx.x) /m + M 
> TTT / f(u)du>f[ 

Proof. Since / is convex on [m, M] then for each u G [to, M] we have the 
inequalities 

M — u ^ , , u — m ^ . . ^ f M — u u — m ^ \ ^ , , 

M — m \M — m M — m J 

(2.219) 



M - 


■ m' 


and 




M - 


- u 



./ (M) + ^i^^/ (to) > / ( il^A/ + ^i^^TO ) (2.220) 
M — m M — m \M ~ m M ~ m J 

= / (M + TO - u) . 
If we add these two inequalities we get 

/ (to) + / (M) >f{u) + f {M + m-u) 

for any u G [?7i, M] , which, by the property (|P|) applied for the operator A, 
produces the first inequality in (|2.217l) . 
By the Mond-Pecaric inequality we have 

(/ ((to + M) Ih -A)x,x)>f{m + M - {Ax, x)) , 

which together with the same inequality produces the second inequality in 
((23T7I) . 
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The third part follows by the convexity of /. 

In order to prove (|2.218l) , we use the Hermite-Hadamard inequality (|HH[) 
for the convex functions / and the choices a = {Ax, x) and 6 = to + il/ — 
{Ax, x) . 

The proof is complete. ■ 



Remark 127 We observe that, from the inequality ^2.217\ l we have the 
following inequality in the operator order of B {H) 



f{m) + f (Af ) 



^ f{A) + f{{m + M)lH-A) ^ f m + M \^ 
Ih > ^ > / [-^) ^H, 

(2.221) 
where f is a convex function on [m, AI] and A a selfadjoint operator on the 
Hubert space H with Sp (A) C [m, M ] for some scalars m, M with m < M. 



The case of log-convex functions may be of interest for applications and 
therefore is stated in: 

Corollary 128 (Dragomir, 2010, [14]) If g is a log- convex function on 

[to., M] , then 



y/g{m)g{M) > exp /in [g (A) 5 ((to + M) Ih - A)]^^^ x, x\ (2.222) 



> \/g{{Ax,x))g{m + M- {Ax,x)) 

,'m + M" 
>9 



for each x Cz H with \\x\\ ~ 1. 

In addition, if x E H with \\x\\ = 1 and {Ax,x) ^ m+M ^ then also 



^g {{Ax, x) ) g (to + M - {Ax, x) ) 

n pm+M~{Ax,x) 

> exp 



(2.223) 



>9 



2 {Ax,X) J[Ax,x) 



m + M 



in g (u) du 



The following result also holds 



Theorem 129 (Dragomir, 2010, [14]) Let A and B selfadjoint opera- 
tors on the Hilbert space H and assume that Sp {A) , Sp (B) C [to,, M] for 
some scalars m, M with m < M. 
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// / is a convex function on [m, M] , then 

f((^.,.)) (2.224) 



< 2 If ((1 " *) (^^' ^) + * (^^' 2^)) + / (^ (^^' 2^) + (1 - *) (^2;, x))] 



<{-[fiil-t)A + tB) + / {tA + (1 - t) B)] x, X 



< 



M -{ 



A+B 



M -m 



2 "'")./M + i 






/W 



for any t G [0, 1] and each x d H with \\x\\ — 1. 

Moreover, we have the Hermite-Hadamard's type inequalities: 



f 



A + B 



-X, X 



(2.225) 



</ f{{l-t){Ax,x)+t{Bx,x))dt 


< ( / / ((1 - t) A + tB) dt 



< 



M -m 



f (m) + ^ 2 



X, X 

A+B 



x,x) — m 



M -m 



-f{M) 



each X Cz H with \\x\\ = 1. 

In addition, if we assume that B — A is a positive definite operator, then 



f[{^±^x,x'jy{B-A)x,x) 

(Bx,x) 

< I f{u)du < {{B -A)x,x) 

I {Ax.x) 



(2.226) 



f{{l-t)A + tB)dt 



< {{B-A)x,x) 



M-{^x,x) {^x,x) 



M -m 



f{m) 



M -m 



-f{M) 



Proof. It is obvious that for any t e [0, 1] we have Sp ((1 ~t)A + tB), Sp {tA + (1 - t) B) C 
[to, M] . 

On making use of the Mond-Pecaric inequahty we have 



f{{l-t){Ax,x) +t(Bx,x)) < {f{{l-t)A + tB)x,x) (2.227) 



and 



/ {t{Ax,x) +{1- t) {Bx, x) )<{f{tA+{l- t) B) X, x) (2.228) 

for any t G [0, 1] and each x G if with ||x|| ~ 1. 
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Adding (|2.227p with (|2.228|) and utilising the convexity of / we deduce 
the first two inequalities in (|2.224p . 

By the Lah-Ribaric inequality (|2.143l) we also have 

(/ ((1 -t)A + tB) ., .) < M-{l-t){A.,.)-tiB.,.) ^ ^ 

M — m 

(1 - t) {Ax, x) + t {Ex, x) - m 



M — m 



f{M) 



and 



M 



(/ {tA + {l-t) B) X, X) < ^"~^^^^'t ^' '^^''"'"'^ ■ f (-) (2.230) 

M ~ m 

t {Ax, x) + {I- t) {Bx, x) - m 



M -m 



■f{M) 



for any t G [0, 1] and each x G H with ||a;|| — 1. 

Now, if we add the inequalities (|2.229p with (I2.230p and divide by two, 
we deduce the last part in (|2.224p . 

Integrating the inequality over t G [0, 1], utilising the continuity property 
of the inner product and the properties of the integral of operator-valued 
functions we have 



/ ( ( — z — x,x 



< 



(2.231) 



f{{l~t){Ax,x)+t{Bx,x))dt+ / f{t{Ax,x) + {l-t){Bx,x))dt 

Jo 

/| / f{{l-t)A + tB)dt+ I f{tA + {l^t)B)dt x,x\ 



M-m^x,x) , , /^x,x)-m , , 
< ^^ — ^/ M + ^ \' ' / (M) 



M — m 



M -m 



Since 



/o 
and 



f{{l-t){Ax,x)+t{Bx,x))dt^ I f{t{Ax,x)+{l-t){Bx,x))dt 



I f{(l-t)A + tB)dt= I f{tA+{l-t)B)dt 
Jo Jo 

then, by (I2.23ip . we deduce the inequality (I2.225p . 

The inequality (|2.226p follows from (|2.225p by observing that for {Bx, x) > 

{Ax, x) we have 

f{Bx.x) 

f (u) du 
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for each x G H with ||a;|| = 1. 
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Remark 130 We observe that, from the inequalities {2.224-^ and i2.225\) 
we have the following inequalities in the operator order of B (H) 



- [f ((1 -t)A + tB) + f {tA + (1 - i) B)] (2.232) 



</(m) 



MlH^^ , ,,.,, ^-ml^ 



M -m 



f{M) 



M -m 



where f is a convex function on [m, M] and A, B are selfadjoint operator on 
the Hubert space H with Sp (A) , Sp (B) C [m, M] for some scalars m, M 
with m < M. 



The case of log-convex functions is as follows: 

Corollary 131 (Dragomir, 2010, |14] ^ If g is a log- convex function on 
[m, AI] , then 



'A + B 
g I ( — z — x,x 



(2.233) 



< ^/g{{l~t){Ax,x) +t{Bx,x))g{t{Ax,x) + {1 - t) {Bx,x)) 

< exp/- [\ng{{l-t)A + tB) +\ng{tA+ (1 -t)B)]x, 



<g{my 



9 {MY 



for any t G [0, 1] and each x Cz H with \\x\\ ~ 1. 

Moreover, we have the Hermite-Hadamard's type inequalities: 



9 



A + B 



-X, X 



< exp 

< exp 



\ng{{l-t) {Ax,x) +t{Bx,x))dt 



I lng{{l-t)A + tB)dt 
Jo 

M-(.i±«...) (.i±^^..)- 

< g (m) ^^^^^ g (M) «-" 






(2.234) 



for each x ^ H with \\x\\ = 1. 
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In addition, if we assume that B — A is a positive definite operator, then 



9 



A + B 



{{B-A)x,x) 



(2.235) 



< exp 

< exp 



{Bx,x) 



In g (u) du 



{Ax,x) 

{{B-A)x,x) 



I lng{{l-t)A + tB)dt 
Jo 






< 



' {m)' 



'9 {MY 



{{B-A)x,x) 



for each x £ H with \\x\\ — 1. 

From a different perspective we liave tlie following result as well: 

Theorem 132 (Dragomir, 2010, [14j ) Let A and B selfadjoint opera- 
tors on the Hilbert space H and assume that Sp (A) , Sp (B) C [m, M] for 
some scalars m, M with ni < M. If f is a convex function on [m, M ] , then 



f 



{Ax,x) + {By,y) 



(2.236) 



and 

f 



< I fiil-t){Ax,x)+t{By,y))dt 



<( / f{{l-t)A + t{By,y)lH)dt 



<^[{fiA)x,x)+fi{By,y))] 
<^[{fiA)x,x) + {fiB)y,y)] 



{Ax,x) + {By,y) \ ^/j f A+{By,y)lH ^ ^ ^ 



< 



(2.237) 



f{{l-t)A + t{By,y)lH)dt 



for each x,y £ H with \\x\\ = \\y\\ = 1. 

Proof. For a convex function / and any u,w e [m,M] and t E [0,1] we 
have the double inequality: 



f{^^j<l[fiil-t)u + tv) + fitu+il-t)v)] 
<l[f{u) + fiv)]. 



(2.238) 
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Utilising the second inequality in (|2.238p we have 

^[fiil-t)u + t {By, y)) + fitu+il- t) {By, y))] (2.239) 

<\[f{u) + .f{{By,y))] 

for any u e [m, M], t G [0, 1] and y € H with ||y|| = 1. 

Now, on applying the property (JP| to the inequality (|2.239|) for the op- 
erator A we have 

i [(/ [{l-t)A + t {By, y)) x, x) + (/ (tA + (1 - i) {By, y))x, x)] (2.240) 
<]^[{f{A)x,x)+.f{{By,y))] 

for any t € [0, 1] and x,y £ H with ||x|| = ||y|| = 1. 

On applying the Mond-Pecaric inequality we also have 

i [/ ((1 - t) {Ax, x) + t {By, y))+f{t {Ax, x) + {I - t) {By, y))] (2.241) 

< i [(/ {{l-t)A + t {By, y) 1^) x, x) + (/ {tA + [l - t) {By, y) 1^) x, x)] 

for any t G [0, 1] and x,y £ H with ||a;|| == ||y|| = 1. 

Now, integrating over t on [0, 1] the inequalities (|2.240p and (I2.24ip and 
taking into account that 
»i 

{f{{l-t)A + t{By,y)l„)x,x)dt 



{f{tA + {l-t){By,y)lH)x,x)dt 



f{{l~t)A + t{By,y)lH)dt 



and 

»i 






/ ((1 - t) {Ax, x) + t {By, y))dt^ f [t {Ax, x) + [l ~ t) {By, y)) dt, 
'0 Jq 

we obtain the second and the third inequality in (j2.236|) . 

Further, on applying the Jensen integral inequality for the convex func- 
tion / we also have 

f{{l-t){Ax,x}+t{By,y))dt 



>f 



[{l-t){Ax,x)+t{By,y)]dt 



{Ax,x) + {By,y) 
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for each x,y E H with ||x|| = ||y|| = 1, proving the first part of (|2.236p . 
Now, on utihsing the first part of (|2.238p we can also state that 

/ (^!i±i|M) ^ < 1 [/ ((1 _ t) „ + t (^By, y)) + fitu+il- t) {By, y))] 

(2.242) 
for any u £ [m, Af], t £ [0, 1] and y £ H with \\y\\ — 1. 

Further, on applying the property (|P]) to the inequality (|2.242l) and for 
the operator A we get 

^(A+iByy)l„\^^ 



< i [(/ {{l-t)A + t {By, y) Ih) x, x) + (/ (tA + (l - t) {By, y) Ih) x, x)] 

for each x,y £ H with ||x|| = ||y|| = 1, which, by integration over t in [0, 1] 
produces the second inequality in (|2.237p . The first inequality is obvious. 



Remark 133 It is important to remark that, from the inequalities \2. 23b]) 
and {2.23'T^ we have the following Hermite-Hadamard's type results in the 
operator order of B (H) and for the convex function f : [m, M] —> R 

/ (^^ti^liylllL^ < j'j{{l-t)A + t {By, y) Ih) dt (2.243) 

<\[f{A) + f{{By,y))lH] 

for any y £ H with \\y\\ — 1 and any selfadjoint operators A, B with spectra 
in [m, M] . 

In particular, we have from \2.24S^ 

I i^Al^^MlllL^ < jj{{l~t)A^t {Ay, y) Ih) dt (2.244) 

<\[f{A) + f{{Ay,y))lH] 
for any y £ H with \\y\\ ~ 1 and 

f (^^-P^) < f f ((1 -t)A + tslH) dt<hf (A) + f is) Ih] 



(2.245) 
for any s £ [m, M] . 

As a particular case of the above theorem we have the following refine- 
ment of the Mond-Pecaric inequality: 
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Corollary 134 (Dragomir, 2010, [14j ^ Let A be a selfadjoint operator 
on the Hubert space H and assume that Sp (A) C [m, M] for some scalars 
m, M with m < M. If f is a convex function on [m, M] , then 



f{{Ax,x)) <{f\ I x,x 



(2.246) 



< 



f{{l-t)A + t{Ax,x) lH)dt 



<-[{f{A)x,x)+f{{Ax,x))]<{f{A)x,x). 

Finally, the case of log-convex functions is as follows: 

Corollary 135 (Dragomir, 2010, [14j) If g is a log- convex function on 

[to, M] , then 



/ {Ax,x) + {By,y) 



(2.247) 



< exp 

< exp 

< exp 

< exp 



\ng((l-t){Ax,x)+t{By,y))dt 
lng{{l-t)A + t{By,y)lH)dt 
[{In g (A) X, x) +\ng {{By, y))] 
[{In g (A) x,x) + {In g{B)y,y)] 






g ^i^-^-) + (By,y)^ < ^xp/ln, ( ^ + (By^v) ^^^ ^ ^^^^ (^.248) 



< exp 



lng{il-t)A + t{By,y)lH)dt 



X, X 



and 



II A w^ /i (A+{Ax,x)Ih 
g{{Ax,x)) < expHng ( 






(2.249) 



< exp 

< exp 



lng{{l~t)A + t{Ax,x) lH)dt 



X, X 



[(ln.g(^)a;, a;) + h\ g {{Ax , x))] 



< exp (In 5 [A) X, x) 



respectively, for each x Cz H with [\x[\ = 1 and A, B selfadjoint operators 
with spectra in [m, M] . 



94 



2. Inequalities for Convex Functions 



It is obvious that all the above inequalities can be applied for particular 
convex or log-convex functions of interest. However, we will restrict our- 
selves to only a few examples that are connected with famous results such 
as the Holder-McCarthy inequality or the Ky Fan inequality. 



2.1.3 Applications for Holder- McCarthy's Inequality 
We can improve the Holder-McCarthy's inequality above as follows: 

Proposition 136 Let A be a selfadjoint positive operator on a Hilbert 
space H . 

If r > 1, then 



\Ax.,x) < < I :: | x,x 



< 



{{l-t)A + t{Ax,x) IhY dt 



X, X 



< - [{A'-x,x) + {Ax,xy'] < {A'-x,x) 



for any x Cz H with \\x\\ = 1. 

If < r < 1, then the inequalities reverse in Ii2.250\) . 
If A is invertihle and r > 0, then 



(2.250) 



{Ax, x) '' < 



A+ {Ax,x)Ih 






< 



1 
< - 

- 2 



{{l-t)A + t{Ax,x) 1h) "^ dt 



{A'^'x^x) ^^ {Ax,x) '' <{A '^x,x) 



(2.251) 



for any x (z H with \\x\\ = 1. 



Follows from the inequality (|2.247p applied for the power function. 

Since the function g (t) = i^*" for r > is log-convex, then by utilising 
the inequality (J2.249P we can improve the Holder-McCarthy inequality as 
follows: 
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Proposition 137 Let A be a selfadjoint positive operator on a Hilbert 
space H. If A is invertihle, then 



I A \-^ ^ /1 i A+{Ax,x)1h \ 

(Ax, x) < exp ( In | z I x, x 



< exp 

< exp 



(2.252) 



\n{{l-t)A + t{Ax,x)lH) '' dt 



(In A^^'x, x) + In {Ax, x) ' 



< exp (in A ^x, x') 



for all r > and x £ H with \\x\\ = 1. 

Now, from a different perspective, we can state tlie following operator 
power inequalities: 

Proposition 138 Let A be a selfadjoint operator with Sp (A) C [m, M] C 
[0, cx)), then 



mJ' + Nr / A" + {{m + M)lH- AY 

> ( x,x 



(2.253) 



{Ax,xy' + {m + M - {Ax,x)Y fm + AlY 



for each x Cz H with \\x\\ — 1 and r > 1. 

If < r < 1 then the inequalities reverse in \2.253]) . 
If A is positive definite and r > 0, then 



m,-'' + M-'' / A-'' + ((m + M) 1h - A) '' ^ 
z > ( z x.x 



(2.254) 



{Ax,x) '' + {m + M - {Ax,x)) "" f m + M 



for each x £ H with \\x\\ = 1. 



The proof follows by the inequality p.217p . 
Finally we have: 



Proposition 139 Assume that A and B are selfadjoint operators with 
spectra in [m,M] C [0,cx)) and x Cz H with \\x\\ = 1 and such that 
{Ax, x) ^ {Bx, x) . 
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If r > 1 or r Cz (oo, —1) U (—1, 0) then we have 



x,x ) < 



r + 1 {Ax, x) — {Bx, x) 



(2.255) 



< 



< 



{{I - t) A + tBf dt 



M-{^^x,x) ^ m^x,x) 



x.x) — m 



M -m 



m' + 



M -m 



-M\ 



If < r < 1, then the inequalities reverse in I12.255\) . 
If A and B are positive definite, then 



A + B\ \ ^ \n(Bx,x)-ln{Ax,x) 
x,x ) < 



{Bx, x) — {Ax, x) 



(2.256) 



< 



< 



/ {{l-t)A + tB) ^ dt 
Jo 

M-{^x,x) {^x,x) 



{M -m)m (M - m) M 



2.7.4 Applications for Ky Fan's Inequality 

The following results related to the Ky Fan inequality may be stated as 
well: 

Proposition 140 Let A be a selfadjoint positive operator on a Hilhert 
space H. If A is invertihle and Sp {A) C (O, 2) ■, then 

[{{lH-A)x,x){Ax,xy^y (2.257) 

< exp (in ([Ih -A+ {{Ih - A) x, x) Ih] {A + {Ax, x) IhT^) \,x, 



[In ((1 - t) {Ih -A)+t {{Ih - A) x, x) Ih) 



< ( exp 



X {{l-t)A + t{Ax,x)lH) ^ dt x,x\ 



< exp 



/in [{Ih ~ A) A'^] '" x,x\ + In ({{Ih - A) x, x) {Ax, xy^\ ' 



< exp (in [(Ih - A) A^^] '' x, : 



for any x Cz H with \\x\\ = 1. 



It follows from the inequality (12.2491) applied for the log-convex function 
g:{0,l)^R,g{t)^{^y,r>0. 
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Proposition 141 Assume that A is a selfadjoint operator with Sp (A) C 
(O, 2) o-nd s e (0, 2) ■ Then we have the following inequality in the operator 
order of B (H): 



In 



[i2~s)lH-A]{A + slHr^ (2.258) 



^^^ dt 



< / In ([(1 - ts) Iff - (1 - t) A] ((1 -t)A + tsln) 

If follows from the inequality (|2.245|) applied for the log-convex function 
g:(0,l)^R,g{t)^{'-=^Y,r>0. 

2.8 Hermite-Hadamard's Type Inequalities for 
Operator Convex Functions 

2.8.1 Introduction 

The following inequality holds for any convex function / defined on M 

ib-a)f(^)< t f{x)dx<{b~a)M±M^ «, 5 G M. (2.259) 



It was firstly discovered by Ch. Hermite in 1881 in the journal Mathesis (see 
pS]). But this result was nowhere mentioned in the mathematical literature 
and was not widely known as Hermite's result [36J. 

E.F. Beckenbach, a leading expert on the history and the theory of con- 
vex functions, wrote that this inequality was proven by J. Hadamard in 
1893 [7. In 1974, D.S. Mitrinovic found Hermite's note in Mathesis [29] . 
Since (J2.259I) was known as Hadamard's inequality, the inequality is now 
commonly referred as the Hermite-Hadamard inequality |36) . 

Let X be a vector space, x,y € X^ x ^ y. Define the segment 

[x,y]:^{{l-t)x + ty, te[0,l]}. 
We consider the function / : [x, y] — ?> R and the associated function 

g{x,y): [0,1] ^R, g{x,y){t) :^ f[il - t)x + ty], te[0,l]. 

Note that / is convex on [x, y] if and only if g{x, y) is convex on [0, 1]. 

For any convex function defined on a segment [x.y] C X, we have the 
Hermite-Hadamard integral inequality (see [H p. 2]) 

/ f ^) < /' m - t)x + ty]dt < m±m, (2.260) 
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which can be derived from the classical Hermite-Hadamard inequality (|2.259l) 
for the convex function g{x, y) : [0, 1] — > M. 

Since f{x) = \\x\\'^ {x € X and 1 < p < oo) is a convex function, we have 
the following norm inequality from (|2.260p (see [3S1 p. 106]) 



x + y 



" <J Wil -t)x + tyrdt< "'^"' ^ """ , (2.261) 



\yF 



for any x,y ^ X. 

Motivated by the above results we investigate in this paper the operator 
version of the Hermite-Hadamard inequality for operator convex functions. 
The operator quasilinearity of some associated functionals are also pro- 
vided. 

A real valued continuous function / on an interval / is said to be operator 
convex (operator concave) if 

/ ((1 - A) ^ + XB) < (>) (1 - A) / (A) + Xf (B) (OC) 

in the operator order, for all A € [0, 1] and for every selfadjoint operator A 
and i? on a Hilbert space H whose spectra are contained in /. Notice that 
a function / is operator concave if — / is operator convex. 

A real valued continuous function / on an interval / is said to be operator 
monotone if it is monotone with respect to the operator order, i.e., A < B 
with Sp (A) , Sp {B) C / imply / [A) < f (B) . 

For some fundamental results on operator convex (operator concave) and 
operator monotone functions, see j20j and the references therein. 

As examples of such functions, we note that / {t) = f is operator 
monotone on [0, oo) if and only if < r < 1. The function / (i) = f^ 
is operator convex on (0, oo) if either l<r<2or— l<r<0 and 
is operator concave on (0,oo) if < r < 1. The logarithmic function 
/ (t) = Ini is operator monotone and operator concave on (0, oo). The en- 
tropy function / (t) = —tint is operator concave on (0, oo). The exponential 
function/ (t) — e* is neither operator convex nor operator monotone. 



2.8.2 Some Hermite-Hadamard's Type Inequalities 
We start with the following result: 



Theorem 142 (Dragomir, 2010, [13j) Let f : I ^ R be an operator 
convex function on the interval I. Then for any selfadjoint operators A 
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and B with spectra in I we have the inequality 



/l^).)i 



/(^)-/(^ 



(2.262) 



< 



f{{l-t)A + tB)dt 







1 
< - 

- 2 



/ 



A + B 



f{A) + f [B) 



< 



f{A) + f{B) 



Proof. First of all, since the function / is continuos, the operator valued 
integral Jp f {{\ — t) A + tB) dt exists for any selfadjoint operators A and 
B with spectra in /. 

We give here two proofs, the first using only the definition of operator 
convex functions and the second using the classical Hermite-Hadamard 
inequality for real valued functions. 

1. By the definition of operator convex functions we have the double 
inequality: 

/ (^y^) <\[f{{^-t)C + tD) + / ((1 -t)D + tC)] (2.263) 

<\[f{C) + f{D)] 

for any t e [0, 1] and any selfadjoint operators C and D with the spectra 
in /. 

Integrating the inequality (|2.263l) over t € [0,1] and taking into account 
that 

f{{l-t)C + tD)dt^ f f[[l-t)D + tC)dt 
/o ^0 

then we deduce the Hermite-Hadamard inequality for operator convex func- 
tions 



/ 



C + D 



< I fi{l-t)C + tD)dt<^ [f (C) + f (D)] (HHO) 



that holds for any selfadjoint operators C and D with the spectra in I. 
Now, on making use of the change of variable u — 2t we have 



J f{{l-t)A + tB)dt=^l^ f((l-u)A + u 
and by the change of variable u = 2i — 1 we have 



A + B 



du 



j^J{{l-t)A + tB)dt=\j^ f[{l 



. A + B ^ , , 
— u) — h uB I du. 
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Utilising the Hcrmite-Hadamard inequality (|HHOp we can write 



/(^ 



A + B 



< 1^ fi^{l-u)A + u 2 



du 



< 



fiA) + f 



A + B 



and 



A + 3B 



< /'/f(i-»)-^ + ^ 







< 



1 



fiA) + f 



2 
A + B 



uB du 



which by summation and division by two produces the desired result (I2.262p . 

2. Consider now x G H, \\x\\ = 1 and two selfadjoint operators A and B 
with spectra in /. Define the real-valued function (yS^ ^ ^ : [0, 1] ^- M given 
hy ^,^A^B (t) = if ii^-t) A + tB)x,x). 

Since / is operator convex, then for any ii,t2 G [0, 1] and a,/3 > with 
a + (3 = 1 we have 

= if ((1 - {ah + (it2)) A + [ati + I3h) B) x, x) 

= (/ (a [(1 - ii) A + hB] +P[{1- h) A + t2B]) x, x) 

<a{f ([(1 -ti)A + hB]) x,x)+l3 (/ ([(1 -t2)A + iaS]) x, x) 

= O^Vx,A,B (tl) + ^fx,A,B (^2) 

showing that 1^9^ ^ ^ is a convex function on [0, 1] . 

Now we use the Hermite-Hadamard inequality for real-valued convex 
functions 

l-b 



a + b\ 1 



g (s) ds < 



9 {a) +9 {b) 



to get that 



Vx,A,B 



- <2 



fx,A,B m dt < — — — — 



and 



'■Px,A,B 



< 2 



1/2 



^x,A,B (t) dt < 



Vx,A,B ik) + "Px^^B i^) 



2.8 Hermite-Hadamard's Type Inequalities for Operator Convex Functions 101 
which by summation and division by two produces 



K 


■ /3^ + S\ /A + WY 

r I 4 j ' H 4 )\ 






< / (f{{l-t)A + tB)x,x)dt 
Jo 



< 



A + B\ , f{A)+f{B) 



X, X 



(2.264) 



Finally, since by the continuity of the function / we have 



(/ ((1 -t)A + tB)x,x)dt={ I f ((1 -t)A + tB) dtx, X 



for any x € H, \\x\\ = 1 and any two selfadjoint operators A and B with 
spectra in /, we deduce from (|2.264p the desired result (|2.262p . ■ 

A simple consequence of the above theorem is that the integral is closer 
to the left bound than to the right, namely we can state: 

Corollary 143 (Dragomir, 2010, [13j ) With the assumptions in Theo- 
rem m^l we have the inequality 



(0<) / f{il-t)A + tB)dt-f 



A + B 



(2.265) 



< 



.fiA) + fiB) 



f{{l-t)A + tB)dt. 



Remark 144 Utilising different examples of operator convex or concave 
functions, we can provide inequalities of interest. 

//r e [— 1, 0] U [1, 2] then we have the inequalities for powers of operators 



^U)\ 



3A + B 



< / {{I - t) A + tBY dt 
Jo 



1 
< - 

- 2 



A + B 



A'' + B'' 



< 



A + 3B 



A'' + B' 



(2.266) 



for any two selfadjoint operators A and B with spectra in (0, c») . 

Ifr€ (0, 1) the inequalities in \2.266\) hold with " > " instead of" < ". 
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We also have the following inequalities for logarithm 



M^).)i 



^ , 3A + B\ fA + iB 

In ■ + In 



(2.267) 



> / \-a{{l-t)A + tB)dt 
Jo 

A + B\ ln{A)+\n{B) 



1 
> - 

- 2 



In 



In (A) + In (B) 



for any two selfadjoint operators A and B with spectra in (0, cx)) . 



2.8.3 Some Operator Quasilinearity Properties 

Consider an operator convex function / : / C M — )■ M defined on the 
interval / and two distinct selfadjoint operators A, B with the spectra in 
/. We denote by [A^ B] the closed operator segment defined by the family 
of operators {{1 — t) A + tB, t e [0, 1]} . We also define the operator- valued 
functional 

Af (A, B- 1) := {l-t)f {A) + tf [B) - f {{1 - t) A + tB) > (2.268) 

in the operator order, for any t € [0, 1] . 

The following result concerning an operator quasilinearity property for 
the functional A/ (•, •; ^i^'Y be stated: 

Theorem 145 (Dragomir, 2010, [13|) Let f : I C R -^ R be an op- 
erator convex function on the interval I . Then for each A, B two distinct 
selfadjoint operators A, B with the spectra in I and C G [A, B] we have 

(0 <) A/ [A, C; t) + A/ (C, B- 1) < A/ {A, B; t) (2.269) 

for each t e [0,1] , i.e., the functional A/ (^sO *'* operator superadditive 
as a function of interval. 
If [C, D] C [A, B] , then 

{0<)AfiC,D-t)<AfiA,B;t) (2.270) 

for each t € [0, 1] , i.e., the functional Af (•, •; t) is operator nondecreasing 
as a function of interval. 

Proof. Let C ={l- s)A + sB with s e (0, 1) . For i e (0, 1) we have 

Af {C, B; t)^{l-t)f ((1 -s)A + sB) + tf (B) 
-fiil-t)[{l-s)A + sB]+tB) 

and 

Af {A, C; t) = {l- t) f {A) + tf ((1 -.s)A + sB) 
-f{{\-t)A + t[{l-s)A + sB]) 
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giving that 

A/ (A, C; t) + Af {C, B; t) - A/ {A, B; t) (2.271) 

= / ((1 - s) A + sB) + / ((1 - t) A + tB) 
- / ((1 - t) (1 -s)A+ [(1 -t)s + t]B)-f ((1 -ts)A^ tsB) . 

Now, for a convex function <y9 : / C M — > M, where / is an interval, 
and any real numbers ii, ^2, si and S2 from / and with the properties that 
ti < si and ^2 < S2 we have that 



if (ii) - ip (i2) ^ y(si)-y(s2) 



(2.272) 



il - i2 Sl - S2 

Indeed, since tp is convex on / then for any a G / the function ip : I\{a} 

R 

p{t)~ip (a) 



V-W 



t — a 



is monotonic nondecreasing where is defined. Utilising this property repeat- 
edly we have 

LP [ti) - ip {t2) ^ p (si) ~ p {t2) _ p {t2) ~ P (si) 



u -u 



< 



Sl -t2 t2- Sl 

p}{S2)-p{si) p3{si)-p{s2) 



S2 - Sl 



Sl - S2 



which proves the inequality (|2.272[) . 

For a vector x G H, with ||x|| = 1, consider the function (p^ : [0, 1] — > M 
given by p^ (t) := (/ ((1 — t) A + tB) x, x) . Since / is operator convex on 
/ it follows that p^ is convex on [0, 1] . Now, if we consider, for given 
i,sG (0,1), 

ti :—ts<s =: Sl and ^2 := ^ < ^ + (1 ^ i) s =: S2, 

then we have p^ {h) = (/ ((1 - ts) A + tsB) x, x) and p^ (^2) = (/ ((1 -t)A + tB) x, x) 
giving that 



fx ftl) - "Px ih) 
tl-t2 



f ((1 - ts) A + tsB) - f ((1 -t)A + tB) 



t(s-l) 



Also p^ (si) = (/ ((1 -s)A + sB) X, x) and p,^, (S2) = (/ ((1 - t) (1 - s) A + [(1 - t) s + t] B) x, x) 
giving that 

Vx JSl) - P^ (S2) 
Sl - S2 

f{{l-s)A + sB) - / ((1 - t) (1 - s) A + [(1 ~t)s + t] B) 

tis-1) 



104 



2. Inequalities for Convex Functions 



Utilising the inequality (|2.272l) and multiplying with t (s — 1) < we de- 
duce the following inequality in the operator order 

/ ((1 -ts)A + tsB) - f{{l-t)A + tB) (2.273) 

>f{{l~s)A + sB) -f{{l-t){l-s)A+ [(1 -t)s + t] B) . 

Finally, by (|2.27ip and (|2.273p we get the desired result (|2.269l) . 

Applying repeatedly the superadditivity property we have for [C, D] C 
[A, B] that 

A/ {A, C- 1) + A/ (C, D- 1) + A/ (D, B- 1) < Aj {A, B; t) 

giving that 

< A/ {A, C; t) + A/ (D, B; i) < A/ (A, B; i) - A/ (C, £>; i) 

which proves (|2.270p . ■ 

For t = T we consider the functional 



AHAB):.A,|AB;l).i(^)±/<a-/(£±i? 



which obviously inherits the superadditivity and monotonicity properties 
of the functional Ay (•, •; i) . We are able then to state the following 

Corollary 146 (Dragomir, 2010, [13]) Let f : I d M. ^ ^ he an op- 
erator convex function on the interval I . Then for each A, B two distinct 
selfadjoint operators A, B with the spectra in I we have the following bounds 
in the operator order 



inf 

Ce[A,B] 



/(^V/^^^^ 



fiC) 



f 



A + B 



(2.274) 



and 



sup 

C,D&[A,B] 



f{C) + f{D) jfC + D 



f{A) + f{B) jfA + B 



2 

(2.275) 



Proof. By the superadditivity of the functional A/ (•, •) we have for each 
C e [A, B] that 

f{A)+f{B) jfA + B 



^ f{A) + f{C) /A + C\ ^ f{C) + f{B) jfC + B 
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which is equivalent with 

/f^V/f^V/(C)>/f^V (2.276, 



Since the equality case in (12.2761) is realized for either C — A or C — B we 
get the desired bound (|2.274p . 

The bound (|2.275l) is obvious by the monotonicity of the functional 
Af (•, •) as a function of interval. ■ 

Consider now the following functional 

rf{A,B;t):=f{A) + f{B)-f{{l-t)A + tB)-f{{l-t)B + tA), 

where, as above, /:CcX— >Kisa convex function on the convex set C 
and A,B eC while t e [0, 1] . 
We notice that 

Tf {A, B- 1) = Tf (B, A; t) = T/ (A, B-\~t) 

and 

T/ (A, B; t) = A/ (A, B; i) + A/ (A, B; 1 - i) > 

for any A, B e C and t e [0, 1] . 

Therefore, we can state the following result as well 

Corollary 147 (Dragomir, 2010, [13]) Lei /:/ C M ^ M &e an op- 
erator convex function on the interval I . Then for each A, B two distinct 
selfadjoint operators A, B with the spectra in /, the functional T/ (•, •;i) is 
operator superadditive and operator nondecreasing as a function of interval. 

In particular, if C G [A, B] then we have the inequality 

i [/ ((1 -t)A + tB) + f{{l-t)B + tA)] (2.277) 

<^[f{il-t)A + tC) + fiil-t)C + tA)] 
+ ^ [/ ((1 - C + tB) + f ((1 -t)B + tC)] ~f{C). 
Also, if C, -D G [A, B] then we have the inequality 

f{A) + f (B) -f{{l-t)A + tB) - f ((1 -t)B + tA) (2.278) 

>f{C)+f{D)-f ((1 -t)C + tD)-f{{l-t)C + tD) 

for any t G [0, 1] . 

Perhaps the most interesting functional we can consider is the following 
one: 



6/ {A, B) = -^ (^) + ■^ (^) _ /" f{{l-t)A + tB) dt. (2.279) 
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Notice that, by the second Hermite-Hadaniard inequality for operator con- 
vex functions we have that Qf {A, B) > Q in the operator order. 
We also observe that 



ef{A,B)= [ Af{A,B;t)dt= [ Af{A,B;l 
Jo Jo 



t)dt. 



(2.280) 



/o Jo 

Utilising this representation, we can state the following result as well: 

Corollary 148 (Dragomir, 2010, tlSj) Let f : I d M. ^ ^ he an op- 
erator convex function on the interval I . Then for each A, B two distinct 
selfadjoint operators A,B with the spectra in I, the functional Of (•, •) is 
operator superadditive and operator nondecreasing as a function of interval. 
Moreover, we have the bounds in the operator order 



inf 

Ce[A,B] 



[f{{l-t)A + tC) + f{{l-t)C + tB)] dt-f (C) 



(2.281) 



f f{{l-t)A + tB)dt 
Jo 



and 



sup 

C,DelA,B] 



f{C) + f{D) 



/ ((1 - t) C + tD) dt 



(2.282) 



f{A) + f{B) 



/((I -t)A + tB)dt. 



Remark 149 The above inequalities can be applied to various concrete 
operator convex function of interest. 

If we choose for instance the inequality H2.282\) . then we get the following 
bounds in the operator order 



sup 

C,DelA,B] 

A'' + B'' 



C + D'' 



{{I - 1) c + toy dt 



(2.283) 



{{l-t)A + tBYdt, 



where r G [— 1,0] U [1,2] and A,B are selfadjoint operators with spectra in 

(0,(30). 

Ifre (0,1) then 



sup 

C,De[A,B] 



1 (^r I T~)r 

{{l-t)C + tDYdt- X 







(2.284) 



1 4'' -I- R'" 

{{l-t)A + tBY dt- ^ 
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and A, B are selfadjoint operators with spectra in (0, oo) . 
We also have the operator bound for the logarithm 



sup 

CDelA.B] 



\n((l-t)C + ti.).t-M£)±W^ 







= / ln((l -t)A + tB)dt- 
Jo 



In (A) + In (B) 



(2.285) 



where A, B are selfadjoint operators with spectra in (0, oo) 



108 2. Inequalities for Convex Functions 



References 



[1] G. Allasia, C. Giordano, J. Pecaric, Hadamard-type inequalities for 
(2r)-convcx functions with applications, Atti Acad. Sci. Torino-Cl. Sc. 
Fis., 133 (1999), 1-14. 

[2] A.G. Azpeitia, Convex functions and the Hadamard inequality, Rev.- 
Colombiana-Mat, 28(1) (1994), 7-12. 

[3] E.F. Beckenbach and R. Bellman, Inequalities, 4th Edition, Springer- 
Verlag, Berhn, 1983. 

[4] S.S. Dragomir, An inequality improving the second Hcrmitc-Hadaniard 
inequality for convex functions defined on linear spaces and applications 
for semi- inner products, J. Inequal. Pure Appl. Math. 3 (2002), No. 3, 
Article 35. 

[5] S.S. Dragomir, Discrete Inequalities of the Cauchy-Bunyakovsky- 
Schwarz Type, Nova Science Publishers, NY, 2004. 

[6] S.S. Dragomir, Griiss' type inequalities for functions of sclfadjoint oper- 
ators in Hilbert spaces. Preprint, RGMIA Res. Rep. Coll., 11(e) (2008), 
Art. 11. 

[7] S.S. Dragomir, Some new Griiss' type inequalities for functions of self- 
adjoint operators in Hilbert spaces. Preprint RGMIA Res. Rep. Coll., 
11(e) (2008), Art. 12. 



110 References 

[8] S.S. Dragomir, Cebysev's type inequalities for functions of selfadjoint 
operators in Hilbert spaces, Preprint RGMIA Res. Rep. Coll., 11(e) 
(2008), Art. 9. 

[9] S.S. Dragomir, Some reverses of the Jensen inequality for functions of 
selfadjoint operators in Hilbert spaces. Preprint RGMIA Res. Rep. Coll., 
11(e) (2008), Art. 15. 

[10] S.S. Dragomir, Some Slater's type inequalities for convex functions of 
selfadjoint operators in Hilbert spaces. Preprint RCMIA Res. Rep. Coll., 
11(e) (2008), Art. 7. 

[11] S.S. Dragomir, Some inequalities for convex functions of selfadjoint op- 
erators in Hilbert spaces, Preprint RGMIA Res. Rep. Coll., 11(e) (2008), 
Art. 10. 

[12] S.S. Dragomir, Some Jensen's type inequalities for twice differentiable 
functions of selfadjoint operators in Hilbert spaces. Preprint RGMIA 
Res. Rep. Coll., 11(e) (2008), Art. 13. 

[13] S.S. Dragomir, Hermite-Hadamard's type inequalities for operator 
convex functions. Preprint RGMIA Res. Rep. Coll., 13(2010), to appear. 

[14] S.S. Dragomir, Hermite-Hadamard's type inequalities for convex func- 
tions of selfadjoint operators in Hilbert spaces. Preprint RGMIA Res. 
Rep. Coll., 13(2010), to appear. 

[15] S.S. Dragomir, Some Jensen's type inequalities for log-convex func- 
tions of selfadjoint operators in Hilbert spaces. Preprint RGMIA Res. 
Rep. Coll., 13(2010), to appear. 

[16] S.S. Dragomir, New Jensen's type inequalities for differentiable log- 
convex functions of selfadjoint operators in Hilbert spaces, Preprint 
RGMIA Res. Rep. Coll., 13(2010), to appear. 

[17] S.S. Dragomir and N.M. lonescu. Some converse of Jensen's inequality 
and applications. Rev. Anal. Numer. Theor. Approx. 23 (1994), no. 1, 
71-78. MR:1325895 (96c:26012). 

[18] S.S. Dragomir and C.E.M. Pearce, Selected Top- 
ics on Hermite-Hadamard Type Inequalities and Appli- 
cations, RGMIA Monographs, Victoria University, 2000. 
_http://www.staff. vu.edu.au/RGMIA/monographs/hermite_hadamard. html] . 

[19] A.M. Fink, Toward a theory of best possible inequalities, Nieuw 
Archief von Wiskunde, 12 (1994), 19-29. 

[20] T. Furuta, J. Micic, J. Pecaric and Y. Seo, Mond-Pecaric Method in 
Operator Inequalities. Inequalities for Bounded Selfadjoint Operators on 
a Hilbert Space, Element, Zagreb, 2005. 



References 111 

[21] B. Gavrea, On Hadamard's inequality for the convex mappings defined 
on a convex domain in the space, Journal of Ineq. in Pure & Appl. Math., 
1 (2000), No. 1, Article 9, http://jipam.vu.edu.au/. 

[22] P.M. Gill, C.E.M. Pearce and J. Pecaric, Hadamard's inequality for 
r-convex functions, J. of Math. Anal, and Appl., 215 (1997), 461-470. 

[23] E. Kikianty and S. S. Dragomir, Hermite-Hadamard's inequality and 
the p-HH-norm on the Cartesian product of two copies of a normed 
space. Math. Inequal. Appl. (in press) 

[24] K.-C. Lee and K.-L. Tseng, On a weighted generalisation of 
Hadamard's inequality for G-convex functions, Tamsui Oxford Journal 
of Math. ScL, 16(1) (2000), 91-104. 

[25] A. Lupa§, A generalisation of Hadamard's inequality for convex func- 
tions, Univ. Beograd. Publ. Elek. Fak. Ser. Mat. Fiz., No. 544-576, 
(1976), 115-121 

[26] C.A. McCarthy, Cp, Israel J. Math., 5(1967), 249-271. 

[27] D. M. Maksimovic, A short proof of generalized Hadamard's inequal- 
ities, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz., (1979), No. 
634-677 126-128. 

[28] A. Matkovic, J. Pecaric and I. Peric, A variant of Jensen's inequality 
of Mercer's type for operators with applications. Linear Algebra Appl. 
418 (2006), no. 2-3, 551-564. 

[29] D.S. Mitrinovic and LB. Lackovic, Hermite and convexity, Aequationes 
Math. 28 (1985), 229-232. 

[30] D.S. Mitrinovic, J.E. Pecaric and A.M. Fink, Classical and New In- 
equalities in Analysis, Kluwer Academic Publishers, Dordrecht, 1993. 

[31] J. Micic, Y. Seo, S.-E. Takahasi and M. Tominaga, Inequalities of 
Furuta and Mond-Pecaric, Math. Ineq. Appl, 2(1999), 83-111. 

[32] B. Mond and J. Pecaric, Convex inequalities in Hilbert space, Houston 
J. Math., 19(1993), 405-420. 

[33] B. Mond and J. Pecaric, On some operator inequalities, Indian J. 
Math., 35(1993), 221-232. 

[34] B. Mond and J. Pecaric, Classical inequalities for matrix functions, 
Utilitas Math., 46(1994), 155-166. 

[35] J.E. Pecaric and S.S. Dragomir, A generalization of Hadamard's in- 
equality for isotonic linear functionals, Radovi Mat. (Sarajevo) 7 (1991), 
103-107. 



112 References 

[36] J.E. Pecaric, F. Proschan, and Y.L. Tong, Convex Functions, Partial 
Orderings, and Statistical Applications, Academic Press Inc., San Diego, 
1992.. 

[37] M.S. Slater, A companion inequality to Jensen's inequality, J. Approx. 
Theory, 32(1981), 160-166. 



3 

Inequalities for the Cebysev Functional 



3.1 Introduction 

The Cebysev, or in a different spelling, Chebyshev inequality which com- 
pares the integral/discrete mean of the product with the product of the 
integral/discrete means is famous in the literature devoted to Mathemat- 
ical Inequalities. It has been extended, generalised, refined etc... by many 
authors during the last century. A simple search utilising either spellings 
and the key word " inequality" in the title in the comprehensive MathSciNet 
database of the American Mathematical Society produces more than 200 
research articles devoted to this result. 

The sister result due to Griiss which provides error bounds for the mag- 
nitude of the difference between the integral mean of the product and the 
product of the integral means has also attracted much interest since it has 
been discovered in 1935 with more than 180 papers published, as a simple 
search in the same database reveals. Far more publications have been de- 
voted to the applications of these inequalities and an accurate picture of 
the impacted results in various fields of Modern Mathematics is difficult to 
provide. 

In this chapter, however, we present only some recent results due to 
the author for the corresponding operator versions of these two famous 
inequalities. Applications for particular functions of selfadjoint operators 
such as the power, logarithmic and exponential functions are provided as 
well. 
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3.2 Cebysev's Inequality 

3.2.1 Cebysev's Inequality for Real Numbers 

First of all, let us recall a number of classical results for sequences of real 
numbers concerning the celebrated Cebysev inequality. 

Consider the real sequences (n — tuples) a = (ai, . . . , a„) , b = (&i, . . . , 6„) 
and the nonnegative sequence p = (pi,...,p„) with P„ := X]i;=iP« -^ 0- 
Define the weighted Cebysev 's functional 

-. n ^ n ^ n 

T„(p;a,b) := —^p,aibi - -^^PjOj • -^^Ptbf (3.1) 

In 1882 - 1883, Cebysev [7] and [5] proved that if a and b are monotonic 
in the same (opposite) sense, then 

T„(p;a,b)>(<)0. (3.2) 



In the special case p = a > 0, it appears that the inequality p.2p has 
been obtained by Laplace long before Cebysev (see for example 151] p. 
240]). 

The inequality (13.21) was mentioned by Hardy, Littlewood and Polya in 
their book |46j in 1934 in the more general setting of synchronous sequences, 
i.e., if a, b are synchronous (asynchronous), this means that 

(flj - Oj) [bi - bj) > (<) for any i, j e {1, . . . , n} , (3.3) 

then p.2p holds true as well. 

A relaxation of the synchronicity condition was provided by M. Biernacki 
in 1951, [5], which showed that, if a, b are monotonic in mean in the same 
sense, i.e., for Pk := Yh^iPi, fc = 1, . . . , n - 1; 

k _, fc+1 



— ^PiOi < (>)-^— -^p^a,. A; G {l,...,n- 1} (3.4) 

and 



Pk ^"' ' - '-' Pk+i . , 

t — 1 I— 1 



k ^ fc+1 

-^y.P^b^ < i>) ^ Vk6», fce{l,...,n-l}, (3.5) 

Pk ^ Pk+i ^ 

then (|3.2p holds with " > " . If if a, b are monotonic in mean in the opposite 
sense then (|3.2p holds with " < " . 

If one would like to drop the assumption of nonnegativity for the compo- 
nents of p, then one may state the following inequality obtained by Mitri- 
novic and Pecaric in 1991, [50 : If < P,; < P„ for each i G {1, . . . ,n — 1} , 
then 

Tn (p; a, b) > (3.6) 
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provided a and b are sequences with the same monotonicity. 

If a and b are monotonic in the opposite sense, the sign of the inequahty 
p.6p reverses. 

Similar integral inequalities may be stated, however we do not present 
them here. 

For other recent results on the Cebysev inequality in either discrete or 
integral form see [6], [19], [20], [26], [39], [40], [S], [^, [52], [57], [58], [59], 
and the references therein. 

The main aim of the present section is to provide operator versions for the 
Cebysev inequality in different settings. Related results and some particular 
cases of interest are also given. 

3.2.2 A Version of the Cebysev Inequality for One Operator 

We say that the functions /, g : [a, b] — > M are synchronous (asynchronous) 
on the interval [a, b] if they satisfy the following condition: 

(/ (t) - / (s)) (5 it) - 9 {s)) > (<) for each i, s € [a, h] . 

It is obvious that, if /, g are monotonic and have the same monotonicity 
on the interval [a, 6] , then they are synchronous on [a, b] while if they have 
opposite monotonicity, they are asynchronous. 

For some extensions of the discrete Cebysev inequality for synchronous 
(asynchronous) sequences of vectors in an inner product space, see [42] and 

m- 

The following result provides an inequality of Cebysev type for functions 
of selfadjoint operators. 

Theorem 150 (Dragomir, 2008, |30j ) Let A be a selfadjoint operator 
with Sp (A) C [m, M] for some real numbers m < M. If f, g '■ [m, M] — > K 
are continuous and synchronous (asynchronous) on [m, M] , then 

if (A) g (A) X, x) > (<) (/ (A) X, x) ■ {g {A) x, x) (3.7) 

for any x Cz H with \\x\\ — 1. 

Proof. We consider only the case of synchronous functions. In this case we 
have then 

/ it) g{t) + f is) gis)>f (t) gis) + f (s) g it) (3.8) 

for each t,s £ [a, b] . 

If we fix s € [a, b] and apply the property (|P| for the inequality l\'3.8\\ 
then we have for each x € H with ||a;|| = 1 that 

((/ (A) giA) + f (s) g (s) 1h) x, x) > {{g (s) / (A) + / (s) g (A)) x, x) , 

which is clearly equivalent with 

(/ iA) g (A) x,x)+f (s) gis)>g (s) (/ (A) x,x)+f {s) {g {A) x, x) (3.9) 
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for each s £ [a,b] . 

Now, if we apply again the property (|P| for the inequality (|3.9p . then 
we have for any y £ H with \\y\\ = 1 that 

{{{fiA)g{A)x,x)lH + fiA)g{A))y,y) 

> (((/ {A) X, x) g {A) + {g {A) x, x) f {A)) y, y) , 

which is clearly equivalent with 

{fiA)giA)x,x) + {fiA)giA)y,y) (3.10) 

> (/ (A) X, x) {g (A) y, y) + (/ {A) y, y) {g (A) x, x) 

for each x,y £ H with ||a;|| = \\y\\ = 1. This is an inequality of interest in 

itself. 

Finally, on making y = x in p.lOp we deduce the desired result (13. 7p . ■ 
Some particular cases are of interest for applications. In the first instance 

we consider the case of power functions. 

Example 151 Assume that A is a positive operator on the Hilbert space 
H and p,q > 0. Then for each x £ H with \\x\\ ^ 1 we have the inequality 

(AP+^x, x) > {APx, x) ■ {A'^x, x) . (3.11) 

If A is positive definite then the inequality 113. 11\) also holds for p,q < 0. 

If A is positive definite and either p > 0,(7 < orp < 0,q > 0, then the 
reverse inequality holds in \3.11]) . 

Another case of interest for applications is the exponential function. 

Example 152 Assume that A is a selfadjoint operator on H. If a, /3 > 
or a, /3 < 0, then 

(exp [{a + j3) A] x, x) > (exp {a A) x, x) ■ (exp {jSA) x, x) (3.12) 

for each x £ H with \\x\\ = 1. 

// either a > 0,/3 < or a < 0,/3 > 0, then the reverse inequality holds 
in fSH). 

The following particular cases may be of interest as well: 

Example 153 a. Assume that A is positive definite and p > 0. Then 

{AP log Ax, x) > {APx,x) ■ {log Ax, x) (3.13) 

for each x € H with \\x\\ = 1. If p < then the reverse inequality holds in 
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b. Assume that A is positive definite and Sp (A) C (0, 1) . If r,s > or 
r, s < then 

(^{lH~An''{lH-A'r'x,x) (3.14) 

> {{1h - A'Y' X, x) ■ ((1h - AT' X, x) 

for each x £ H with \\x\\ = 1. 

// either r > 0, s < or r < 0, s > 0, then the reverse inequality holds in 

Remark 154 We observe, from the proof of the above theorem that, if A 
and B are selfadjoint operators and Sp (A) , Sp (B) C [m, M] , then for any 
continuous synchronous (asynchronous) functions /, g : [m, M] — > M we 
have the more general result 

if (A) g (A) X, x) + (/ {B) g (B) y, y) (3.15) 

> (<) (/ {A) X, x) {g (B) y, y) + (/ [B) y, y) {g {A) x, x) 

for each x,y G H with \\x\\ = \\y\\ = 1. 

If f : [m, M] — > (0,oo) is continuous then the functions f^jf^ are 
synchronous in the case when p,q > or p,q < and asynchronous when 
either p > 0,q < or p < 0,q > 0. In this situation if A and B are positive 
definite operators then we have the inequality 

{fP+'^iA)x,x)+{fP+^B)y,y) (3.16) 

> {fP (A) X, x) {r {B) y, y) + (/^ {B) y, y) {P {A) x, x) 

for each x,y € H with \\x\\ = \\y\\ — 1 where either p,q > or p,q < 0. If 
p > 0,q < or p < 0,q > then the reverse inequality also holds in i3.16\) . 
As particular cases, we should observe that for p ~ q ^ 1 and f (i) — t, 
we get from I13.16\) the inequality 

{A^x, x) + {B^y, y) > 2 • {Ax, x) {By, y) (3.17) 

for each x,y £ H with \\x\\ = \\y\\ = 1. 

For p ^ I and q = —1 we have from \3.1b]) 

{Ax, x) {B-'y, y) + {By, y) {A'^x, x) < 2 (3.18) 

for each x,y £ H with \\x\\ = \\y\\ = 1. 



3.2.3 A Version of the Cebysev Inequality for n Operators 
The following mnltiple operator version of Theorem [150] holds: 
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Theorem 155 (Dragomir, 2008, [30j) Let Aj be selfadjoint operators 
with Sp (Aj) C [m, M] for j G {1, . . . , n} and for some scalars m < M. 
U fy 9 '■ [^i ^] — ^ ^ '^^^ continuous and synchronous (asynchronous) on 
[m, M] , then 

n n n 

J2 ^f (^j) 5 {Aj) Xj.Xj) > (<) Y, if (Aj) Xj.Xj) ■ Y^ {g {Aj) Xj,Xj) , 

(3.19) 
for each Xj G H,j G {1, ...,«} with X]?=i ll^jll — 1- 

Proof. As in (44, p. 6], if we put 

/ Ai • • • \ / xi 

A := \ '■ ••_ : and x ~ '■ 

\ ■■■ A„ J \ Xn 

then we have Sp(A] C [m, M] , ||2:|| = 1, 

n 

[f (a) g (I) x,x)^J2 (/ (^^) 9 (Aj) Xj,Xj 



71 Jl 

f i^Aj x,x^ ^Y (/ (Aj) a;j, Xj) and (^g (^Aj x,x^ =Y (.9 (Aj) a^j, a;j) 

Applying Theorem 11501 for A and x we deduce the desired result (|3.19p . ■ 
The following particular cases may be of interest for applications. 

Example 156 Assume that Aj,j € {l,...,n} are positive operators on 
the Hilbert space H and p,q > 0. Then for each Xj ^ H,j G {1, . . . ,n} with 
Sfci ll^^jll = 1 we have the inequality 



If Aj are positive definite then the inequality US. 20\) also holds for p,q < 0. 
// Aj are positive definite and either p > 0,q < or p < 0,q > 0, then 
the reverse inequality holds in \3.20]) . 

Another case of interest for applications is the exponential function. 
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Example 157 Assume that Aj,j G {1, . . . ,n} are selfadjoint operators on 
H. If a,l3 > or a, 13 < 0, then 

(^exp[{a + /3)Aj]x.j,Xj\ (3.21) 

n n 

/or eac/i Xj G -ff, j G {1, . . . , n} mi/i J2^j^i W^jW — ^■ 

If either a > 0,/3 < or a < 0,/3 > 0, i/ien t/ie reverse inequality holds 
in (MW- 

The following particular cases may be of interest as well: 

Example 158 a. Assume that Aj,j G {1, . . . ,n} are positive definite op- 
erators and p > 0. Then 

(n \ n n 

Y, A^, \ogAjXj,Xj \ > Y, (A'^x^x,) ■ Y {iogA,x,,x,} (3.22) 

for each Xj G II,j G {l,...,n} with X]i=i ll^ill — 1- Vp < then the 
reverse inequality holds in \3.22]) . 

h. If Aj are positive definite and Sp {Aj) C (0, 1) for j G {1, . . . , n} then 
for r, s > or r^ s < we have the inequality 



{y2{lH - A^^y {iH - A^)-\,,xA (3.23) 

n n 



II ^j 



for each Xj G II,j G {1, . . . ,n} with J2^=i W^jW = 1- 

// either r > 0, s < or r < 0, s > 0, then the reverse inequality holds in 



3.2.4 Another Version of the Cebysev Inequality for n 
Operators 

The following different version of the Cebysev inequality for a sequence of 
operators also holds: 

Theorem 159 (Dragomir, 2008, |30j ) Let Aj be selfadjoint operators 
with Sp (Aj) C [m, M] for j G {1, . . . , n} and for some scalars m < M. 
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If f,g : [m, M] — > M. are continuous and synchronous (asynchronous) on 
[to, Af ] , then 

{y^p,f{Ai)g{A,)x,x\ (3.24) 

> {<)r^Pjf{Aj)x,x\ ■ r^Pjg{Aj)x,x\ , 

for any pj > 0,j ^ {1, . . . ,n} with J2^=i Pj — 1 '^"■'^ x ^ H with \\x\\ — 1. 
In particular 



l\JZfiAo)9{A,)x,x\ (3.25) 

>{<)l^\JZnA,)x,xyi^lJ2g{A,)x,xy 

for each x Cz H with \\x\\ = 1. 

Proof. We provide here two proofs. The first is based on the inequality 
p. 151) and generates as a by-product a more general result. The second is 
derived from Theorem 11551 

1 . If we make use of the inequality (I3.15P , then we can write 

(/ (A/) g (A,) X, x) + (/ [Bk) g (Bfe) y, y) (3.26) 

>{<){f{A,)x,x){g{Bu)y,y) + {f{Bu)y,y){g{Aj)x,x), 

which holds for any Aj and Bk selfadjoint operators with Sp {Aj) , Sp {Bk) Q 
[m,M] , j,k ^ {1, . . . ,n} and for each x,y G H with ||a;|| = \\y\\ ~ 1. 

Now, ii Pj > 0,qk ^ 0, j, k £ {l,...,n} and E"=iPj = ELi 9fe = 1 
then, by multiplying p.26p with Pj > 0, qk > and summing over j and k 
from 1 to n we deduce the following inequality that is of interest in its own 
right: 

(y^P^f (^^) 5 (^i) ^^^) + (E 9fc/ (Bk) g (Bk) y,y\ (3.27) 

> (<) / X^ Pj/ (^j ) a;, a; W X^ Qkg (Bk) y,y) 

+ \Y1 *•/' (^'^^ y^y) \11po9 {Aj) x,x\ 
for each x,y £ H with |ja;|j — \\y\\ — 1. 
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Finally, the choice Bk = Ak , qu = Pk and y = x in p.27p produces the 
desired resuh ([3^ . 

2. In we choose in Theorem 11551 Xj = ^/pj ■ x, j ^ {1, . . . ,n} , where 
Pj > 0,j G {l,...,n}, J2j=iPj — 1 and x G H, with ||a;|| = 1 then a 
simple calculation shows that the inequality (|3.19|) becomes (|3.24|) . The 
details are omitted. ■ 

Remark 160 We remark that the case n — 1 in \3.24^ produces the in- 
equality Jg. Tp . 

The following particular cases are of interest: 

Example 161 Assume that Aj,j G {l,...,n} are positive operators on 
the Hubert space H, pj > 0, j G {1, . . . , n} with J2^=i Pj = 1 '^'^'^ Pi 9 > 0. 
Then for each x Cz H with \\x\\ — 1 we have the inequality 

(J2p,A^+'^x,x\ > (y2p,A'-x,x\ ■ (i2p,A]x,x\ . (3.28) 

If Aj,j G {l,...,n} are positive definite then the inequality 113.28]) also 
holds for p, q < 0. 

If Aj,j G {l,...,ri} are positive definite and either p > 0,q < or 
p < 0,q > 0, then the reverse inequality holds in 113. 28\) . 

Another case of interest for applications is the exponential function. 

Example 162 Assume that Aj,j G {1, . . . ,n} are selfadjoint operators on 
H and pj > 0, j G {1, . . . ,n} with J2^=i Pj — ^- If o:, P > or a, /3 < 0, 
then 

(Y,Pje^p[{a + l3)A,]x,x\ (3.29) 

for each x £ H with \\x\\ = 1. 

// either a > 0,/3 < or a < 0,/3 > 0, then the reverse inequality holds 
in (MW- 

The following particular cases may be of interest as well: 

Example 163 a. Assume that Aj,j G {1, . . . ,n} are positive definite op- 
erators on the Hilbert space H, pj > 0,j G {!,..., n} with J2^=iPj — ^ 
and p > 0. Then 

(Xl^J^j^°S^J^'^/ - (Xl^J^?^'^/ ■ (^Pj^osAjX,x\ . (3.30) 
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If p < then the reverse inequality holds in i3.30\) . 

b. Assume that Aj,j e {1, . . . , n} are positive definite operators on the 
Hubert space H, Sp (Aj) C (0, 1) andpj > 0, j € {1, . . . , n} with X)?=i Pj — 
1. If r^ s > or r, s < then 



iy^P,{^H-A^^ \Ih~A^^ \,x\ (3.31) 

>(j2P^{^H'A^,r'x,x)-(J2p,{lH-A^)-': 






\i=i 



\i=i 



for each x G H with \\x\\ = 1. 

If either r > 0, s < or r < 0, s > 0, then the reverse inequality holds in 

We remark that the following operator norm inequality can be stated as 
well: 

Corollary 164 Let Aj be selfadjoint operators with Sp{Aj) C [m, M] for 
j G {l,...,n} and for some scalars m < M. If f,g : [to, A/] — ;■ M are 
continuous, asynchronous on [m, M] and for pj > 0,j € {l,...,n} with 
Y^l=iPj — 1 ^^^ operator jy^^j^ Pj f i^j) 9 i^j) is positive, then 



J2p,fiA,)giA,) 



< 






^Pjgi^j) 



(3.32) 



Proof. We have from ((3?24l) that 



0< {y2pjfiA,)giA,)x,x\ < r^p,f{Aj)x,xyr^Pjg{A,)x,x\ 

for each x € H with ||a;|| = 1. Taking the supremum in this inequality over 
X £ H with 1 1 a; 1 1 = 1 we deduce the desired result (I3.32p . ■ 

The above Corollarv 11641 provides some interesting norm inequalities for 
sums of positive operators as follows: 

Example 165 a. If Aj, j d {1, . . . ,n} are positive definite and either p > 
0,q < or p < 0,q > 0, then for pj > 0, j € {1, ...,«} with J2^=iPj — ^ 
we have the norm inequality: 



n 




n 




n 


> ;..^r 


< 


i:.p.^ 




> :p..a^ 


i=i 




i=i 




j=i 



In particular 



1 < 






E^.^7 



(3.33) 



(3.34) 
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for any r > 0. 

b. Assume that Aj,j € {!,..., n} are selfadjoint operators on H and 
Pj ^ 0,j € {!,..., n} wif/i J2^=iPj — 1- -^/ s.ither Q;>0,/3<0ora< 
0,^> 0, i/ien 






< 



^Pjexp(aAj 






In particular 



(3.35) 



1 < 



^Pjexp(7Aj 



^Pjexp(-7Aj) 



/or any 7 > 0. 



3.2.5 Related Results for One Operator 

The following result that is related to the Cebysev inequality may be stated: 

Theorem 166 (Dragomir, 2008, [30]) Let A he a selfadjoint operator 
with Sp (A) C [rn, M] for some real nuvabers m < M. If f, g : [m, M] — 5- M 
are continuous and synchronous on [m, AI] , then 

if (A) g (A) X, x) - if (A) X, x) ■ {g (A) x, x) (3.36) 

> [(/ (A) x,x)-f {{Ax, x) )] • [g {{Ax, x)) - {g {A) x, x)] 

for any x G H with \\x\\ — 1. 
// /, g are asynchronous, then 

if {A) X, x) ■ {g {A) X, x) - (/ {A) g {A) x, x) (3.37) 

> [{f{A)x,x)-f{{Ax,x))] ■ [{g{A)x,x)~g{{Ax,x))] 

for any x Cz H with \\x\\ = 1. 

Proof. Since /, g are synchronous and m < {Ax, x) < M for any x € H 
with \\x\\ = 1, then we have 



[f{t)-f{{Ax,x))][g{t)-g{{Ax,x))]>0 



(3.38) 



for any t G [a, b] and x €z H with ||a:|j = 1. 

On utilising the property ([P]) for the inequality p. 381) we have that 

([/ {B) - / {{Ax, x) )] [g {B) - g {{Ax, x))] y,y)>Q (3.39) 

for any B a bounded linear operator with Sp {B) C [m, M] and y (z H with 
l|y||=l- 
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Since 

([/ {B) - / {{Ax, x))] [g {B) - g {{Ax, x))] y, y) (3.40) 

= {f{B)g{B)y,y)+f{{Ax,x))g{{Ax,x)) 
- if (B) y, y) g {{Ax, x)) - f {{Ax, x) ) {g {B) y, y) , 
then from p.39p we get 

{f{B)g{B)y,y)+f{{Ax,x))g{{Ax,x)) 
>{f{B)y,y)g{{Ax,x)) + .f{{Ax,x)){g{B)y,y) 

which is clearly equivalent with 

(/ {B) g {B) y, y) - (/ {A) y, y) ■ {g {A) y, y) (3.41) 

>[{f{B)y,y)-f{{Ax,x))]-[g{{Ax,x))-{g{B)y,y)] 

for each x,y £ H with ||a;|| = \\y\\ — 1. This inequality is of interest in its 
own right. 

Now, if we choose B = A and y — x in (|3.4ip . then we deduce the desired 
result (13311). ■ 

The following result which improves the Cebysev inequality may be 
stated: 

Corollary 167 (Dragomir, 2008, |30] ) Let A be a self adjoint operator 
with Sp {A) C [m, M] for some real numbers m < M. If f, g : [m, M] — > R 
are continuous, synchronous and one is convex while the other is concave 
on [m, AI] , then 

(/ {A) g {A) X, x) - (/ {A) X, x) ■ {g {A) x, x) (3.42) 

> [(/ {A) x,x)-f {{Ax, x))] ■ [g {{Ax, x)) - {g {A) x,x)]>Q 

for any x E H with \\x\\ = 1. 

// /, g are asynchronous and either both of them are convex or both of 
them concave on [m,M], then 

(/ {A) X, x) ■ {g {A) X, x) - (/ {A) g {A) x, x) (3.43) 

>[{f{A)x,x)-f{{Ax,x))]-[{g{A)x,x)~g{{Ax,x))]>Q 

for any x (z H with \\x\\ = 1. 

Proof. The second inequality follows by making use of the result due to 
Mond & Pecaric, see [55], [54] or gH p. 5]: 

{h {A) X, x) > (<) h {{Ax, x)) (MP) 

for any x (z H with ||x|| — 1 provided that A is a selfadjoint operator with 
Sp {A) C [m, M] for some real numbers m < M and h is convex (concave) 
on the given interval [m, M] . ■ 

The above Corollary 11671 offers the possibility to improve some of the 
results established before for power function as follows: 
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Example 168 a. Assume that A is a positive operator on the Hilbert space 
H. If p G (0, 1) and q G (l,oo) , then for each x €z H with \\x\\ ~ 1 we have 
the inequality 



{AP+'^x,x) - {APx,x) ■ {A'^x,x) 

> [{A'^x, x) - {Ax, x)"] [{Ax, xY - {A^x, x)] > 0. 



(3.44) 



If A is positive definite and p > l,q < 0, then 

{APx,x) ■ {A''x,x) - (AP+^x^x) 

> [(A«x,x) - {Ax,xY] [{APx,x) ~ {Ax,x)P] > 



(3.45) 



for each x & H with \\x\\ = 1. 

b. Assume that A is positive definite and p > 1. Then 



{AP log Ax, x) - {APx, x) ■ (log Ax, x) 

> [{APx,x) - {Ax,xY] [log (Ax, x) - {log Ax, x)] > 



(3.46) 



for each x Cz H with \\x\\ — 1. 



3.2.6 Related Results for n Operators 



We can state now the following generalisation of Theorem 11661 for n oper- 
ators: 



Theorem 169 (Dragomir, 2008, [30]) Let Aj he selfadjoint operators 
with Sp (Aj) C [m, M] for j G {1, . . . , n} and for some scalars m < M. 

(i) If f,g : [m, M] — > R are continuous and synchronous on [m, M ] , 
then 






> 



E ^^ (^j) ^J' 2^j) ~ ^ E (^J^J' ^i) 



j=i 



^J=i 






for each Xj G II,j G {l,...,n} with X^fcill-^jll = 1- Moreover, if one 
function is convex while the other is concave on [m, M] , then the right 
hand side of 1^3.41^ is nonnegative. 
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(ii) If f,g are asynchronous on [m,M] , then 

n n n 

E </ (^j) ^J' 2^j) • E <5 {Aj)x,,xj) - E (/ {A,) g {A,) x„x,) (3.48) 
i=i J=i J=i 



> 



X! ^f i^o)^3^^]) - f \Y^ {AjXj.Xj) 



J=l 



^J=l 






/or eac/i Xj £ i?, j G {1, . . . , n} with X]7=i ll^^jll =1- Moreover, if either 
both of them are convex or both of them are concave on [m,M], then the 
right hand side of ^3.4^^ is nonnegative as well. 

Proof. The argument is similar to the one from the proof of Theorem II 551 
on utilising the results from one operator obtained in Theorem 11661 

The nonnegativity of the right hand sides of the inequalities p.47p and 
p.48p follows by the use of the Jensen's type result from 44, p. 5] 



J2 {h (Aj) xj,xj) >{<)h\Y, ^^3X3^^3) 
3=1 \i=i 



(3.49) 



for each Xj S H,j G {1, . . . , n} with J21=i W^jW — ^^ which holds provided 
that Aj are selfadjoint operators with Sp {Aj) C [m, M] for j G {1, . . . , n} 
and for some scalars m < M and h is convex (concave) on [m, M] . 
The details are omitted. ■ 

Example 170 a. Assume that Aj,j G {1, . . . , n} are positive operators on 
the Hilbert space H. If p G (0, 1) and q G (1, 00) , then for each Xj G iif, j G 
{1, . . . ,n} with jy^^i \\xj\\ = 1 we have the inequality 



7 . \^j ^j^^j) ^ Z_^ \AjXj,Xj) ■ 2_^ {AjXj,Xj) 



(3.50) 



j=i 



> 



i=i 



3 = 1 



7 . \^]^3T^3/ ~ I Z^ {A]Xj,: 
3 = 1 \3 = i 



7 y \AjXj, Xj) 

V3 = i 



2_^\A^Xj,Xj) 



>0. 
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If Aj are positive definite and p > l,q < 0, then 



J2 (^^., ^.) • E {^>^^^^) - E «'^.' ^.) (3-51) 



j=i 



> 



j=i 



i=i 



7 , \^j 2^5 ' 2;^ ) 2^ {Aj Xj , Xj ) 



j=i 



vJ=i 



p-l 






>0 



/or eac/i Xj € i7,j G {1, . . . ,n} with J2^=i W^jW ^ 1- 

b. Assume that Aj are positive definite and p > 1. Then 



E (^j log^2;j, a;j) - E {^^j^j^^j) ' E (^°sAjXj,Xj) 



> 



7 ^ \^j^j: 2;j) - 2^ (AjXj, Xj) 



j=i 



vi=i 



(3.52) 



E ^°g (^J^^J' 2;j) - log E (^J^J' ^i) 
>0 

/or eac/i Xj G H, j e {1, . . . ,n} wit/i X]?=i INill — 1- 

The following result may be stated as well: 

Theorem 171 (Dragomir, 2008, [30j) Let Aj be selfadjoint operators 
with Sp (Aj) C [m, M] for j e {1, . . . , n} and for some scalars m < M. 

(i) If f,g : [m, M] — > M are continuous and synchronous on [m, M] , 
then 

(^P3fi^j)9{Aj)x,x\ ~ i^pjf{Aj)x,x\ ■ (y2pjg{Aj)x,x\ 



(3.53) 



> 



f\{Y,p,A,x,x\\~{y2p,fiA,): 
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for any pj > 0, j £ {1, . . . , n} with ^.j^iPj = 1 om,A x Cz H with \\x\\ = 1. 
Moreover, if one is convex while the other is concave on [m, M] , then the 
right hand side of hS. 5S\) is nonnegative. 

(a) If /, g are asynchronous on [m, M] , then 






'^Pj9 (Aj) x,x\ - ( ^Pjf {Aj) g {Aj)x, : 



\j=i 



> 



'^PjfiAj)x,x\ - f 



\j=i 



'^Pj9{Aj)x,x 



\j=i 



(3.54) 




for any pj > 0, j G {1, . . . , n} with ^^^iPj = 1 cmd x Cz H with \\x\\ = 1. 
Moreover, if either both of them are convex or both of them are concave on 
[m,M], then the right hand side of | j'. 5^[ ) is nonnegative as well. 

Proof. Follows from Theoreni ll69l on choosing Xj — Jpj-x, j S {1, . . . , n} , 
where pj > 0,j G {1, . . . , n} , X]?=i Pj — 1 ^^"^ x G H, with |ja;|j = 1. 

Also, the positivity of the right hand term in p.53p follows by the 
Jensen's type inequality from the inequality (J3.49I) for the same choices, 
namely Xj = ^/pj • x, j e {!,...,«}, where Pj > 0,j G {!,..., n}, 
T^=iPj — 1 ^^^ X G H, with ||a;|| — 1. The details are omitted. ■ 

Finally, we can list some particular inequalities that may be of interest 
for applications. They improve some result obtained above: 

Example 172 a. Assume that Aj,j G {!,..., n} are positive operators 
on the Hilbert space H and pj > 0,j G {!,..., n} with X^i-Li-Pj ^ 1- V 
p G (0, 1) and q G (1, oo) , then for each x G H with \\x\\ ^ 1 we have the 
inequality 



j=i 




J2pjA''jX,: 



(3.55) 
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If Aj,j G {1, ... ,77,} are positive definite and p > l,q < 0, then 









^PjAja;,: 



\j=i 



> 



'^PjA'jx, x) ~ ( '^pjAjX, '. 



Y^p.Af^x^x 



(3.56) 



\i=i 



\j=i 






>0 



/or each x & H with \\x\\ = 1. 

b. Assume that Aj, j G {1, . . . ,n} are positive definite and p > 1. Then 



\j=i 



\i=i 



\i=i 



> 



^PjA^x,x \ - ( ^PjAjX,: 



\j=i 



\i=i 



logVE^J^. 



J J., . 



\j=i 



J^Pj^OgAjX,: 



>0 



for each x d H with \\x\\ — 1. 



3.3 Griiss Inequality 

3.3.1 Some Elementary Inequalities of Griiss Type 

In 1935, G. Griiss [45j proved the following integral inequality which gives 
an approximation of the integral of the product in terms of the product of 
the integrals as follows: 



1 



6- 



/ (x) g (x) dx 



1 



6- 



/ (x) dx 



1 



6- 



g (x) dx 



(3.58) 



<-(<i>-(/.)(r~7): 



where /, g : [a, &] — ^ R are integrable on [a, b] and satisfy the condition 

'/'</(a;)<$, l<g{x)<T (3.59) 



130 



3. Inequalities for the Cebysev Functional 



for each x G [a, 6] , where 0, $, 7, T are given real constants. 

Moreover, the constant j is sharp in the sense that it cannot be replaced 
by a smaller one. 

In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardjewski [SU Chapter X] 
established the following discrete version of Griiss' inequality: 

Let a = (ai, . . . , a„) , b = (61, ... , 6„) be two n— tuples of real numbers 
such that r < ai < R and s < hi < S for i = 1, . . . , n. Then one has 



-. n 1 " 

- J2 a^b^ ^ 



i=\ 



Z^' 



1 

< - 

n 


n' 


/ 
1- 

V 


1 


n' 


121 


n 


.2. 



{R-r){S-s), 

(3.60) 
where [x] denotes the integer part of x, x G M. 

For a simple proof of p.58p as well as for some other integral inequalities 
of Griiss type, see Chapter X of the recent book ^Slj. For other related 
resuhs see the papers [J-Il], [U-IS], [I2]-[T3], [Il]-[37], [13], [SB], [51] and 
the references therein. 



3.3.2 An Inequality of Griiss' Type for One Operator 
The following result may be stated: 

Theorem 173 (Dragomir, 2008, [31]) Let A be a self adjoint operator 
on the Hilbert space {H; (.,.)) and assume that Sp{A) C [m, M] for some 
scalars m < M. If f and g are continuous on [m, M] andj := niintgr„j^^fi / (t) 
and r := maxjgr^jv/i / (t) then 



I (/ (A) g (A) y, y) - (/ {A) y, y) ■ {g (A) x, x) (3.61) 

-2^[{g[A)y,y)-{g{A)x,x)\^ 

< 1 . (F - 7) [||g {A) yf + (.g {A) x,xf~2 (.9 {A) x, x) {g (A) y, y)' '^' 



for any x,y € H with \\x\\ = \\y\\ = 1. 

Proof. First of all, observe that, for each A G M and x,y ^ H, \\x\\ 
1 we have the identity 



((/ (A) - A • Ih) {g (A) - {g (A) X, x) ■ Ih) y, y) 
= (/ (A) g (A) y,y)~\- [{g (A) y, y) - {g (A) x, x)] 
~{giA)x,x){fiA)y,y). 



(3.62) 
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Taking the modulus in p.62p we have 



\{J{A)g{A)v,y)-\-[{g{A)y,v)~{g{A)x,x)] 
-{9{A)x,x){f{A)y,y)\ 

= \{{g{A)-{g{A)x,x)-lH)y,{nA)-X-lH)y)\ 
<\\g{A)y-{9{A)x,x)y\\\\f{A)y-\y\\ 

\\g {A) y\f + {g (A) x, xf - 2 {g (A) x, x) {g (A) y, y) 
x\\f{A)y-\y\\ 

<\\\g {A) y\f + {g [A) x, xf - 2 {g (A) x, x) {g (A) y, y) 
x\\f{A)-\-lH\\ 



(3.63) 



1/2 



1/2 



for any x,y e H, \\x\\ = ||y|| = 1. 

Now, since 7 = mintg[,„_M] / (0 and T = maxtg[„,M] / (0 . then by the 
property (|P]) we have that 7 < (/ (A) y,y) <T for each y E H with \\y\\ = 1 
which is clearly equivalent with 



{f{A)y,y)-l±^\\yf 



<2(r-7) 



or with 



f{A)-:^lH]y,y 



<2(r-7) 



for each y £ H with \\y\\ = 1. 

Taking the suprcnium in this inequality we get 



/(^)-^-l. 



<i(r-7), 



which together with the inequality p.63|) applied for A = ^^^^ produces 
the desired result p.6ip . ■ 

As a particular case of interest we can derive from the above theorem 
the following result of Griiss' type: 

Corollary 174 (Dragomir, 2008, |31] ) With the assumptions in Theo- 
rem \ 1 73] we have 



I (/ (A) g{A)x,x)- (/ (A) X, x) ■ {g (A) x, x) 



(3.64) 



<--{T-^)\^\g{A)x\\'~{g{A)x,xY 



1/2 / 1 

<-(r-7)(A-<5) 



for each x £ H with \\x\\ = 1, where 5 
maxtg[„_M]5(<)- 



Me[rn,M]9{i) and A := 
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Proof. The first inequahty follows from p. 611) by putting y — x. 
Now, if we write the first inequality in (|3.64l) for f = g we get 



< \\g (A) x\f - (.9 (A) x,xf^ {g^ {A) x, x) - {g (A) x, x)' 



<-{^-S)\,\g{A)x\f-{g{A)x,xf 



1/2 



which implies that 



\g{A)x\f-{g{A)x,xf 



1/2 1 



for each x € H with ||a::|| = 1. 

This together with the first part of (|3.64p proves the desired bound. ■ 
The following particular cases that hold for power function are of interest: 

Example 175 Let A be a selfadjoint operator with Sp{A) C [m,M] for 
some scalars m < M. 

If A is positive (m > 0) and p,q > 0, then 



(0 <) (AP+'^x, x) - {APx, x) ■ {A^x, x) 
< - ■ {MP - mP) IWA^xf - {A'^x, xY 



< - ■ {MP - mP) (A'f « - m«) 



1/2 



(3.65) 



for each x (z H with \\x\\ = 1. 

If A is positive definite {m > 0) and p, g < 0, then 



(0 <) {AP+'^x, x) - {APx, x) ■ {A'^x, x) 
1 M-P - m- 



< 



M-Pm-P 



\\A'ix\Y -{Aix,xy 



1/2 



1 M-P - m-P M-1 - m-9 
< _ . 

~ 4 M-Pm-P M-'im-i 



(3.66) 



for each x Cz H with \\x\\ = 1. 

If A is positive definite {m > 0) and p < 0, q > then 



(0 <) {APx,x) ■ (A«x,x) - {AP+''x,x) 



1 M-P - m-P 

< - ■ 

~ 2 M-Pm-P 



\\A'ixf-{A'ix,xY 



1/2 



1 M-P - m-P , „ 

< - • — M« - m? 

~ 4 M-Pm-P ^ ' 



(3.67) 



for each x (^ H with \\x\\ — 1. 
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// A is positive definite {m > 0) and p > 0, q < then 

(0 <) {APx, x) ■ {A'ix, x) - {AP+'ix, x) (3.68) 

< - ■ {MP - mP) \\\A'^xf - {A'^x, xf^ ^^^ 

" 1 , „ „, M-« - m"«" 

< - • {MP - mP) — 

- 4 ^ ^ M-im-i 



for each x £ H with \\x\\ = 1. 

We notice that the positivity of the quantities in the left hand side of 
the above inequalities p.65p - p.68p follows from the Theorem 11501 

The following particular cases when one function is a power while the 
second is the logarithm are of interest as well: 

Example 176 Let A be a positive definite operator with Sp {A) C [m, M] 
for some scalars Q < m < M. 
Ifp>0 then 



(0 <) {AP In Ax,x)- {APx, x) ■ (In Ax, x) 



< 



i-(MP-mP) \\\nAxf - {lnAx,x) 

1/2 



1/2 



In 



\\APxf - {APx,xf 



1 M 
< -■{MP~mP)\n\ — 

2 V TO 



for each x £ H with \\x\\ — 1. 
If p <0 then 



(0 <) {APx, x) ■ (In Ax, x) - {Ap In Ax, x) 



1 M""- 



2 M-Pm-P 



WlnAxf ~{lnAx,xf 



1/2 



< 



Y ni 

1 M-P - m-P 

< - ■ 

~ 2 M-Pm-P 

for each x Cz H with \\x\\ ~ 1. 



\\APxf - {APx,xf 



1/2 



m 



(3.69) 



(3.70) 



3.3.3 An Inequality of Griiss' Type for n Operators 
The following multiple operator version of Theorem [173] holds: 
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Theorem 177 (Dragomir, 2008, [31j) Let Aj be selfadjoint operators 
with Sp {Aj) C [m, M] for j € {1, . . . , n} and for some scalars m < M. 
U f-:9 '■ [w, M] — > R are continuous and 7 := mmffzim.M] f (t) '^i^d T := 
maxtg[„_Ml/(0 ihen 



Y, if (Aj) 9 (A,) y„y,) - ^ (/ (A,) y,,y,) ■ ^ {g iA,)x„x,) (3.71) 



7 + r 



j=i 



j=i 



Yl (9 {Aj)yj,yj) - ^ (5 {Aj)xj 



, a, -J I 



j=i 



j=i 



<2(r-7) 



Y.\\9{A,)yjf+ \Y{9{A,)xj,x.j) 



j=i 



^J=i 



2 51 ^5 (^j ) xj ,Xj)Y {9 {Aj ) yj , yj ) 



/or eac/i Xj, y^ e H,j e {1, . . . ,n} with YJj=i ll^^jll = Ej=i IIj/jII = 1- 



Proof. Follows from Theorem 11731 ■ 

The following particular case provides a refinement of the Mond-Pecaric 
result. 



Corollary 178 (Dragomir, 2008, [31j) With the assumptions of Theo- 
rem \177\ we have 



Y '^f ^^1 ) 3 {Aj) Xj ,x.j)-J2(f (^j) ^J ' ^j) • 51 ^-9 (^i) ^i ' ' 

1/2 

/ n \ 

2 



(3.72) 



<^-(r-7) 






J2'^3{Aj)xj,: 



<-(F-7)(A-<5) 



/or eac/i Xj S i?, j € {1, . . . , n} with X]7=i ll^^jll ^1 where 5 := niin(gr„j(,/i 17 (i) 
and A := maxtg[„^M] ff {t) ■ 

Example 179 Let Aj, j € {!,...,«} be a selfadjoint operators with Sp {Aj) C 
[to, M] ,j G {1, . . . , n} for some scalars m < M. 



3.3 Griiss Inequality 135 



// Aj are positive (to > 0) andp,q > 0, then 



(0 <)^ (ylf ^x„x,) - Y. {^'^^^^^) ■ E i^P^^^^) (3-73) 

1/2 
/ n \ 

|2 



< i • (MP - mP) 



Ell^^.ll- E(^.S'-.) 



j=i 



kJ=i 



< - • (MP - mP) (M« - m^) 



for each Xj G _ff, j G {1, . . . ,n} with X]i=i ll^ill ^ 1- 
// Aj are positive definite {m > 0) and p,q < 0, then 



(0 <)5: (Af ^x,,x,) - Yl (^^.'^.■) • E (^^.■'-.■) (3-74) 

1/2 
/ n \ 

|2 



1 M-P - TO-P 
< - • 

~ 2 M-Pm-P 



EUP 



i=i 






< 



1 M^P - m-P M-1 - m-1 
4 M-Pm-P M-im-t 



for each Xj G H,j G {1, . . . ,n} with X]i=i ll^jll = 1- 

// Aj are positive definite [m > 0) and p < 0, g > then 



(0 <) Y {A'.x.^x,) ■ Y {A',x„x,) - Y «'^., ^.) (3.75) 

j=i i=i j=i 

1/2 
/ n \ 

|2 



1 M-P - TO-P 
< 

~ 2 M-Pm-P 

1 M-P - m-P 
< 



4 M-Pm-P 






(M9 - TO«) 



/or eac/i Xj G -ff, j G {1, . . . , n} mt/i X]i=i INjII = 1- 
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// Aj are positive definite (rn > 0) and p > 0, q < then 



(0 <)Y,{AP^x„x,) ■ Y, {A]x,,x,) Y. (4^'^.-'^.) (3-76) 

j=i j=i i=i 

1/2 
/ n \ 

|2 



< i • {MP - mF) 



< - ■ (MP -mP) , , 

- 4 ^ ^ M-im-i 



Af-'J-TO-''" 



/or eac/i Xj £ H,j lE {1, . . . , n} mi/i X]?=i ll^jll ~ 1- 



We notice that the positivity of the quantities in the left hand side of 
the above inequalities p.73l) - p.76l) follows from the Theorem 11501 

The following particular cases when one function is a power while the 
second is the logarithm are of interest as well: 



Example 180 Let Aj be positive definite operators with Sp (Aj) C [m, M] , 
j G {1, . . . , n} for some scalars < m < M. 
If p> then 






i • {MP - mP) 



ELi W^nAjXjf - (ELi (lnv4ja;j,a;j 



(3.77) 



1/2 



< < 



In 



J2j=i \\^j^j\\ ~ (Sj=i \"4j2;j,a;j) 



-,1/2 



< 1 . (MP - mP) In W — 



/or each Xj E H,j <E {1, • ■ • , fi} with Yl^=i INjII = 1- 
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lfp<0 then 

n n n 

(0 <) Y, {A^,x,,xj) ■ J2 {^nA,x,,x,) - ^ (A^ \nA,x„x,) (3.7 

j=i i=i i=i 

1/2 

2 



1 Af-P-m'P 

2 M-Pm-P 



< < 



In. /A/ 
1 M- 



EjLi l|ln ^ja;j II - (Ej=i (In A^x^ , x^) 

,-| 1/2 



e;Li 11^^.11 -(e;Li(^^.,^.) 



< In 

2 M'Pm-P V TO 



/or eac/i Xj G i/, j G {1, . . . , ri} wit/i E?=i 



= 1. 



5.5..^ Another Inequality of Griiss' Type for n Operators 

The following different result for n operators can be stated as well: 

Theorem 181 (Dragomir, 2008, ^Slj) Let Aj he selfadjoint operators 
with Sp{Aj) C [m, M] for j G {!,..., n} and for some scalars m < M. 
If f '^'^'^ 9 ^re continuous on [to,M] and 7 :— miujgr^ j(/i f {t) and T := 
maxjg[„_M] / (t) then for any p-j > 0,j e {1, . . . ,n} with t2]=iPj = 1 w'e 
have 



J2PkfiAk)9{Ak)y,y\ 

' n \ / n 

'Ypk9{Ak)y,y) - (^PjgiAj) 



(3.79) 



\fe=i 

7 + r 






\fc=i 



\3 = i 



'Ypkf{Ak)y,y) ■ (YpjgiAj)x,- 



< 



\k=l 



r-7 



\j=i 



J2Pk \\9 (Ak) yir - 2 / ^Pfeff (Afc) y,y\i J^p.g {Aj) : 
fc=i \fc=i / \j=i 

1/2 

'Ypj9{Aj)x,: 

for each x,y Cz H with \\x\\ = \\y\\ = 1. 

Proof. Follows from Theorem 1 1 771 on choosing Xj — Jp] ■ x, y.j = Jp] ■ y, 
j e {1, . . . , n} , where p-j > 0, j G {1, . . . , n} , YTj=i Pj = 1 and x,y E H, 
with ||a;|| — \\y\\ = 1. The details are omitted. ■ 
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Remark 182 The case n = 1 (therefore p = I) in ^3. 79^ provides the 
result from Theorem \173\ 



As a particular case of interest we can derive from the above theorem 
the following result of Griiss' type: 

Corollary 183 (Dragomir, 2008, |31j) With the assumptions of Theo- 
rem \181\ we have 



^Pkf{Ak)g{Ak)x,x\~ l^pkf{Ak)x,x\- l^pkg{Ak) 






\k=l 



\fe=l 



\fc=l 



1/2 



(3.80) 



r-7 



< — ;^ ^Pk\\9{Ak)xf - l^pk9{Ak)x,x 



ifc=i 



\k=l 



< - • (r - 7) (A - 5) 



for each x Cz H with \\x\\ = 1, where S :— niintg[,,„ m] g (t) and A 
maXig[„_M]5(i)- 



Proof. It is similar with the proof from Corollary 11741 and the details are 
omitted. ■ 

The following particular cases that hold for power function are of interest: 



Example 184 Let Aj, j e {1, . . . ,n} be a selfadjoint operators with Sp (Aj) C 
[m, M] ,j e {!,...,«} for some scalars m < M and pj > 0, j G {1, . . . , n} 

withYTj=iP] = 1- 

// Aj, j e {1, . . . , n} are positive (m > 0) and p,q > 0, then 



(0 <){J2pkAl-''^x,x) - {J2p,AIx,x) ■{Y.PkAl 



\k=l 



x,x } ■ { > VkAlx,x\ (3.81) 
fc=i / \fe=i / 



< - • (AfP - mP) 



Y^PkUlxf - [Y^PkAlx,. 



k=l 



\k=l 



1/2 



< - • {MP - mP) [W - m?) 



for each x ^ H with \\x\\ — 1. 
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// Aj, j € {1, . . . ,n} are positive definite (m > 0) and p,q < 0, then 



iO<){Y.PkAl-^''x,x) -{Y,pkAlx,x) ■{Y,p,Alx,x\ (3.82) 

1/2 

J2p,\\Alxf-{Y^P,Al. 



\k=l 



1 M-P - m-P 
< - ■ 



2 M-Pm-P 



^fc-^'- 



fe=i 



\k=l 



1 M-P - m-P M-1 - m-« 
< - 



4 M-Pm'P M-im~i 



for each x Cz H with \\x\\ — 1. 

// Aj, j G {1, . . . , n} are positive definite (m > 0) and p < 0, q > then 



{0<){j2pkAlx,x)-{j2p,Alx, 



\k=l 



1 M-P - m- 
< - ■ 



\k=l 



2 M-Pm-P 
1 M-P - m-P 



J2PkAl+''^,x) (3.83) 
fc=i / 

\ ^1 ^^^ 
Y^p,\\Alxf-{Y^P,Al^ 



^fc-^'- 



fe=i 



\fe=i 



< - • 



4 M-Pm-P 



(M« - m?) 



/or eac/i x G H with \\x\\ = 1. 

// Aj, j G {1, . . . , n} are positive definite (m > 0) and p > 0, q < then 



{0<){j2pkAlx,x) ■{J2p,AIx,x)-{J2p,AI-^^x,: 



(3.84) 



\fc=i 



\fc=i 



\fc=i 



< - • {MP - mP) 



< - ■ (MP - mP) 

- 4 ^ ' M-im-1 



for each x Cz H with \\x\\ = 1. 



Y,p,\\Alxf^{J2p,Alx,: 
fe=l 

M-« - m-1' 



\fc=i 



1/2 



We notice that the positivity of the quantities in the left hand side of 
the above inequalities p.8ip - p.84p follows from the Theorem 11501 

The following particular cases when one function is a power while the 
second is the logarithm are of interest as well: 

Example 185 Let Aj, j G {l,...,ri} be positive definite operators with 
Sp{Aj) C [m,M], j G {l,...,n} for some scalars < m < M and 
Pi > 0, j G {1, . . . , n} with X;"^i Pj = 1- 
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If p> then 

(0 <) ( '^pkAl\nAkX,x ) - ( '^PkAlx,x ) ■ ( y^pk^nAkS 



\fc=i 



\k=l 



\k=l 



I. (MP- mP) ■ EL.Pk \\\nAkxf - {j:i^,pk\nAkX,xy 



(3.85) 

1/2 



< 



InJ^ 



< - • (MP - mP) In 
2 \ m 



for each x Cz H with \\x\\ = 1. 
Ifp<0 then 



ELi Pk \\Alx\\ - (X;Li PkAlx, x) 



1/2 



(0<)(^PfcAPx,x\ • [^pk\nAkX,x\ - (^pfcAPlnAfca;,; 



\fc=i 



\k=l 



\k=l 



< < 



1 M-P—m 



-P-m-P 



2 M-Pm- 



ELiPfe lllnAfexll^ - {J2l^^pk In Akx,x) 



(3.86) 

1/2 



In./^- 



ELiPfc li^fea;f - (E'Li PkAlx, x) 



1/2 



1 A/-P-m-P, /Af 

< In \ — 

~ 2 M-Pm-P V TO 



for each x Cz H with \\x\\ — 1. 

The following norm inequalities may be stated as well: 

Corollary 186 (Dragomir, 2008, [31]) Let Aj be self adjoint operators 
with Sp {Aj) C [m, M] for j G {1, . . . , n} and for some scalar s m < M. If 
f,g : [to, A/] — > M are continuous, then for each pj > 0,j G {!,..., n} 
with '^j^iPj = 1 we have the norm inequality: 



Y,p,fiA,)giA,) 



< 









+-(r-7)(A-'5), 

(3.87) 

w/iere 7 := min^gf^^M] / (*), T := max4g[,„^M] / (^) , ^ := minte[m,M] .9 (t) 
and A := maxtg[,„^M] ff (*) • 
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Proof. Utilising the inequality (I3.80p we deduce the inequality 



J2PkfiAk)9iAk): 



U=l 



< 



^PkfiAk)x,: 



\k=l 



^Pkg{Ak)x,: 



\k=l 



+ -(r-7)(A-(5) 

for each x ^ H with ||a;|| = 1. Taking the supremum over ||a:;|| — 1 we 
deduce the desired inequality p.87p . ■ 

Example 187 a. Let Aj, j e {l,...,n} be a selfadjoint operators with 
Sp{Aj) C [ttt,, Af ] ,j G {1, . . . ,n} for some scalars m < M and pj > 0,j G 
{l,...,n} with J2]=iP3 = 1- 

// Aj, j € {1, . . . ^n} are positive (m > 0) and p, g > 0, then 



y,pkAt' 

k=l 


< 


> IPkAl 

k=l 




> IPkAl 

k=l 



+ - ■ {MP - mP) (Af « - m«) . 

(3.88) 
// Aj, j G {1, . . . ,n} are positive definite (m > 0) and p,q < 0, then 



T.p^At 



k=l 



< 


)_.PkAl 
fc=i 




i:.pkAi 
fc=i 



1 M-P - m-P M-1 - m-1 
4 ' M-Pm-P M-im-'i 

(3.89) 
b. Let Aj, j G {l,...,n} he positive definite operators with Sp{Aj) C 

[m,M], j G {l,...,n} for some scalars < m < M and pj > 0,j G 

{1, . . . , n} with J2]=i P] = 1- 
If p> then 



n 

)^PkAl\nAk 


< 


> :pkAi 




fc=i 




k=l 





y^ Pk In Ak 



k=l 



+ -.{MP-mP)\n\ —. 
2 V m 

(3.90) 
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3.4-1 Some Vectorial Griiss' Type Inequalities 

The following lemmas, that are of interest in their own right, collect some 
Griiss type inequalities for vectors in inner product spaces obtained earlier 
by the author: 

Lemma 188 (Dragomir, 2003 & 2004, [23], [28]) Let {H, {■,■)) be an 
inner product space over the real or complex number field K, u,v,e G H, 
\\e\\ — 1, and a, /3, 7, (5 G K such that 



Re {j3e — u,u— ae) > 0, Re {5e — v,v — je) > 



(3.91) 
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or equivalently, 



a + l3 
u — e 



Then 



< 2l/3-«l, 



7 + 5 
V — e 



<2l'5-7l 



\{u,v) - (u,e) {e,v)\ 
<l-W-a\\5-j\ 

[Re (/3e — u,u— ae) Re {6e — v,v — ^e)] ^ , 



(3.92) 



(3.93) 



Xe)-^ 



7+i5 



The first inequality has been obtained in [53] (see also [Ul p. 44]) while 
the second result was estabhshed in [28] (see also [27] p. 90]). They provide 
refinements of the earlier result from [16j where only the first part of the 
bound, i.e., ;| |/3 — a| |(5 — 7] has been given. Notice that, as pointed out 
in [28], the upper bounds for the Griiss functional incorporated in p.93p 
cannot be compared in general, meaning that one is better than the other 
depending on appropriate choices of the vectors and scalars involved. 

Another result of this type is the following one: 



Lemma 189 (Dragomir, 2004 & 2006, [24], |29]) With the assump- 
tions in Lemma \l88\ and if Re {/3a) > 0, Re (57) > then 



\{u,v) - (u,e) (e,i;)| 



(3.94) 



^ [Rc{l3a) Kc{S-)]2 



{u,e) {e,v) 



< < 



^\-2[Rei(3a)r-){\S + j\-2[Re{S-f)Y- 



l^ x[\{u,e}{e,v}\\^ . 

The first inequality has been established in [21] (see [27] p. 62]) while 
the second one can be obtained in a canonical manner from the reverse of 
the Schwarz inequality given in |29) . The details are omitted. 

Finally, another inequality of Griiss type that has been obtained in [25] 
(see also ^7\ p. 65]) can be stated as: 

Lemma 190 (Dragomir, 2004, |25]) With the assumptions in Lemma 
\188\ and if (3 ^ —a, d 7^ —7 then 



\{u,v) - (u,e) {e,v)\ 
W-a\\S-j\ 



(3.95) 



1 
< - 

- 4 



a\\S + -f\Y 



[{\\u\\ + \{u,e)\)i\\v\\ + \{v,e) 
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3.4-2 Some Inequalities of Griiss' Type for One Operator 

The following results incorporates some new inequalities of Griiss' type for 
two functions of a selfadjoint operator. 

Theorem 191 (Dragomir, 2008, |32j ) Let A be a selfadjoint operator 
on the Hubert space [H; {.,.)) and assume that Sp{A) C [m^ M] for some 
scalers m < M. If f and g are continuous on [m, M] andj := min(g[m,M] / (t), 
r := maxte[m,M] f (t), S := inmte[,n,M] 9 (t) and A := maxtg[„^M] 5 (*) then 

I (/ (A) g {A) X, x) - if {A) X, x) {g (A) x, x) \ (3.96) 

<i(r-7)(A-<5) 

[{Tx - f (A) X, f{A)x- jx) {Ax - g (A) x, g{A)x- Sx)] ^ , 

{f{A)x,x)-^:l\\{g{A)x,x)-^\, 

for each x (z H with \\x\\ = 1. 

Moreover if 7 and d are positive, then we also have 

I (/ {A) g (A) X, x) - (/ {A) X, x) {g {A) x, x) \ (3.97) 

\-^^^^{f{A)x,x){g{A)x,x), 
< [ 

[Vr-^)(^VA-Vs)[{f{A)x,x){g{A)x,x)]K 

while for T + j,A + 5^0 we have 

I (/ (A) g (A) X, x) - (/ {A) X, x) {g {A) x,x)\ (3.98) 

^1 (r-7)(A-^) 

"4 [|r + 7||A + 5|]^ 

x[{\\fiA)x\\ + \{f{A)x,x)\){\\g{A)x\\ + \{g{A)x,x)\)]i 

for each x (z H with \\x\\ ~ 1. 

Proof. Since 7 := minjg[„^M] / (t), T := maxt^[„,^M] / (*), ^ := mintg[,„,Ml 9 (t) 
and A := maX(g[„j_Af] g (t) , the by the property ([P]) we have that 

lAH<f{A)<r-lH and S-lH<g{A)<A- 1h 

in the operator order, which imply that 

[f{A)-j-l][T-lH^fiA)] > and (3.99) 

[A-lH-g{A)][g{A)-S-lH] > 

in the operator order. 
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We then have from ([53^1 

{[fiA)^^-l][r-lH-fiA)]x,x)>0 

and 

{[A-lH-giA)][g{A)-6-lH]x,x)>0, 

for each x E H with ||a;|| = 1, which, by the fact that the involved operators 
are selfadjoint, are equivalent with the inequalities 

{Tx - f (A) X, f{A)x- jx) > and {Ax - g (A) x, g (A) x - Sx) > 0, 

(3.100) 
for each x £ H with ||.t|| = 1. 

Now, if we apply Lenima ll88l for u — f (A) x, v — g (A) x, e = x, and the 
real scalars F, 7, A and S defined in the statement of the theorem, then we 
can state the inequality 



I (/ (A) X, g {A) x) - (/ {A) X, x) {x, g (A) x) \ 
< 1 . (F - 7) (A - ^) 



(3.101) 



[Re {Tx - f (A) X, f{A)x- -yx) Re (Aa; - g (A) x, g{A)x- 6x)] 
{f{A)x,x)~^:l \{g{A)x,x)~^\, 



for each x Cz H with ||a:|| = 1, which is clearly equivalent with the inequality 
(I3J61) . 

The inequalities (|3J7)) and (|3J8)) follow by Lemma [T89l and Lemma [T90l 
respectively and the details are omitted. ■ 

Remark 192 The first inequality in {3.91\ l can be written in a more con- 
venient way as 



{fiA)giA)x,x) 



{fiA)x,x){g{A)x,x) 



< 



1 (F-7)(A-^) 
4 VTtM 



(3.102) 



for each x Cz H with \\x\\ 
equivalent form 



1, while the second inequality has the following 



{f{A)giA)x,x) 



[{f{A)x,x){giA)x,x)f^ 
< (^/^-^/7) (VA-Vs' 



[{fiA)x,x){giA)x,x)f^ 



(3.103) 



for each x (z H with \\x\\ = 1. 

We know, from '301 that if f,g are synchronous (asynchronous) functions 
on the interval [m, M] , i.e., we recall that 



[/ (t) - f (s)] [5 (t) - g (-s)] (>) < for each t, s e [m, M] 
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then we have the inequality 

if {A) g {A) X, x) > (<) (/ {A) X, x) {g {A) x, x) (3.104) 

for each x €z H with \\x\\ — l,provided f,g are continuous on [m, M] and 
A is a selfadjoint operator with Sp (A) C [m, M] . 

Therefore, if f, g are synchronous then we have from i3.102\) and from 
as. 1 03\) the following results: 

{fiA)giA)x,x) 1 (r-7)(A^^) 

- {f{A)x,x){g{A)x,x) -4 VT>M ^' ' 



and 



[{fiA)x,x){giA)x,x)]^^^ 



< (^/^-^/7) (VA-V^' 



for each x £ H with \\x\\ = 1, respectively. 
If /, g are asynchronous then 

{f{A)g{A)x,x) ^1 (r-7)(A->5) 
{f{A)x,x){g{A)x,x)- 'i Vr>M ^- ^ 



and 



< [(/ (A) ., .) (, iA) X, x)f^ - ,,,!f^^^,^/;i:'"\.;. 

[{f{A)x,x){g{A)x,x)r^ 



(3.108) 



for each x (z H with \\x\\ — 1, respectively. 

It is obvious that all the inequalities from Theorem 11911 can be used to 
obtain reverse inequalities of Griiss' type for various particular instances of 
operator functions, see for instance [3T|. However we give here only a few 
provided by the inequalities p.lOSp and p.l06p above. 

Example 193 Let A be a selfadjoint operator with Sp (A) C [m, M] for 
some scalars m < M. 

If A is positive (m > 0) and p,q > 0, then 

"^ - {APx,x) ■ {A'ix^x) -a' M^m'i^ ' 

and 

< (AP+'^-cx) ^^^^^^^^ (A^:,,a:)]^/^ (3.110) 

[{Apx,x) ■ {Aix,x)] ' 



< 



(ill 2 — m2J (M2 — TO2 
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for each x Cz H with \\x\\ = 1. 

// A is positive definite (m > 0) and p,q < 0, then 



{AP+'^x, x) 1 {M-P ~ m-P) {M-1 - m.-^) 

{APx.x) ■ {Aix,x) ~^- 4 M-'-^m-'-^ 



and 

{AP+'>x, : 



0< 



< 



[{Apx.x) ■ {A'}x,x)]'-^ 

(P P \ / 9 1 \ 

M~2 — TO~2 j (^M~2 — ?Tl~2 j 

7i,r_£±2 P + l 

M 2 m 2 



l——-[{APx,x)-{A''x,x)f^ (3.112) 



for each x £ H with \\x\\ — 1. 

Similar inequalities raay be stated for either p > 0, g < or p < 0, g > 0. 
The details are omitted. 

Example 194 Let A he a positive definite operator with Sp {A) C [to, M] 
for some scalars 1 < m < M. If p > then 

^ ^ jAPlnAx^x) _^^l {MP-mP)\nM. 
{Apx.x) -{InAx.x) 4 MimiVlnM-lnm 



and 



< {AP\nAx,x) _ l^i^Ax,x)]''^ (3.114) 

[{APx,x) ■ {\TiAx,x)f^ 



< 



for each x Cz H with \\x\\ = 1. 



3.4-3 Some Inequalities of Griiss' Type for n Operators 
The following extension for sequences of operators can be stated: 

Theorem 195 (Dragomir, 2008, [32j) Let Aj be selfadjoint operators 
with Sp{Aj) C [ni,M] for j G {l,...,n} and for some scalars m < M. 
If f and g are continuous on [m,M] and 7 := min^gr^ j^^^i / (i), T := 
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maxtg[„_Ml / {t), S := mintg[„_M] 9 (t) and A := max^gj^^M] 9 (t) then 






(3.115) 



<-.(r-7)(A-5) 



E (ra;j - / (Aj) Xj, / (Aj) Xj - -fXj) 



- < 



X ^ (Axj — g (Aj) Xj, g (Aj) x — dxj) 



J2{f{A,)x„x,)-^^ 



i=i 



j:{g(A,)x„X,)~^ 



J=l 



/or eac/i Xj G H,j £ {1, . . . ,n} with E?=i ll^^jll = ^■ 
Moreover ifj and 6 are positive, then we also have 






(3.116) 






< <^ 



Vr-V7)(VA-V^' 

E (./ [A] ) Xj ,Xj) ■ J2 {9 {Aj ) Xj , Xj ) 
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while for T + j,A + S=/=0 we have 






(3.117) 



1 (r - 7) (A - 5) 







Y{g{Aj)xj,Xj) 



1/2 



/or eac/i Xj G _ff, j G {1, . . . , n} ™i/i X]i=i ll^il 



Proof. Follows from Theorem 11911 The details are omitted. ■ 

Remark 196 The first inequality in hS.llb]) can be written in a more con- 
venient way as 



E"=i(/(^.)ff(^.>, 



JT^J I 



E-=i(/(^. 



Y.%i{9{Aj)xj,: 



- 1 



^1 (F-7)(A-J) 
- 4 \/T>M 



(3.118) 
for each Xj G H,j G {l,...,n} with X]i=i ll^jll — 1' while the second 
inequality has the following equivalent form 



T>'i=i{fiAj)giAj)xj,x.j) 



ELi (/ iA^)^],^]) ■ ELi (5 iAj)xj,Xj) 



1/2 



(3.119) 



E (/ ( Aj ) a;j , a;^ ) • E (5 {A^ ) Xj , x 



j=i 



j=i 



1/2 



< (Vf-y^) (TA-n/^' 



/or each Xj G i/,j G {1, . . . ,n} with X]i=i ll^ill = ^■ 

We know, from '301 that if f, g are synchronous (asynchronous) functions 
on the interval [m, M] , then we have the inequality 

n n n 

(3.120) 
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for each Xj <E H,j <E {1, . . . , n} with Yl^=i ll^jll = l,provided f,g are con- 
tinuous on [to, A/] and Aj are self adjoint operators with Sp{Aj) C [tti, Af], 
j€{l,...,n}. 

Therefore, if /, g are synchronous then we have from i3.118\) and from 
i8.119\) the following results: 



0< 



< 



YTi=i{f{A3)9{Aj)xj,Xj) 



1 (r-7)(A-5) 



EUiaiA,): 



-1 



(3.121) 



and 



0< 



^/^7M 



[E"=i (/ i^j) Xj 1X3) ■ Ej=i {9 i^j) Xj , Xj) 



1/2 



(3.122) 



X] if (^i) ^i ' 2;^) • ^ (5 (Aj) Xj , Xj) 



1/2 



< (Vr - 77) (Va - V^' 



/or each Xj E H,j <E {!,. . . ,n\ with Yl^=i 



— 1, respectively. 



If /, g are asynchronous then 

T,]^i{fiAj)9iAj)xj,Xj) 



0< 1 



e;=i(/(^.)^.,^.)-e;=i(5(^, 



(3.123) 



< 



1 (r-7)(A-J) 

4 ' \/I>M 



and 



0< 



Yl if (^J ) ^3 ' 2;^ ) • ^ (g ( Aj ) Xj , Xj ) 

E"^i (/(^j)g(^j)^j.^j) 

1/2 



1/2 



(3.124) 



E"=i (/ (^j) xj^xj) ■ E"=i (.9 (^j) Xji^j) 

/or each Xj G i/,j G {1, . . . ,n} with Ei=i ll^ill — 1j respectively. 

It is obvious that all the inequalities from Theorem 11951 can be used to 
obtain reverse inequalities of Griiss' type for various particular instances of 
operator functions, see for instance [31 . However we give here only a few 
provided by the inequalities (|3.12ip and (13.1221) above. 
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Example 197 Let Aj j G {1, . . . , n} be selfadjoint operators with Sp (Aj) C 
[m, M] , j € {1, . . . , n} for some scalars m < M. 
If Aj are positive (m > 0) andp,q > 0, then 



0< 



J2j=i\^j ^]'^]/ 



z_/7=i (^j^i'^i) ' X/i=i {^j^JT^j/ 



1 {MP - mP) (M« - m«) 

— zl 1 rP+'i £±£ 



(3.125) 



0< 



Y,i=i\^'i ^j-i^j) 



[I]j=i \^j2^i:2;j) • X]j=i (Aj-XjjXj) 



1/2 






1/2 



< 



('m2 



M2 — m2 



/or eac/i Xj G i/, j G {1, . . . , n} with X]7=i INjII = 1- 
If A is positive definite {m > 0) andp,q < 0, then 



0< 



< 



e;.i « 



Lj, ^j 



) 



Z]j=i (^j^^jj^i) ■ J2j=i i^j^JT^j) 
1 {M~P - m'P) (M-i - m-1) 

^ M 2 771 2 



- 1 



0< 



< 



1/2 

J2j=i \^j^]^^j) ■ Z]j=i (^j^i'^i) 

M^2 — 771^2 j (M^2 — 771^2 j 



1/2 



i,^_E±a _£±2 
M 2 771 2 



/or eac/i x^ G -ff, j G {1, . . . , n} wit/i X]i=i 



1. 



(3.126) 



(3.127) 



(3.128) 



Similar inequalities may be stated for cither p > 0,q < or p < 0,q > 0. 
The details are omitted. 
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Example 198 Let A be a positive definite operator with Sp (A) C [m, M] 
for some scalars 1 < m < M. If p > then 



0< 



ELi(^ilnAja;j,Xj) 



< 



1 (MP-mP)ln^ 



4 MimiVlnM -In 



TO 



(3.129) 



and 



0< 



ELi(-4jlnAjXj,Xj) 



|_I]j=i {^j^j^^j) ■ I]j=i (lnAjXj-,Xj) 



1/2 



Yl (^^3^3 ' 2^J ) • X! ^l'^ ^J^J ' ' 



J = l 



i=i 



1/2 



< 



M^ - m^^j rVln M - Vlni 



(3.130) 



for each Xj G H,j G {1, . . . ,n} with E?=i INjI 



Similar inequalities may be stated for p < 0. The details are omitted. 
The following result for n operators can be stated as well: 



Corollary 199 Let Aj be self adjoint operators with Sp{Aj) C [tti, M] for 
j G {l,...,n} and for some scalars m < M. If f and g are continu- 



on [m, M] and 7 := 



He 



[m,M]/(^); r := ma,Xt(z[m,M] f (t), S 



mintg[„_Af] g (t) and A := maxtg[„_M] 9 (t) then for anypj > 0, j G {1, . . . , n} 
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with J2^=iPj ~ 1 ™s have 



\j=i I \j=i I \j=i 



(3.131) 



<-(r-7)(A-<5) 



E P] (ra; - / {Aj)x, f (Aj) X - jx) 

n 

X E Pj (Aa; - g (Aj) x, g (Aj) x - 5x) 



Y^p^f{A,)x,x)-'^ 



Y.Po9{Aj)x,: 



A+S 



\J = 1 



for each x (L H, with \\x\\ = 1. 

Moreover if "f and 6 are positive, then we also have 



'^Pjf i^j) 9 {Aj) x,x\ - i ^Pjf {Aj) x,x\ ■ (^Pjg [Aj] X, : 



(3.132) 



1 (r-7)(A-j) 



< < 



i • ' Jr^' { E P^fi^,)-^^) ■ ( E P,9iA,) 



Vt-^) (Va - V& 



X, X ) , 



E Pjf {Aj)x,x) ■ I J2 P39 (-4j) X, X 
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while for T + j,A + 6^0 we have 



^Pjf (^i) a {Aj) x,x\ ~ {^Pjf (^i) X:x) ■ r^Pj9 (^j) -T, • 



(3.133) 



< 



1 (r - 7) (A - S) 
4'[|r + 7||A + <5|]^ 

Y.P^\\f{A,)x 



1/2 



1/2 






J2p39{Aj)x,: 



1/2 



J2Pj\\9iAj)x\ 

^3 = 1 

for each x G iJ, with \\x\\ — 1. 



Proof. Follows from TlLeoreni ll95l on choosing Xj = y/pj-x, j E {I, . . . ,n} , 
where pj > 0, j g {1, . . . ,n} , J2^=iPj ~ 1 ^'^d x E H, with ||a;|| = 1. The 
details are omitted. ■ 

Remark 200 The first inequality in ^3.132\) can he written in a more con- 
venient way as 



Y.'^=iPjfiAj)giAj)x,: 



YTi=i Pjf (Aj) x,x) ■ (ELi P39 (Aj) X, X 



-1 



^1 (T - 7) (A - S) 
- 4 VTtM 

(3.134) 
for each x € H, with \\x\\ ~ 1, while the second inequality has the following 
equivalent form 



jy^=iPjfiAj)g{Aj)x,: 



J2]LiPjfiAj)x,x) ■ (ELiPj5(^j)2:, 



\J=1 






^^PjgiAj) 






1/2 



1/2 



(3.135) 



< f^/^- V7) (Va-Vs' 



for each x E H, with \\x\\ = 1. 
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We know, from '301 that if f,g are synchronous (asynchronous) functions 
on the interval [m, M] , then we have the inequality 



(3.136) 
for each x ^ H, with \\x\\ = 1, provided f,g are continuous on [m, M] and 
Aj are self adjoint operators with Sp {Aj) C [m, M], j £ {1, . . . , n} . 

Therefore, if /, g are synchronous then we have from ^3.134^ and from 
113.1 3 5\) the following results: 



0< 



< 



j:UP,fiA,)giA,): 



E"=i Pjf (^j) 2;, xj ■ {J2]Li Pj9 i^j) • 

1 (r^7)(A-,5) 
4 VTtS? 



- 1 



(3.137) 



0< 



YTj=iP]f{Aj)g{Aj)x,x 



[(EjLi Pjf {Aj) X, x^ ■ (Ej=i Pj9 {Aj)x, : 

In \ / " ^ 

^P3f{Aj)x,x) ■ ('^pjg{Aj)x,x 



1/2 



\i=i 



\3 = 1 



1/2 



< 



{Vf-^){^/A-V5) 



(3.138) 



for each x £ H, with \\x\\ — 1, respectively. 
If /, g are asynchronous then 



0< 1 



YTi=iP]f{Aj)g{Aj)x,x 



J2]LiPjf{A3)x,x) ■ (Y.l=iPj9{Aj)x, 



< 



1 (r-7)(A-j) 
4 VTtM 



(3.139) 



3.5 More Inequalities for tiie Cebysev Functional 155 



and 



0< 



\J=1 






1/2 



(3.140) 



Y.]LiP3f{Aj)9i^j)x,'- 



YTi=i Pjf {Aj) X, x) ■ (ELi P]9 {Aj) X, X 



1/2 



for each x ^ H, with \\x\\ = 1, respectively. 



The above inequalities p.l37p - p.l40p can be used to state various 
particular inequalities as in the previous examples, however the details are 
left to the interested reader. 



3.5 More Inequalities for the Cebysev Functional 

3.5.1 A Refinement and Some Related Results 
The following result can be stated: 

Theorem 201 (Dragomir, 2008, [33j) Let A be a selfadjoint operator 
with Sp (A) C [m, M] for some real numbers m < M. If f, g '■ [m, M] — > M 
are continuous with 6 := niinfg[mjvf] g (t) and A := maxjg[m jv/j g (t) , then 

\C {f,g;A;x)\ <^iA- S) {\f (A) - if {A)x,x} -IhIx^x) (3.141) 

<^{A~S)C'/^{fJ;A;x), 

for any x (z H with \\x\\ = 1. 

Proof. Since 6 :— mintg[„j m] 5 (t) and A :— niaxtg[„ jv/] g (t) i we have 



git) 



A + S 



<-,i^-s). 



(3.142) 



for any t G [m, M] and for any x Cz H with ||.x|| = 1. 

If we multiply the inequality (|3.142p with \f (t) — (/ (A) x, x)\ we get 



fit)git)-{fiA)x,x)g{t) 



1 



A + 6 



fit) 



A + 6 



{fiA)x,x) 



(3.143) 



<-iA-6)\fit)-{fiA)x,x)\ 
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for any t e [m, M] and for any x Cz H with ||a;|| = 1. 

Now, if we apply the property (lP| for the inequality p.l43l) and a selfad- 
joint operator B with Sp [B) C [m, M] , then we get the following inequality 
of interest in itself: 



I (/ (B) g (B) y, y) - (/ {A) x, x) {g (B) y, y) 



(3.144) 



A- 



{nB)y,y) 



\ + 5 



{f{A)x,x) 



< -{A^ S) {\f (B) - {f{A)x,x) -iHly^y) , 

for any x,y E H with ||x|| = \\y\\ = 1. 

If we choose in (|3.144p y = x and B = A, then we deduce the first 
inequality in (|3.14ip . 

Now, by the Schwarz inequality in H we have 

(1/ {A) - (/ {A) X, x) ■ 1h\ X, x) < III/ {A) - if {A) x, x) ■ Ih\ x\\ 

= \\.f{A)x-{f{A)x,x)-x\\ 

\fiA)xf-{f{A)x,xf]'^^ 

^C'/'{fJ;A;x), 

for any x ^ H with ||x|| = 1, and the second part of (|3.14ip is also proved. 
■ 

Let [/ be a selfadjoint operator on the Hilbert space (H, (., .)) with the 
spectrum Sp (U) included in the interval [rn, M] for some real numbers 
m < M and let {E\}-^^g^ be its spectral family. Then for any continuous 
function / : [m, M] -^ M, it is well known that we have the following 
representation in terms of the Riemann-Stieltjes integral: 



{f{U)x,x) 



M 



f{X)d{{E^x,x)), 



(3.145) 



for any x € H with ||a;|| = 1. The function g^ (A) :— {E\x,x) is monotonic 
nondecreasing on the interval [m, M] and 



gx {m — 0) = and gx (M) = 1 



(3.146) 



for any x G H with ||x|| = 1. 

The following result is of interest: 



Theorem 202 (Dragomir, 2008, [33j) Let A and B be selfadjoint op- 
erators with Sp (A) , Sp (B) C [m, M] for some real numbers m < AI. If 
f : [m,M] — > R is of r — L~Hdlder type, i.e., for a given r G (0, 1] and 
L > we have 



\f is) -fit)\<L\s- C for any s, t G [m, M] , 
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then we have the Ostrowski type inequality for selfadjoint operators: 



\fis)-{fiA)x,x)\<L 



(M - m) + 



m + M 



(3.147) 



for any s € [to, A/] and any x Cz H with \\x\\ ~ 1. 
Moreover, we have 



\{f {B)y,y) - {f {A)x,x)\ < {\f (B) ~ {f (A) x,x) ■ lH\y,y) (3.148) 



<L 



- [M - to) + 



TO + Af 



ViV 



for any x,y € H with \\x\\ = \\y\\ = 1. 

Proof. We use the following Ostrowski type inequality for the Riemann- 
Stieltjes integral obtained by the author in |22j : 



f{s)[u{b)-u{a)]- / f{t)du{t) 



(3.149) 



< L 



{b~a) + 



a + b 



\/{u) 



for any s G [a, &] , provided that / is of r — L— Holder type on [a,b] , u is of 
bounded variation on [a, b] and W (u) denotes the total variation of u on 

[a, 6]. 

Now, applying this inequality for u (A) = gx (A) := {E\x, x) where x £ H 
with ||a;|| = 1 we get 



M 

/(s)-/ f{\)d{{Exx,x)) 

m — 



(3.150) 



<L 



- {M - m) + 



m + M 



r M 



V (.9-) 



which, by (|3.145p and (|3.146l) is equivalent with (I3.147p . 

By applying the property ([P]) for the inequality (|3.147p and the operator 
B we have 



{\nB)- 


~{f{A)x,x) 


iH\y,y) <L{ 


1 

\ 


I (Af - m) + 


B - 


m + M 
2 


■Ih 


r 

y,y 






<A 


I {M - m) + 


B - 


TO + Af 

2 


■1h 


y,y , 






= L 


\ (M - m) + ^ 


B- 


m + M 
- 2 -^^ 


y,y) 
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for any x,y Cz H with ||x|| = ||y|| = 1, which proves the second inequality 
in (I048t . 

Further, by the Jensen inequality for convex functions of selfadjoint op- 
erators (see for instance gH p. 5]) applied for the modulus, we can state 
that 

\{h{A)x,x)\<{\h{A)\x,x) (M) 

for any x d H with ||2;|| = 1, where /i is a continuous function on [m, M] . 
Now, if we apply the inequality ((Ml) , then we have 



\{[f{B)-{f{A)x,x)-lH]y,y)\<{\f{B)-{f{A)x,x)-lH\y,y) 

which shows the first part of (I3.148P , and the proof is complete. ■ 

Remark 203 With the above assumptions for /, A and B we have the 
following particular inequalities of interest: 



f{^^^]-{f(A)x,x) 



< —L {M - mY 



(3.151) 



and 



\f{{Ax,x))-{f{A)x,x)\<L 

for any x Cz H with \\x\\ = 1. 
We also have the inequalities: 



\{fiA)y,y)-{fiA)x,x 
<{\f{A)-{f{A)x,x)-lH\y,y) 



[i(M- 


-m) + 


{Ax,x)- 


m + M 
2 


r 






(3.152) 


c,x)\ 






(3.153) 



<L 



{M - m) + 



m + M 
A ^ Iff 



y.y 



for any x,y Cz H with \\x\\ = \\y\\ = 1, 

|([/ {B) - / {A)] x,x)\< (1/ {B) - (/ (A) X, x) ■ 1h\ x, x) 

1 



(3.154) 



< L 



{M - m) + 



B-^^^-ln 



and, more particularly, 

{\f{A)-{f{A)x,x)-lH\x,x, 
'I 



(3.155) 



< L 



[M - m) + 



^ m + M ^ 
A 7, Iff 



for any x G H with \\x\\ — 1. 

We also have the norm inequality 



\\fiB)~fiA)\\<L 



i (M - m) + 



B 



m + M 



Lff 



(3.156) 
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The following corollary of the above Theorem 12021 can be useful for ap- 
plications: 

Corollary 204 (Dragomir, 2008, [33]) Let A and B he self adjoint op- 
erators with Sp (A) , Sp (B) C [m, M] for some real numbers m < M. If 
f : [m, M] — > M is absolutely continuous then we have the Ostrowski type 
inequality for selfadjoint operators: 



\fis)--{fiA)x,x)\ 

[i(Af-m) + |.-i^|]|l/'IU[„,,, z/ f'eL^[m,M]: 



< 



"^(M T7i^4-N m+Af 11 l/g II ffU ¥ f ^ Lj 

_^[M-m)+\S 2— IJ \\J \\p^[m,M] p,g>l,i 



if f'eLp[m,M], 

p g ' 

(3.157) 



for any s G [m,M] and any x £ H with \\x\\ = 1, where ||-|| ,^ ]^,n are the 
Lebesgue norms, i.e., 

ll'i|loo,[m,Af] — ess sup \\h{t)\\ 

tG[m,M] 



and 

II "-lip, [m,M] ■' 

Moreover, we have 
\{f{B)y,y)^{f{A)x,x}\ 



M 



1/p 



\hit)f 



, P>1- 



(3.158) 



<{\f{B)-{fiA)x,x)-lH\y,y) 

[M^ + (\B-^^^-lH\y,y)] \\f'\U[m,M] «/ /' e L^ [m, M] ; 

- M-m I /Id rn+M -, k, ,,\1 i || fMI if f ^ Lp[m, M] , 

.^2— + {\^ 2—-^H\y,y}\'' 11/ ||p,[™,Af] p^q> 1^ 1 + 1 = 1^ 

for any x,y £ H with \\x\\ — \\y\\ — 1. 

Now, on utilising Theorem [201] we can provide the following upper bound 
for the Cebysev functional that may be more useful in applications: 

Corollary 205 (Dragomir, 2008, |33] ) Let A be a selfadjoint operator 
with Sp (A) C [m, M] for some real numbers m < M. If g : [m, M] — > M 
is continuous with d := rnin^gr^^^n 5 (t) and A := maXf.^u^j^-i g (t) , then 
for any f : [m, M] — > ]& of r — L— Holder type we have the inequality: 



\C{f,g;A;x)\<-{A~S)L 



for any x £ H with \\x\\ = 1. 



[M - m) + 



A- 


m + M 
- 2 -^^ 


x,x\ 
(3.1 


r 

59) 
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Remark 206 With the assumptions from Corollarv \205\ for g and A and 
if f is absolutely continuos on [m, M] , then we have the inequalities: 



\C{f,9-A;x)\<\{^-5) 




-M 



Iffk^a:)] ||/'||^[„j(,,] if fGL^[m,M]: 



^+M . 1 ^1 T tM'/'^ II f II *^ •^' ^ ^,^ ^"^'^^^ ' 

2 ■ iH\X,X)\ 11/ llp,[„i,Af] p^q^ i^l^ 1 =1 



p q 

(3.160) 



for any x € H with \\x\\ = 1. 



3.5.2 Some Inequalities for Sequences of Operators 

Consider the sequence of selfadjoint operators A = (Ai,...,A„) with 
Sp{Aj) C [m,M] for j G {l,...,n} and for some scalars m < M. If 
X = (xi, . . . , Xn) G i/" are such that X)?=i ll^jll ^ 1' then we can con- 
sider the following Cebysev type functional 

n n n 

C {f,g; A, x) := J2 if (^j) 9 (^j) Xj,Xj)-J2 if (^j) Xj^X])-Yl ^9 [Aj) Xj,Xj) 

As a particular case of the above functional and for a probability sequence 
p = (pi, . . . ,p„) , i.e., pj > for j e {1, . . . , n] and I]j=i Vj = 1, we can 
also consider the functional 

C(/,5;A,p,x) :== r^pjf{Aj)g{Aj)x,x\ 

where x ^ H, \\x\\ = 1. 

We know, from iW that for the sequence of selfadjoint operators A = 
{Ai,...,An) with Sp{Aj) C [to. A/] for j G {l,...,n} and for the syn- 
chronous (asynchronous) functions /, g : [m, M] — > M we have the in- 
equality 

C(/,g;A,x)>(<)0 (3.161) 

for any x — (xi, . . . ,a;„) G H" with J2^=i ll^jll — 1- Also, for any proba- 
bility distribution p — {pi, . . . ,pn) and any a; G iJ, ||a;|| = 1 we have 

C(/,g;A,p,x)>(<)0. (3.162) 
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On the other hand, the following Griiss' type inequality is valid as well 



m- 



|C(/,g;A,x)|<i.(r-7)[C(5,3;A,x)]i/^('<i(r-7)(A-5) 



for any x = (xi, . . . , a;„) G -ff" with J2'i=i W^j 



(3.163) 
1, where / and g are 



continuous on [m, M] and 7 := mintg[^_M] / (0= T := niaxtg[,„^M] / (0, 
6 := mintg[„i_M] 9 (t) and A := ma.Xte[,nM] 9 (*) ■ 

Similarly, for any probability distribution p — (pi, . . . ,p„) and any x G 
H, \\x\\ = 1 we also have the inequality: 



\C if,g;A,p,x)\ < 1 . (r - 7) [C {g,g;A,p,x)]'/^ (- i ^^ " ^^ (^ " ^^ 



We can state now the following new result: 



(3.164) 



Theorem 207 (Dragomir, 2008, [33j) Consider the sequence of selfad- 
joint operators A — (Ai, . . . , An) with Sp (Aj) C [m, M] for j G {1, . . . , n} 
and for some scalars m < M. If f, g : [m, M] — > M are continuous with 
6 := mintg[„_M] 9 (t) and A := max^gf^^M] 3 (0 . ^^^e" 



1 " 

|C(/,5;A;x)|<-(A-<5)^ 



i=i 



/(A,)-^(/(Afe)a:fe,a;0-lH 



*:=! 



(3.165) 



<i(A-<5)Ci/2(/,/;A;x), 
/or 077.?/ X = (xi, . . . , a;„) G iJ" smc/i </iat X]?=i 



= 1. 



Proof. Follows from Theorem 12011 and the details are omitted. ■ 
The following particular results is of interest for applications: 

Corollary 208 (Dragomir, 2008, [33j) Consider the sequence of self- 
adjoint operators A — (Ai, . . . , A„) with Sp {Aj) C [m, M] for j G {1, . . . , n} 
and for some scalars m < M. If f,g : [m, M] — > R are continuous with 
5 := mintg[„_M] 9 (t) and A := maxtg[„_M] 9 (*) , then for any pj > 0, j G 
{1, . . . , n} with ^j^i Pj — 1 and x € H with \\x\\ — I we have 



\Cif,g;A,p,x)\ 

1 / " 

<-{A-5){Y,P, 



(3.166) 



\i=i 



f{A,)-{j2Pkf{Ak)x,x)-lH 



\k=l 






<i(A-<5)Ci/2(/,/;A,p,, 
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Proof. In we choose in Theorem 12071 Xj = ,/pj ■ x, j G {!,...,«}, where 
Pj > 0, J G {1, . . . , n} , J2^=i Pj ^ 1 8'1^'i X <E H, with ||a;|| = 1 then a simple 
calculation shows that the inequality p.l65p becomes p.l66p . The details 
are omitted. ■ 

In a similar manner we can prove the following result as well: 



Theorem 209 (Dragomir, 2008, |33j ) Consider the sequences of self- 
adjoint operators A == [Ai, . . . , A„) , B = (i?i, . . . , i?„) with Sp (Aj) , Sp (Bj) C 
[m, AI] for j e {!,...,«} and for some scalars m < M. If f : [to, M] — > M 
is of r — L— Holder type, then we have the Ostrowski type inequality for 
sequences of selfadjoint operators: 



f{s)-Y,{f{A,)x„'. 



<L 



{M - to) + 



TO + Af 



(3.167) 



for any s G [to, M] and any x = (xi, . . . , x„) € -ff" such that X]?=i 
1. 

Moreover, we have 



n I n 

( ./(i?j)-E(/(^^)^'='^fe)-iff 
\ fe=i 

1 " 

- (M - to) + X 



(3.168) 






yj-yj 



<L 



i=i 



S, 



TO + M 



LH 



Vj^Vj 



for any x = (xi, . . . , a;„) , y = (yi,...,y„) G iJ" such that I]"=i INjII"' = 

E;Ully.f = 1- 

Corollary 210 (Dragomir, 2008, [33] ^ Consider the sequences of self - 
adjoint operators A = (^i, . . . , An) , B — (i?i, . . . , i?„) wzi/i S'p {Aj) , S'p (Bj) C 
[to, M] /or j G {1, . . . , n} and for some scalars m < M. If f : [to,, M] — > M 
is of r — L— Holder type, then for any pj > 0, j' G {1, . . . ,n} with X^fciPj — 
1 and X G H with \\x\\ — 1 we have the weighted Ostrowski type inequality 
for sequences of selfadjoint operators: 



ns)-{Tp,f{A,) 

\i=i 



for any s G [to,. A/]. 






< L 



- {M - to) 



m + M 



(3.169) 
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Moreover, we have 

In \ I n 

^Ijl {Bj)y,y\ - r^pkf {Ak)x,x 

f{B,)-(j2PkfiAk)x,x)-lH 



\j=i 



(3.170) 






\fe=i 



y,y 



<L 



1 / " 



Ij 



\j=i 



B, 



m + M 



• iff 



y,y 



for any qk > 0,k £ {1, . . . ,n} with J2k=i Qk = ^ and x,y £ H with \\x\\ 



3.5.3 Some Reverses of Jensen's Inequality 

It is clear that all the above inequalities can be applied for various particular 
instances of functions / and g. However, in the following we only consider 
the inequalities 



\f{{Ax,x))-{f{A)x,x)\<L 



{M - m) + 



{Ax, x) 



m + M 



(3.171) 

for any x £ H with||x|| — 1, where the function / : [m,M] ^- M is of 
r — L— Holder type, and 

\f{{Ax,x))-{f{A)x,x)\ 

-\ {M - m) + \{Ax,x) - H^|] ||/'||^,[^,M] > if /' e ico [™,M] 



< 



"i (M-to) + \{Ax,x) 



1 W \\i llp,[m,M] ' ri>liii^l 



if /' £ Lp [m, M] 
1 I 1 



(3.172) 



for any x £ H with ||a;|| = 1, where the function / : [m, Af ] — > R is abso- 
lutely continuous on [m, M] , which are related to the Jensen's inequality 
for convex functions. 

1. Now, if we consider the concave function / : [to. A/] C [0, oo) — > R, 
/ (t) = i*" with r £ (0, 1) and take into account that it is of r — L— Holder 
type with the constant L = 1, then from (|3.17ip we derive the following 
reverse for the Holder-McCarthy inequality {^Sj 



0< {A'-x,x)^{Ax,xY < 
for any x £ H with ||a:|| = 1. 



I (M - to) 



{Ax, x) — 



M 



(3.173) 
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2. Now, if we consider the functions / : [m,M] C (0,oo) — > M with 
/ (t) — t'' and s E (—00,0) U (0,oo) , then they are absolutely continuous 

and 

( sK'P-^ for se [l,oo), 

11/ lloo.[m,Af] ~ \ 

y |s|m^-i for s e (-CX), 0) U (0, 1) . 
If p > 1 , then 



l/'l 



p,[7yi,M] 




M \ 1/P 



^,^p(.-i) + i_„p(=-i) + i\l/p 



p(s-l) + l 



^^(^)] 



1/p 



if S7^ 1 



if s = 1-i. 
p 



On making use of the first inequality from p.l72p we deduce for a given 
s e (-00,0) U (0, oo) that 



\{Ax,x)' -{A''x,x)\ < 



- (M - m) + 



{Ax, x) 



■M 



(3.174) 



sM 



s-l 



for s £ [l,oo). 



|s|m"-i for se (-00,0) U (0,1). 

for any x £ H with ||a;|| = 1. 

The second part of (|3.172[) will produce the following reverse of the 
Holder-McCarthy inequality as well: 



\{Ax,xy -{A''x,x)\ < \s\ 



i (M - m) + 



{Ax, x) - 



m + M 



(3.175) 



jv/p(=-i)+i- 



,p(=-i)+i\i/p . 



[ln(f)] 



p(s-l) + l 

1/p 



if s 7^ 1 - i 



if s = 1 - i 

p 



for any x £ H with Hxjl = 1, where s G (— oo,0) U (0,oo), p > 1 and 



i + i = l- 



3. Now, if we consider the function / (t) = Ini defined on the interval 
[m, M] C (0, oo) , then / is also absolutely continuous and 



11/ llp,[m,A/] — ' 



InfM) 



i/p 



for p — oo, 

for p > 1, 
for p = I. 
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Making use of the first inequality in p.l72p we deduce 



< In ((At, x)) - (In {A) x, x) < 

and 

0<\n{{Ax,x))~ {\n{A)x,x) 



1 (M - m) + 



{Aj 



m + M 



< 



1 



{M - m) + 



{Ax, x) 



m + M 



MP- 



iP-i 



{p- l)MP-^mP-^ 



m 
(3.176) 

(3.177) 
i/p 



for any x d H with ||x|| = 1, where p> 1 and - -\- - = 1. 

Similar results can be stated for sequences of operators, however the 
details are left to the interested reader. 



3.5.^ Some Particular Griiss' Type Inequalities 

In this last section we provide some particular cases that can be obtained 
via the Griiss' type inequalities established before. For this purpose we 
select only two examples as follows. 

Let A he a, selfadjoint operator with Sp {A) C [m, M] for some real num- 
bers m < M. If g : [m, M] — > ffi. is continuous with 5 := imnt^^jn.M] 9 {t) 
and A := maxfg[„ jv/j g (t) , then for any / : [m, M] — > R of r — L— Holder 
type we have the inequality: 



I (/ (A) g (A) X, x) - (/ {A) X, x) ■ {g (A) x, x) 



(3.178) 



<-(A-5)L 



_^M-m) + 



^ m + M _, 
A 7. Iff 






for any x € H with ||a;|| = 1. 

Moreover, if / is absolutely continuos on [ttt,, M] , then we have the in- 
equalities: 



\{f{A)g{A)x,x)-{J{A)x,x)-{g{A)x,x)\<\{l^-5) 



[^{^M-m) + {\A-^^-lH\x,x)]\\f\\ 



oo\rn,M] 



if /' e L^ [to, M] ■ 



[i(Af-TO) + (|A-H^.l^|x,x)]^/^||/'||^,[,„, - ^ --P 



if /' e Lp [to, m] , 



M] p,q> 1,1 + 1 = 1 



(3.179) 



for any x £ H with ||x|| = 1. 

1. If we consider the concave function / : [m, M] C [0, oo) — ;> R, / {t) — f 
with r G (0, 1) and take into account that it is of r — L— Holder type with 
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the constant L = 1, then from (|3.178p we derive the following result: 

\{A-g{A)x,x) ~ (A'-x,x) • (^g{A)x,x)\ (3.180) 



<2(A-^) 



- (Af - m) + 



TO + M 
^ 7. Iff 



for any x G H with ||a;|| = 1, where g : [m, M] — s- M is continuous with 
6 := mintg[„ M] 9 (t) and A := max^g^^^M] 9 {t) ■ 

Now, consider the function g : [m, M] C (0, oo) — > M, g (t) — t^ with 
p e (— oo, 0) U (0, cxd). Obviously, 



MP -mP if p > 0, 



A-S = 






M^P-m 



iip<0, 



M-Pm-P 

and by (|3.180p we get for any x E H with ||a:|| = 1 that 
< {A'-+Px,x) - {A'^x,x) ■ {APx,x) 



(3.181) 



< - {MP - mP) 



i (M - m) + 



. m + M ^ 
A 7, Iff 






when p > and 

< {A^'x, x) ■ {APx, x) - {A^'+Px, x) 



(3.182) 



< 



1 M-P ~ m-P 



M-Pm'P 



(M - m) + 



m + M 
A 7 Iff 






when p < Q. 

If g : [m, M] C (0, oo) -^ R, g (t) = Int, then by p.l80p we also get the 
inequality for logarithm: 



< {A^ In Ax,x) - {A^x, x) ■ (In Ax, x) 



(3.183) 



, M 

< InW — 

V m 



- (M -m) + 



m + M 
A 7 Iff 



for any x € H with ||x|| = 1. 

2. Now consider the functions /, g : [m, M] C (0, oo) — )■ R, with / (t) = i^ 
and g {t) = f" with s, w e (-oo, 0) U (0, oo) . We have 



llf'll 

\\J Ho 

and, for p > 1, 



-.M] 



l/'llp,l 



..,M] 



\s\x 



sM^-^ forse[l,oo), 

|s|m"-i for s e (-00,0) U (0,1). 



MM.-.m m.-d.a V^ if,s^l-i 



[l-(^)] 



1/p 



if 
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If w > 0, then by the first inequahty in p.l79p we have 

I {A'+'^x, x) - {A'x, x) ■ {A'^x, x) I (3.184) 



< _ (M- ~ m-) 



(Af - ni) + 



m + M 
A ^ Iff 






sM" 



for s e [l,oo), 



|s|m'*-i for s e (-CX), 0) U (0, 1) . 

for any x d H with ||a;|| = 1. 

If w < 0, then by the same inequality we also have 



{(A'+'^x^x) ^ {A''x,x) ■ {A'''x,x)\ 



1 Af-"" - m-"" 
< - . 

rs-l 



- [M - m) + 



771 + Af 



(3.185) 






sAp-i forse[l,oo), 



IsItti"-^ for s e (-CX), 0) U (0, 1) , 

for any x d H with ||x|| = 1. 

Finally, if we assume that p > 1 and w > 0, then by the second inequality 
in p.l79p we have 



\{A''+'"x,x) - {A'x.x) ■ (A™a;,a;)| 



< - \s\ (A/- - 777-) 



(Af - m) + 



A- 



m + M 



X < 



MP(=-i) + i-mP( = -i) + i \ ^^^ 



p(s-l) + l 
'M\-\^/P 



[ [ln(^)]- 
while for It; < 0, we also have 



if s 7^ 1 - i 



if s = l-i, 

p' 



i-H 






(3.186) 

1/9 



\{A'+'"x,x) - {A'x.x) ■ {A'"x,x)\ 



< - s ■ 

- 2 I I M-^m-^ 



(M -m) + 



A- 



m + M 



•1 



H 



(3.187) 

1/9 



MP<=-i) + 



i_„p(--i) + i\^/P . 



[ln(f)] 



p(s-l) + l 

mm1/p 



if s 7^ 1 - i 
~ p 



if s = 1-i, 

p' 



where g > 1 with ^ + ^ = 1 and x £ H with ||a;|| = 1. 
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3.6 Bounds for the Cebysev Functional of 
Lipschitzian Functions 

3. 6. 1 The Case of Lipschitzian Functions 
The following result can be stated: 

Theorem 211 (Dragomir, 2008, [34j) Let A he a self adjoint operator 
with Sp {A) C [rn, AI] for some real numbers m < M. If f : [to, M] — > R 
is Lipschitzian with the constant L > and g : [m, M] — > M is continuous 
with S := min4g[„i_M] 9 {t) and A := niaxtg[„^M] 9 (t) , then 

\C (/, g;A;x)\<^{A-d)L (^4,, (A) x, x)<{A- 5) LC (e, e; A; x) 

(3.188) 
for any x £ H with \\x\\ = 1, where 

eA,x{t):={\t-lH-A\x,x) 

is a continuous function on [to, M] , e{t) — t and 

C(e,e;A;a;) = ||Aa;||^ - {Ax,xf{>Q). (3.189) 

Proof. First of all, by the Jensen inequality for convex functions of selfad- 
joint operators (see for instance ^44i P- 5]) applied for the modulus, we can 
state that 

\{h{A)x,x)\<{\h{A)\x,x) (M) 

for any x € H with ||x|| — 1, where h is a, continuous function on [to, M] . 
Since / is Lipschitzian with the constant L > 0, then for any t, s € [m, M] 
we have 

\f{t)-f{s)\<L\t-s\. (3.190) 

Now, if we fix i € [m, AI] and apply the property ([P]) for the inequality 
p.l90|) and the operator A we get 

(1/ {t) ■lH-f{A)\x,x)<L {\t -Ih-AI X, x) , (3.191) 

for any x G H with ||a;|| = 1. 

Utilising the property ([HI we get 



\f{t)~{fiA)x,x)\^\{f{t)-lH~fiA)x,x)\<{\fit)-lH-fiA)\x,x) 
which together with p.l91|) gives 

\fit)~{f{A)x,x)\<L£A^,{t) (3.192) 

for any t e [?7i, M] and for any x £ H with ||.t|| = 1. 
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Since S :— miring [,„jvf] 9 (t) and A :— inaxt£[m,M] 9 (J-) , we also have 



9{t) 



A + 6 



<-,iA-S) 



(3.193) 



for any t G [m, M] and for any x Cz H with ||x|| = 1. 

If we multiply the inequality p.l92p with p.l93p we get 

/ (t) g it) - if (A) X, x) g (t) - ^/ (t) + ^ (/ (A) x, x) (3.194) 

<l{A-6) L£a.. {t) = i (A - (5) L (|t • Iff - A\ x, x) 

<-{A-5)L(^\t-lH-A\'x,x) 

= i ( A - 5) L {{A^x, x)~2 {Ax, x) t + t^f'^, 

for any t G [m, M] and for any x £ H with ||a;|| — 1. 

Now, if we apply the property (JP]) for the inequality (I3.194P and a selfad- 
joint operator B with 5"^ {B) C [m, M] , then we get the following inequality 
of interest in itself: 



{f{B)g{B)y,y)~{f{A)x,x){g{B)y,y) 
-^{f{B)y,y) + ^{f{A)x,x) 

<^{A~6)L{eA,AB)y,y) 

<^{A-S)L ({{A^x, x)1h-2 {Ax, x) B + B^ 



(3.195) 



>l/2 

) y,y 

<^{A-S)L {{A^x, x) - 2 {Ax, x) {By, y) + {B^y, y)) , 

for any x,y d H with ||x|| = \\y\\ — 1. 

Finally, if we choose in (|3.195p y — x and B ~ A, then we deduce the 
desired result p. 1881) . ■ 

In the case of two Lipschitzian functions, the following result may be 
stated as well: 

Theorem 212 (Dragomir, 2008, |34j) Let A be a selfadjoint operator 
with Sp (A) C [to, M] for some real numbers m < M. If f, g : [m, M] — > M 
are Lipschitzian with the constants L, K > 0, then 



\C{f,g;A;x)\<LKC{e,e;A;x), 
for any x £ H with \\x\\ = 1. 



(3.196) 
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Proof. Since /, g : [m, M] — > M. are Lipschitzian, then 

1/ it) -f{s)\<L\t-s\ and \g (t) - g {s)\ < K \t ~ s\ 

for any i, s G [m, M] , which gives the inequahty 

1/ (t) g{t)-! (t) g{s)^f (s) git) + f (s) g {s)\ < KL {t^ - 2ts + s^) 

for any i, s G [m, M] . 

Now, fix i € [m, M] and if we apply the properties (|P|) and (|M|) for the 
operator A we get successively 

\f{t)git)~(g (A) x,x)f{t)~{f{A)x,x) g (t) + {f (A) g (A) x,x)\ 

(3.197) 

= mit)g{t)-lH-fit)g{A)-fiA)g{t) + f{A)g{A)]x,x)\ 

<{\fit)g{t)-lH-fit)g{A)-fiA)g{t) + f{A)g{A)\x,x) 

< KL { {t^ ■ Ih - 2tA + A^) x, x) = KL {f ~ 2t {Ax, x) + {A^x, x)) 

for any x d H with ||a;|| = 1. 

Further, Gx x Cz H with ||a;|| = 1. On applying the same properties for 
the inequahty (|3.197l) and another selfadjoint operator B with Sp [B) C 
[m, M] , we have 

I (/ {B) g (B) y, y) - {g (A) x, x) (/ (B) y, y) (3.198) 

- (/ {A) X, x) {g (B) y, y) + (/ [A) g [A) x, x) \ 

= \{[f{B)g{B)-{g{A)x,x)f{B)-{f{A)x,x)g{B) + {f{A)g{A)x,x)lH]y,y)\ 

< (1/ {B) g (B) ~ {g (A) x, x) f (B) - (/ (A) x, x) g (B) + (/ (A) g (A) x, x) Ih\ y, y) 

< KL {{B^ -2 {Ax, x)B + (A^x, x) Ih) y, y) 
= KL {{B^y, y) - 2 {Ax, x) {By, y) + {A^x, x)) 

for any x,y d H with ||a;|| — \\y\\ — 1, which is an inequality of interest in 
its own right. 

Finally, on making B ^ A and y = a; in (I3.198P we deduce the desired 
result (I5TM| . ■ 

3.6.2 Some Inequalities for Sequences of Operators 

Consider the sequence of selfadjoint operators A = {Ai, . . . ,An) with 
Sp{Aj) C [m,M] for j G {l,...,n} and for some scalars m < M. If 
X = {xi, . . . ,Xn) & H"- are such that Yll=i W^jW ~ 1j then we can con- 
sider the following Cebysev type functional 

n n n 

C {f,g; A, x) := ^ (/ {Aj) g (Aj) Xj, x^)-^ (/ {Aj) Xj,Xj)-Y^ {g (Aj) Xj,Xj) . 
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As a particular case of the above functional and for a probability sequence 
p = (pi, ...,pn), i.e., pj > for j e {1, . . . , n} and X]"=i Pj = 1, we can 
also consider the functional 

C(/,5;A,p,x) := /^Pj/(Aj).g(Aj)x,x\ 

where x ^ H, \\x\\ = 1. 

We know, from [301 that for the sequence of selfadjoint operators A — 
{Ai,...,An) with Sp{Aj) C [m,M] for j g {l,...,n} and for the syn- 
chronous (asynchronous) functions /, g : [m, M] — > R we have the in- 
equality 

C(/,g;A,x)>(<)0 (3.199) 

for any x = {xi, . . . ,a;„) G if" with J2l=i W^jW ^ 1- Also, for any proba- 
bility distribution p = (pi, . . . ,p„) and any x G iJ, ||a;|| = 1 we have 

C(/,g;A,p,x)>(<)0. (3.200) 

On the other hand, the following Griiss' type inequality is valid as well 



|C(/,ff;A,x)|<i.(r-7)[C(5,S;A,x)]i/^(^<i(r-7)(A-<5) 

(3.201) 
for any x = (xi, . . . , a;„) € _ff" with X]7=i ll-^ill ~ 1' where / and g are 
continuous on [m,M] and 7 := mmt(z[m,M] f (t) , T := niaxtg[„^M] / (i), 
5 := mintg[„_M] ff {t) and A := maxtg[„_M] g {t) ■ 

Similarly, for any probability distribution p = (pi, . . . ,p„) and any x e 
H, \\x\\ — 1 we also have the inequality: 

|C(/,5;A,p,x)| < i • (r-7)[C(5,g;A,p,a;)]^/' (^< ^{T - j) {A - 5) 

(3.202) 
We can state now the following new result: 

Theorem 213 (Dragomir, 2008, [34]) Let A = (Ai,...,A„) 6e a se- 
quence of selfadjoint operators with Sp{Aj) C [m, M] for j € {l,...,n} 
and /or some scalars m < M. If f : [m, M] — > M is Lipschitzian with the 
constant L > and g : [m, M] — > M is continuous with S :~ niinfg[m mj 5 (i) 
and A := iTiajit€[m,M] g (t) , then 

1 " 

|C(/,5;A,x)| < -(A-,5)L^(^A.x(^fe)xfe,Xfe) (3.203) 

fc=i 
< (A-<5)LC(e,e;A;x) 
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for any x = (cci, . . . , Xn) G H" with X]i=i ll-'^ill = 1' where 

n 

is a continuous function on [m, M] , e{t) —t and 



Proof. Follows from Theorem 121 II The details are omitted. ■ 
As a particular case we have; 

Corollary 214 (Dragomir, 2008, ^Mj) Let A = (Ai,...,A„) be a se- 
quence of selfadjoint operators with Sp{Aj) C [m,M] for j e {l,...,n} 
and for some scalars m < M. If f : [m, M] — > R is Lipschitzian with the 
constant L > and g : [m, M] — > M is continuous with 5 := minjg[m,M] 9 (t) 
and A :— maxigj™ mj t/ (t) , then for any pj > 0,j G {l,...,n} with 
'^j=iPj ~ 1 ^''^d, X ^ H with \\x\\ ~ 1 we have 

\Cif,g;A,p,x)\ <]^{^ - 5) L {y^pkU,p,AAk)x,x\ (3.204) 

< (A-(5)LC(e,e;A,p,a;) 
where 

^A,p,x {t) := ( ^^Pj \'t -Ih ~ A.j\x,x\ 

is a continuous function on [m, M] and 

n In \ 2 

C(e,e;A,p,a;)=^Pj||Axj||^- r^PjAjX,x\ (> 0) . 

Proof. In we choose in Theorem 12131 a:., = y/pj ■ x, j E {1, . . . ,n} , where 
Pj > 0, J G {1, . . . ,n} , J2^=i Pj — 1 ^1^*^ X <E H, with ||a;|| = 1 then a simple 
calculation shows that the inequality p.203p becomes p.204p . The details 
are omitted. ■ 

In a similar way we obtain the following results as well: 

Theorem 215 (Dragomir, 2008, [34j) Let A ^ (Ai,...,A„) he a se- 
quence of selfadjoint operators with Sp{Aj) C [m, M] for j £ {l,...,n} 
and for some scalars m < M. If f, g : [m, M] — > M. are Lipschitzian with 
the constants L,K > 0, then 

|C(/,.g;A,x)| < LKC {e,e;A,x) , (3.205) 

for any x = (xi, . . . , a;„) G H" with X]i=i INill = 1- 
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Corollary 216 Let A = (^i, . . . , An) be a sequence of selfadjoint opera- 
tors with Sp (Aj) C [to, M] for j G {1, . . . , n} and for some scalars m < M. 
U It 9 '■ i*^: ^] — ^ J^ '^''6 Lipschitzian with the constants L, K > 0^ then 
for any pj > 0,j G {1, . . . ,n} with X]?=i Pj = ^ we have 

\C if, g; A, p,x) \ < LKC (e, e; A, p,a:) , (3.206) 

for any x £ H with \\x\\ ~ 1. 

3.6.3 The Case of {(p,^) —Lipschitzian Functions 
The following lemma may be stated. 

Lemma 217 Let u : [a, 6] — > M and (p, $ e M with $ > (p. The following 
statements are equivalent: 

(i) The function u— ^l^ '^i "where e (t) = t, t E [a, 5] , is ^ (<& — (p) —Lipschitzian; 

(ii) We have the inequality: 

uit) — U i S) 

(fi < —^ ^— < $ for each t,s E [a, b] with t ^ s; (3.207) 

t — s 

(Hi) We have the inequality: 

(f (t — s) < u (t)—u (s) < ^ (t — s) for each t, s E [a, b] with t > s. 

(3.208) 

Following [4 7) . we can introduce the concept: 

Definition 218 The function u : [a, &] — >■ R which satisfies one of the 
equivalent conditions (i) - (Hi) is said to be ((/?, $) —Lipschitzian on [a,h\ . 

Notice that in [4,7^, the definition was introduced on utilising the state- 
ment (iii) and only the equivalence (i) <^ (iii) was considered. 

Utilising Lagrange 's mean value theorem, we can state the following result 
that provides practical examples of (ip, $) —Lipschitzian functions. 

Proposition 219 Let u : [a, 6] -^ R be continuous on [a, b] and differen- 
tiable on {a, b) . If 

- oo < 7 := inf u (t) , sup u (i) ==: F < oo (3.209) 

te{a,b) te{a,b) 

then u is (7, F) —Lipschitzian on [a, b] . 
The following result can be stated: 
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Theorem 220 (Dragomir, 2008, [34]) Let A be a selfadjoint operator 
with Sp (A) C [tti, M] for some real numbers m < M. If f : [m, M] — > R 
is (if,^) —Lipschitzian on [a,b] and g : [m, M] — > M is continuous with 
6 := mintg[„^M] 9 (t) and A := ma.Xt^[^^M] 9 (t) , then 



C (/, <?; A; x) - ^^-— C (e, .g; A; x) 



(3.210) 

<i(A-<5)($-^)C(e,e;A;a;) 

for any x (z H with \\x\\ — 1. 

The proof follows by Theorein l2 1 1 l applied for the i ($ — (/?) — Lipschitzian 
function / — ^i^ • e (see Lemma 12171) and the details are omitted. 

Theorem 221 (Dragomir, 2008, [34j) Let A be a selfadjoint operator 
with Sp (A) C [m, M] for some real numbers m < M and /, g : [m, M] — >■ 
R. /// is {if, $) —Lipschitzian and g is {ip, '^) —Lipschitzian on [a, b] , then 

Cif,g;A;x)-^^C{e,g;A;x) (3.211) 

^C (/, e; A; x) + -^ ■ -^C (e, e; A; x) 

<^i^-y,){^-ij)C{e,e;A;x), 

for any x £ H with \\x\\ = 1. 

The proof follows by Theorem l2 1 2l applied for the ^ ($ — </?) —Lipschitzian 

function / — "^"I • e and the ^ (^ — V) —Lipschitzian function g i^ • e. 

The details are omitted. 

Similar results can be derived for sequences of operators, however they 
will not be presented here. 



3.6.4 Some Applications 

It is clear that all the inequalities obtained in the previous sections can be 
applied to obtain particular inequalities of interest for different selections 
of the functions / and g involved. However we will present here only some 
particular results that can be derived from the inequality 

\C{f,g-A-x)\<LKC{e,e-A-x), (3.212) 

that holds for the Lipschitzian functions / and g, the first with the constant 
L > and the second with the constant K > Q. 
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1. Now, if we consider the functions f,g : [m,M] C (0, oo) — > M. with 
/ (i) = fP, g (t) = f^ and p,q E (-co, 0) U (0, oo) then they are Lipschitzian 
with the constants L = ||/'||^ and K = ||g'||^ . Since /' (i) =ptP-'^,g{t) = 
qf^'^, hence 



Il/'IL = 



and 



pMP-^ forpe [l,oo), 
\p\mP-^ for p e (-00,0) U (0,1) 

gM«-i forge [l,oo), 

\q\m'^-^ for g e (-00, 0) U (0, 1) 

Therefore we can state the following inequalities for the powers of a 
positive definite operator A with Sp (A) C [m, M] C (0, oo) . 
li p,q > 1, then 

(0 <) {AP+'^x,x) - {APx,x) ■ (A%,x) <toMP+«-2 (\\Ax\f - {Ax,xf) 

(3.213) 
for each x E H with ||x|| = 1. 

If p > 1 and q G (-oo, 0) U (0, 1) , then 

\{AP+'^x,x) ~ {APx,x) ■ {A'^x,x)\ KplqlMP^^m"-^ (WMf - {Ax,xf] 

(3.214) 
for each x £ H with ||x|| — 1. 

lipe (-00,0) U (0,1) and q>l, then 

\{AP+'^x,x) - {APx,x} ■ (A«x,x)| < IplqW^'^mP-^ (\\Axf - {Ax,xf^ 

(3.215) 
for each x G H with ||x|| = 1. 
lip,qe (-00, 0) U (0, 1) , then 

\{AP+'^x,x) - {APx,x) ■ (A«x,x)| < \pq\mP+'^-^ (\\Axf - {Ax,xf) 

(3.216) 
for each x G H with ||x|| = 1. 

Moreover, if we take p ~ 1 and q = — 1 in p.214p . then we get the 
following result 

{0<){Ax,x) ■{A-^x,x)-l < m-^ (\\Axf ~ {Ax,xf] (3.217) 

for each x G H with ||a;|| = 1. 

2. Consider now the functions f,g : [in,M] C (0, oo) — > R with f (t) = 
tP,p £ (— oo, 0) U (0, oo) and g (t) = Int. Then g is also Lipschitzian with 
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the constant K = Wg'W^y^ = ni^^ . Applying the inequality p.212p wc then 
have for any x Cz H with ||a;|| = 1 that 

{0<){APlnAx,x)-{APx,x)-{\nAx,x) < pMP-^m-^ (\\Axf - {Ax,x)'^'\ 

(3.218) 
ifp>l, 

{0<){AP\nAx,x) ~{APx,x) ■ {\nAx,x) < pmP-^ (\\Axf - {Ax,x)^) 

(3.219) 
if p e (0, 1) and 

iO<){APx,x) ■{lnAx,x)~{AP\nAx,x) < {-p)mP-^ (\\Axf - {Ax,xf) 

(3.220) 
if p e (-00,0) . 

3. Now consider the functions /, g : [m, M] C IR — > M given by / (t) = 
exp (at) and g (t) = exp (/3t) with a, /3 nonzero real numbers. It is obvious 
that 

{exp (aM) for a > 0, 
exp (am) for a < 

and 

( exp {(3M) for ^ > 0, 

ll5'IL-l/3|x 

[ exp {(3m) for /3 < 

Finally, on applying the inequality p.212p we get 

(0 <) (exp [{a + 13) A] x, x) - (exp {aA) x, x) ■ (exp (13 A) x, x) 

( exp [(a + 13) M] for a, /3 > 0, 
<\ap\(\\Ax\\'~{Ax,x)^) X \ 

y exp [(a + 13) m] for a, /3 < 

and 

(0 <) (exp (aA) x, x) ■ (exp ((3 A) x, x) — (exp [(a + (3) A\ x, x) 

{exp (aM + I3ni) ioi a> 0,(3 <0 
exp (am + I3M) for a < 0, /? > 



for each x ^ H with ||a:|| = 1. 
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3.7 Quasi Griiss' Type Inequalities 

3. 7. 1 Introduction 

In TB', in order to generalize the above result in abstract structures the 
author has proved the following Griiss' type inequality in real or complex 
inner product spaces. 

Theorem 222 (Dragomir, 1999, [16j) Let {H, {.,.)) be an inner prod- 
uct space over K (K = M.C) and e (£ H, \\e\\ = 1. // ip,j,^,T are real or 
complex numbers and x, y are vectors in H such that the conditions 

Re ($e -x,x-ipe)>0 and Re {Te - y, 2/ - 7e) > (3.221) 

hold, then we have the inequality 

\{x, y) - {x, e) (e, y)| < 1 1$ - ^| . |r - 7I . (3.222) 

The constant j is best possible in the sense that it can not be replaced by a 
smaller constant. 

For other results of this type, see the recent monograph [27, and the 
references therein. 

Let U he a selfadjoint operator on the complex Hilbert space {H, (., .)) 
with the spectrum Sp{U) included in the interval [m,M] for some real 
numbers m < M and let {E\}^ be its spectral family. Then for any contin- 
uous function / : [m, M] — ^ C, it is well known that we have the following 
spectral representation theorem in terms of the Riemann-Stieltjes integral: 

I'M 

f{U)^ f{X)dEx, (3.223) 

Jm-O 

which in terms of vectors can be written as 

pM 

{f{U)x,y)= f{X)d{Exx,y), (3.224) 

Jm-O 

for any x,y ^ H. The function g^^y (A) :— {E\x, y) is of bounded variation 
on the interval [m, M] and 

9x.,y (m - 0) = and g^^y (M) = (x, y) 

for any x,y € H. It is also well known that gx (A) := {E\x, x) is monotonic 
nondecreasing and right continuous on [to, M]. 
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3.1.2 Vector Inequalities 

In this section we provide various bounds for the magnitude of the difference 

{!{A)x,v)-{x,v){j{A)x,x) 

under different assumptions on the continuous function, the selfadjoint op- 
erator A : H —> H and the vectors x,y ^ H with ||a;|| — 1. 

Theorem 223 (Dragomir, 2010, [35]) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [m, M] for some real 
numbers m < M and let {E\}^ be its spectral family. Assume that x,y & 
H, \\x\\ — 1 are such that there exists 7,r e C with either 



Re (Tx — y,y — jx) > 



(3.225) 



or, equivalently 



7 + r 
y t;—^ 



<2ir-7l 



1. If f : [m,M] -^ C is a continuous function of bounded variation on 
[m,M], then we have the inequality 



\{f{A)x,y)-{x,y){f{A)x,x)\ 



(3.226) 



M 



\e[m,M] ' 



< max 

Xe[m,M] 



1/2 



{{E,x, x) {{Ih E,) X, x)f^ (\\y\\^ |(y, x) |^) \J (/) 

rn 
1 1/2 ^'^ 1 ^ 

<7^i\\y\?-\{y,^)?) \/{I)<-A^-i\\/U)- 



2. If f : [m, M] -^ C is a Lipschitzian function with the constant L > 
on [m,M], then we have the inequality 



\{f{A)x,y)-{x,y){f{A)x,x)\ 

<L I \{Exx,y) - {Exx,x) {x,y)\d\ 



(3.227) 



< L 

< L 



1/2 Z"*^ 

''^ ' {{Exx,x){{lH-Ex)x,x))'/^dX 



in-O 



{\\yf-\{y,x)f 

{\\y\\' - 1(2/, x)\^) ^'^ {{MIh - A) X, x)"^ {{A - mlu) x, x)"^ 
<\{M-m)L {\\y\\^ - |(y, x)\^) ^'^ <\\V - ^\ {M - m) L. 
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3. If f '■ [m, M] — >■ R zs a continuous monotonic nondecreasing function 
on [m,M], then we have the inequality 

\{f{A)x,y)-{x,y){f{A)x,x)\ (3.228) 

< / \{Exx,y)-{Exx,x){x,y)\df{X) 

Jrn-a 

<[\\yf-\{y,x)f\ / ((£;^x,x)((lH-i?A)x,x))^/'4f(A) 

[\\y\f-\{y,x)fy^' 

■A))x,x)'^'{{fiA) 

1/2 1 



< 

X {(f (M)1h - f {A))x,x)'^' {{f (A) - f im)lH)x,x)'^' 
<^[f{M)~fim)][\\yf~\{y,x)fy<^\r-j\[f{M)-fim)]. 



Proof. First of all, we notice that by the Schwarz inequality in H we have 
for any u,v,e € H with ||e|l = 1 that 

\{u,v) - {u,e) {e,v)\ < [\\uf - |(^,e)|^)'^' [\\v\f - |(«,e)|^)'^' . 

(3.229) 
Now on utilizing (|3.229p . we can state that 

\{Exx,y)~{Exx,x){x,y)\ (3.230) 

1/2 /,, ,,, ,, ,,,\l/2 



< 



{\\E,xf~\{E,x,x}\') {\\yf~\{y,x}\') 



for any A S [to, M] . 

Since Ex are projections and Ex > then 

\\Exxf - \{Exx,x)\'' = {Exx,x) - {Exx,xf (3.231) 

= {Exx,x){{1h-Ex)x,x) < - 

for any A G [to,, M] and x G H with ||x|| = 1. 

Also, by making use of the Griiss' type inequality in inner product spaces 
obtained by the author in [TH] we have 

1/2 1 

2 

Combining the relations p.230p - p.232p we deduce the following inequality 
that is of interest in itself 



(||2/ir-|(2/,x)|2)'^'<i|r-7|. (3.232) 



\{Exx,y)-{Exx,x){x,y)\ (3.233) 

< i{Exx,x) {{lH~Ex)x,x)f^ {\\yf - |(y,x)|2)'^' 

1 / 9 9\l/2 1 

<2(bll'-|(y,^>l') <4ir-7l 



180 



3. Inequalities for the Cebysev Functional 



for any A £ [m, M] . 

It is well known that if p : [a, 6] — > C is a continuous function, v : [a, b] — ;> 
C is of bounded variation then the Riemann-Stieltjes integral J p (t) dv {t) 
exists and the following inequality holds 



p (t) dv (t) 



< max\p{t)\\/{v), 



(3.234) 



where W (u) denotes the total variation of v on [a, b] . 

a 

Utilising this property of the Riemann-Stieltjes integral and the inequal- 
ity p.233p we have 



M 



[{Exx,y)-{Exx,x){x,y)]dfiX) 



(3.235) 



M 



< max \{Exx,y) - {E),x,x) {x,y)\\/ (f) 

\e[m,M] * 



< max 

Ae[m,M] 



1/2 



{{E,x,x) {{1h - E,)x,x)f' [\\yf -\{y,x)f) \/ {f) 

m 

M M 

V(/)<iir-7lV(/) 



1 / 9 9\l/2 

<^[\\y\\ -\{y,^)\ 



for X and y as in the assumptions of the theorem. 

Now, integrating by parts in the Riemann-Stieltjes integral and making 
use of the spectral representation theorem we have 



M 



[{Exx,y)~{Eyx,x){x,y)]df{X) 



(3.236) 



771 — 



[{Exx,y)-{Exx,x){x,y)]f{\)C_, 

M 

f {\)d[{Exx.,y) - {Exx.x) {x,y)] 



M 



M 



= {x, y) / / (A) d {Exx, x)- f{X)d {Exx, y) 

Jm-O Jm-0 

= {x,y){f{A)x,x)-{f{A)x,y) 

which together with (|3.235p produces the desired result (I3.226p . 

Now, recall that if p : [a, 6] — ^ C is a Riemann integrable function and 
V : [a,6] — > C is Lipschitzian with the constant L > 0, i.e., 



|/(s)-/(t)| <L\s-t\ foranyi,se [a,b]. 
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then the Riemann-Stieltjes integral / p (t) dv (t) exists and the following 
inequality holds 



p (t) dv (t) 



<L f \pit)\dt. 

J a 



Now, on applying this property of the Riemann-Stieltjes integral we have 
from (|3.233p that 



M 



[{E)^x,y)-{Exx,x){x,y)]df{X) 



(3.237) 



r?i— 

<L \{Exx,y}~{Exx,x}{x,y)\dX 

Jm~0 

1/2 rM 



<L{\\yf~\{y,x}\') / {{E^x,x}{{lH-Ex)x,x)f^dX. 



m-O 



If we use the Cauchy-Bunyakovsky-Schwarz integral inequality and the 
spectral representation theorem we have successively 



M 



< 



{{E^x,x){{lH-Ex)x,x)f^dX 

-,1/2 



(3.238) 



M 



{E\x, x) dX 



rn — 



M 



{{lH-Ex)x,x)dX 



m-O 



1/2 



M 



{Exx,x)Xl^_^ 



M 



Xd {E\x, x) 



1/2 



,M 



M 



{{1h-Ex)x,x)XC_o- / Xd{{lH-Ex)x,x) 
= {{MIh - A) X, x)^'"^ ((^ - miff) X, xf^ . 

On utilizing p. 2381) . p.237p and p.236p we deduce the first three inequal- 
ities in (|3.227p . 

The fourth inequality follows from the fact that 

{{MIh - A) X, x) {{A - ml^) x, x) 

1 9 1 9 

< - [{{MIh - A) X, x) + {{A - ml//) x, x)] ^ - (Af - m) . 

The last part follows from p.232p . 

Further, from the theory of Riemann-Stieltjes integral it is also well 
known that if p : [a, 6] — ?> C is of bounded variation and v : [a, 6] — >■ R 
is continuous and monotonic nondecreasing, then the Riemann-Stieltjes in- 
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tegrals /^ p (i) dv (t) and /^ \p (i) | dv (t) exist and 



p (t) dv (t) 



< / \pit)\dvit). 



(3.239) 



Utilising this property and the inequahty p.233p we have successively 



I'M 

/ [{E)^x,y)-{E^x,x){x,y)]df{X) 

Jm-O 



M 

< I \{Exx,y) ^ {Exx.x) {x,v)\df {X) 

/m-O 

1/2 i-M 



(3.240) 



<(||y||2-|(y,x)|2) / {{E^x,x){{lH-E^)x,x)f'^df{\). 



m—0 



Applying the Cauchy-Bunyakovsky-Schwarz integral inequality for the Riemann- 
Stieltjes integral with nionotonic integrators and the spectral representa- 
tion theorem we have 



M 



i{Exx,x) {{1h - Ex) x,x)f^ df (X) 



(3.241) 



m-O 



< 



M 



{Exx,x)df{X) 



m—0 



1/2 



M 



{{lH-Ex)x,x)df{X) 



m-O 



1/2 



M 



{Exx,x)fiX)\Z^, 



M 



f{X)d{Exx,x) 



1/2 



M 



{{lH-Ex)x,x)f{X)C_, 



M 



-,1/2 



f{\)d{{lH-Ex)x,x) 



m-O 



= {{f {M)Ih - f {A))x,xf^{f {A) - f {m)lH)x,xf^ 
<i[/(M)-/(m)] 

and the proof is complete. ■ 

Remark 224 // we drop the conditions on x, y, we can obtain from the 
inequalities h3.226\) - \3.22T^ the following results that can he easily applied 
for particular functions: 

1. If f : [m,M] -^ C is a continuous function of bounded variation on 
[m,M], then we have the inequality 



{f{A)x,y)\\x\f-{x,y){f{A)x,x) 



(3.242) 



< 



1 1/2 ^'^ 

2 Il^ll'(ll2/ll' 11-^11' -l(y.^>l') V(/) 
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for any x,y E H,x ^ 0. 

2. If f '■ [m, M] —> C is a Lipschitzian function with the constant L > 
on [m,M], then we have the inequality 

{f{A)x,y)\\xf-{x,y){f{A)x,x)\<L{\\yf\\xf-\{y,x}fy 

(3.243) 
X [{{MIh - A) X, x) {{A - mln) x, x)]^'"^ 

<\{M-m)L\\x\\'(\\y\\'\\xf^\{y,x)\')"^ 

for any x,y £ H,x ^ Q. 

3. If f '■ [to, M] -^ M. is a continuous monotonic nondecreasing function 
on [m,M], then we have the inequality 

if (A) X, y) \\xf - {x, y) (/ {A) x,x)\< (Hyl^ \\xf - \{y, x)\') ''^ 

(3.244) 
X [((/ (M) lH~f {A)) X, x) ((/ {A) - / (to) Ih) X, x)f^ 

< i [/ (M) - / (to)] ||x||^ (||y|r ||x||^ - |(y,x)|^) '^' 

for any x,y Cz II,x ^ 0. 

The following lemma m.ay be stated. 

Lemma 225 Let u : [a,h\ ^ M. and (^, $ e M with ^ > tp. The following 
statements are equivalent: 

(i) The function m— -^^i— -e, where e {t) ~ t, t E [a, 6] , is ^ (<I> — ip) —Lipschitzian; 

(ii) We have the inequality: 

uit) — U ( S) 

(p < -^^ ^— < $ for each t,se [a, b] with t ^ s; (3.245) 

(Hi) We have the inequality: 

ip (t — s) < u (t)—u (s) < <& (t — s) for each t, s E [a, b] with t > s. 

(3.246) 

Following [47], we can introduce the concept: 

Definition 226 The function m : [a, &] — >■ M which satisfies one of the 
equivalent conditions (i) - (Hi) is said to be (93, $) —Lipschitzian on [a, 6] . 

Notice that in ^7], the definition was introduced on utilizing the state- 
ment (iii) and only the equivalence (i) <^ (iii) was considered. 

Utilising Lagrange 's mean value theorem, we can state the following result 
that provides practical examples of ((p, $) —Lipschitzian functions. 
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Proposition 227 Let u : [o, 5] — > M be continuous on [a, b] and differen- 
tiable on (a, b) . If 

- oo < 7 := inf u' (t) , sup u' (t) =: T < oo (3.247) 

te{a,b) te{a,b) 

then u is (7,r) — Lipschitzian on [a,b] . 

We are able now to provide the following corollary: 

Corollary 228 (Dragomir, 2010, j35] ) With the assumptions of Theo- 
rem\223[ and if f : [m,M] -^ M. is a {kp, ^)- Lipschitzian function then we 
have 

\{f{A)x,y)-{x,y){fiA)x,x)\ (3.248) 

1 f'' 

< :t (*-'/') / I {Exx, y) - {E^x, x) {x, y) \ d\ 

1 / \ 1/2 r^^ 

<::{^-V^)(\\y\f-\{y,x)n / {{E,x,x) {{1h - E,)x,x)f' dX 

^ ^ ' Jm-0 

<\i^-ip){\\yf-\{y,x)fy 

X ((Af Iff - A) x, x)^^^ {{A - miff) x, x)^^^ 

<liM-rn)i^-^)[\\y\\'-\{y,x)fy' 

< i |r - 7| {M -m){<^-(p). 



/m-O 
1/2 



The proof follows from the second part of Theorem 12231 applied for the 
2 ($ — (^)-Lipschitzian function / — — i^ • e by performing the required 
calculations in the first term of the inequality. The details are omitted. 



3.7.3 Applications for Griiss' Type Inequalities 

The following result provides some Griiss' type inequalities for two function 
of two selfadjoint operators. 

Proposition 229 (Dragomir, 2010, [35]) Let A,B be two selfadjoint 
operators in the Hilbert space H with the spectra Sp (A) , Sp (B) C [to, M] 
for some real numbers m < M and let {Ex}^ be the spectral family of 
A. Assume that g : [to,, M] — > R zs a continuous function and denote 
n := mintg[„_jv/] 9 (0 and N := maxtg[„^jv/] 9 (*) • 
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1. If f : [m,]]/!] -^ <C is a continuous function of hounded variation on 
[to, M], then we have the inequality 



I (/ [A) X, g [B) x) - (/ [A) X, x) {g (B) x, x) \ (3.249) 

M 

< max I {Exx, g (B) x) ^ {E^x, x) {x, g (B) x) \ \/ (/) 

AG m,M ' 

m 

< max {{Exx,x) {{Ih - Ex)x,x)f^ 

Ae[m,M] 

1/2 ^ 

x{\\g{B)x\\'-\{g{B)x,x)\') \/ {f) 

m 
1 1/2 ^^ 1 ^ 

-(||g(i?)xf-|(.g(B)x,x)|^) V (/) ^ i (^ " ") V (/) 



2 



for any x ^ H, \\x\\ = 1. 

2. If f ■ [to-, M] -^ C is a Lipschitzian function with the constant L > 
on [m,M], then we have the inequality 



I (/ (A) X, g (B) x) - (/ {A) X, x) {g (B) x, x) \ (3.250) 

I'M 

<L I {Exx, g [B) x) - {Exx, x) {x, g (B) x) \ dX 

Jm-O 

1/2 



<L[\\giB)x\f-\{giB)x,x)f) 



M 



X / {{Exx.x) {{Ih - Ex)x,x)f''' d\ 

<L[\\giB)x\f-\{giB)x,x)fy^' 

X {{MlH-A)x,xy^^{{A-mlH)x,xy^'^ 

<^{M-m)L{\\g{B)xf-\{g{B)x,x)\'y^^ 

<-{N-n){M-m)L 



for any x ^ II,\\x\\ ^ 1. 
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3. If f '■ [m, M] — >■ R is a continuous monotonic nondecreasing function 
on [m,M], then we have the inequality 

I (/ (A) X, g {B) x) - (/ {A) X, x) {g {B) x, x) \ (3.251) 

I'M 

< / I {Exx, g {B) x) - {E^x, x) (x, g (B) x) \ df (A) 

1/2 



<[\\g{B)xf-\{g{B)x,x)\') 

I'M 

X / {{Exx.x) {{Ih - Ex)x,x)f'^ df {X) 

Jm-O 

1/2 



<{\\g{B)xf~\{g{B)x,x)\') 

y. {{f {M)Ih - f {A))x,xf^ {{f {A) ^ f {m)lH)x,xf^ 

<\[f{M)-f{m)](\\g{B)xf-\{g{B)x,x)\')"^ 

<\{N^n)[f{M)^f{m)] 

for any x Cz H, \\x\\ = 1. 

Proof. We notice that, since n := mintg[m,M] 9 (i) and N :— maxtg[,„jv/] g (t.) . 
then n < {g {B) x,x) < N which implies that {g (B) x — nx, Mx — g [B) x) > 
for any x ^ H, \\x\\ = 1. On applying Theorem 12231 for y = Bx,r = N 
and 7 = 71 we deduce the desired result. ■ 

Remark 230 We observe that if the function f takes real values and is a 
(if, ^)-Lipschitzian function on [m,M], then the inequality iS. 250\) can be 
improved as folloivs 

I (/ (A) X, g (B) x) - (/ {A) X, x) {g (B) x, x) \ (3.252) 

1 f*^ 

< o (* - f^) / \{Eyx,g{B)x)- {Exx, x){x,g (B) x) \ dX 

<\{^-^)(\\g{B)x\\' -\{g{B)x,x)\')"^ 
X / {{Exx.x) {{\h - Ex)x,x)f'^ dX 

< - $ ■-' /ll-/n^„„l|2 l/„/n^ „ „\|2N 
- 2 ^ 



^)[\\giB)x\\'~\{giB)x,x)\ 
X ((Miff - A) X, x^^^ {{A - miff) x, x)^^^ 
< i (M - m) ($ - ^) (\\g (B) xf - \{g (B) x, x) |') 



1/2 



< -{N -n) (M - m) ($ - (/?) 
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for any x £ H,\\x\\ =1. 

3.7.4 Applications 

By choosing different examples of elementary functions into the above in- 
equalities, one can obtain various Griiss' type inequalities of interest. 

For instance, if we choose /, g : (0, 00) — >■ (0, 00) with f (t) = tP,g (i) = f^ 
and p,q > 0, then for any selfadjoint operators A, B with Sp {A) , Sp {B) C 
[m, M] C (0, 00) we get from (|3.25ip the inequalities 

I {APx, B'^x) - {APx, x) {B'^x, x) \ (3.253) 

/ \ 1/2 r^^ 

<p(\\B'^xf-\{B''x,x)n / {{E^x,x){{lH-E^)x,x)f'XP-UX 

< {\\B'>xf -\{BH,x)\^'^ {{MnH - AP)x,x)^'^ {{A^ -mFlH)x,x)^'^ 
i (AfP - mP) (llB'xf - |(B«a;,x)|^) ^ ^ < J (M" - to«) (Af^ - rnP) 



< 



for any x G H with ||x|| = 1, where {Ex}^ is the spectral family of A. 

The same choice of functions considered in the inequality (13.2521) produce 
the result 

I {APx, B'^x) - {APx, x) {B^x, x) \ (3.254) 

2\l/2 

2 



X / {{Exx.x) {{\h ~ Ex)x,x)f'^ d\ 



Jm-O 

<lA,{\\B'^x\f-\(B'^x,x)fy' 

X {{MPIh ~AP)x, x) ^/^ {{AP -mPln) x, x) ^''^ 

< - {M - m) Ap (llB'^xf ~ \{B'ix,x)\'^ 

< - {Ml - m«) (M - to) Ap 



where 




Mi-Pmi-P n U <^ p <^ i. 



(3.255) 



for any x £ H with ||x|| = 1. 
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Now, if we choose f (t) = lnt,t > and keep the same g then we have 
the inequalities 

I (In Ax, B«x) - (In Ax, x) {B^x, x) \ (3.256) 

< [WB-^xf -\{B'ix,x)\^'^^''^ 



and 



I'M 

X / {{Exx,x) {{Ih - Ex)x,x)f'^ \-^d\ 

<{\\B'>xf-\{B'^x,x)fy 

X ((lnMlH-ln^).T,a;)^''^((ln^-lnmlff)x,x)^''^ 

< (\\B'ixf-\{B''x,x)\^y^^lnJ— 



I (In Ax, B'^x) - (In Ax, x) {B''x, x) \ (3.257) 

I'M 

X / ({Exx,x){(lH-Ex)x,x)f^dX 
X {{MIh - A)x,xy^^ {{A-mlH)x,xy^^ 

< --^ '- { B'^xr - {B''x,x)r] 



- 8 ^ ^ mM 



for any x £ H with ||x|| = 1. 



3.8 Two Operators Griiss' Type Inequalities 

3.8.1 Some Representation Results 

We start with the following representation result that will play a key role in 
obtaining various bounds for different choices of functions including contin- 
uous functions of bounded variation, Lipschitzian functions or nionotonic 
and continuous functions. 
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Theorem 231 (Dragomir, 2010, [36]) Let A,B be two selfadjoint op- 
erators in the Hilbert space H with the spectra Sp {A) , Sp (B) C [m, M] for 
some real numbers m < M and let {Ex}^ be the spectral family of A and 
{Ffj_} the spectral family of B. If f,g : [to, Af ] — !• C are continuous, then 
we have the representation 

if (A) X, g (B) x) - if (A) X, x) {x, g [B) x) (3.258) 

rM / I'M \ 

[{Exx, x) {x, F^x) - {Exx, F^x)] d {g (m)) d (/ (A)) 



m— \Jrri—Q I 

for any x £ H with \\x\\ = 1. 

Proof. Integrating by parts in the Riemann-Stieltjes integral and making 
use of the spectral representation theorem we have 

M 

[{Exx, y) - {Exx, x) {x, y)] df (A) (3.259) 

= [{Exx,y)-{Exx,x){x,y)]f{\tJ^_, 
f{X)d[{Exx,y)-{Exx,x){x,y)] 

m-O 

^M I'M 

= {x, y) / / (A) d {Exx, x)- f{\)d {Exx, y) 

Jm-O Jm-0 

= {x,y){f{A)x,x)~{f{A)x,y) 

for any x,y £ H with ||a;|| == 1. 

Now, if we chose y — g (B) x in p.259p then we get that 

M 

[{Exx, g [B) x) - {Exx, x) {x, g (B) x)] df (A) (3.260) 

T71 — 

= {x, g {B) x) (/ {A) X, x) - (/ {A) x, g (B) x) 

for any x (£ H with ||.x|| = 1. 

Utilising the spectral representation theorem for B we also have for each 
fixed X G [m, AI] that 

{Exx, g [B) x) - {Exx, x) {x, g {B) x) (3.261) 

= ( Exx, / g (/i) dFf_,x ) - {Exx, x) (x, g (/i) dFf_,x ) 

\ Jm-O / \ Jm-0 / 

I'M 

g{ti)d{{Exx,F^x)) ~ {Exx,x) / g{^)d{{x,F^,x)) 
) 

for any x £ H with ||a;|| = 1 



m—Q '^m—0 
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Integrating by parts in the Riemann-Stieltjes integral we have 

g{n)d{{Exx,Ff,x)) = g {^i) {Exx,Ff,x)]^l_„- / {Exx,F^x) dg{^i) 

m— J m — O 

= g{M){Exx,x)~ {Exx,F^x)d{g{^i)) 

Jm-Q 

and 

g{p)d{{x,Ff,x)) = 9{^J■){x,Ff,x)]'^_^- / {x,F^x) d{g {^i)) 

771—0 J m—0 



= g{M)^ / {x,F^x)d{g{^l)), 



therefore 

'{fi)d{{Exx,Ff,x})~{Exx,x) g{iM)d{{x,F^x)) (3.262) 

771 — J m—0 

g (M) {Exx, x) - / {Exx, F^x) d [g (m)) 
J771-0 

{Exx, x) f g {M) - j {x, F^x) d {g (/i)) j 

{Exx,x) {x,Ff,x)d{g{p))- {Exx,F^x) d{g (fi)) 

-'777 — -'777-0 

M 

[{Exx, x) (x, F^x) - {Exx, Ff^x)] d (g (n)) 

777-0 

for any x (£ H with ||x|| = 1 and A € [m, AI] . 

Utihsing p.260p - p.262p we deduce the desired resuh p.258p . ■ 

Remark 232 In particular, if we take B = A, then we get from US. 258]) 
the equality 

if (A) X, g (A) x) - if (A) X, x) {x, g (A) x) (3.263) 

/ [{Exx, x) {x, E^x) - {Exx, E^x)] d {g (fi)) d (/ (A)) 

777-0 y-'777-0 J 

for any x £ H with \\x\\ = 1, which for g = f produces the representation 
result for the variance of the selfadjoint operator f {A) , 

\\f{A)xf-{f{A)x,xf (3.264) 

M / pM \ 

/ [{Exx, x) {x, E^x) - {Exx, E^x)] d (/ (/i)) d (/ (A)) 

'777-0 Y-'777-0 J 

for any x E H with \\x\\ — 1. 
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3.8.2 Bounds for f of Bounded Variation 

The first vectorial Griiss' type inequality when one of the functions is of 
bounded variation is as follows: 



Theorem 233 (Dragomir, 2010, [36j) Let A,B be two selfadjoint op- 
erators in the Hilbert space H with the spectra Sp (A) , Sp {B) C [m, AI] 
for some real numbers m < M and let {E\}^ be the spectral family of A 
and {-F)j} the spectral family of B. Also, assume that f : [m, M] -^ C is 
continuous and of bounded variation on [m, M] . 

1. If g '■ [m, M] — >■ C is continuous and of bounded variation on [m, M] , 
then we have the inequality 

I (/ {A) X, g [B) x) - if {A) X, x) {x, g {B) x) \ (3.265) 

M M 

< max \{Exx,x){x,F^x)~{E^x,F^x)\\J(g)\J{f) 



Vfi m 



< max [{Exx,x) {{Ih ~ Ex)x,x)]^^^ 

\e[m,M] 

M M M M 

X me.x [{F,x,x) {{1h - F,)x,x)f'y {g)y if) < -y {g)y if) 

ue\m,M] V V 4 V V 

m m m m 

for any x G H with \\x\\ = 1. 

2. If g '■ [m, AI] -^ <C is Lipschitzian with the constant K > on [m, AI] 
then we have the inequality 



I (/ (A) X, g [B) x) - (/ {A) X, x){x,g (B) x) \ (3.266) 

M 

V(/) 



< K max 

Ae[m,M] 



M 

I {Exx, x) {x, F^x) - {Exx, F^x) \ d^i 



m—Q 



M 

<Ky{f) max [{Exx,x} {{1h - Ex)x,x}]'/^ 

' AG m,Af 

m 

I'M 

X [{Ff,x,x) {{1h - F^)x,x)]'^^'^dfi 

Jm-a 

1 ^"^ 

< ^Ky if) {{AIlH - B)x,x)'/^ {{B - mlH)x,x)'^' 

m 

M 



<\k {AI - m)y if) 

m 

for any x ^ H with \\x\\ = 1. 
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3. If g : [m, M] — > M is continuous and monotonic nondecreasing on 
[m, A'l] , then we have the inequality 



\{f{A)x,giB)x)-{fiA)x,x){x,giB)x)\ 

I {Exx, x) {x, Ff_,x) - {Exx, Ff_,x) \ dg (p) 



(3.267) 



< max 

AG [m,M] |^J,„_o 
M 

<\/(/) max [{Exx,x){{l„-Ex)x,x)] 

' \e\m,M] 

771 

M 



M 



V(/) 



1/2 



X / [{F^x,x){ilH-F^)x,x)f^dgi^l) 

M 

< 2 V (/) ((-9 iM) Ih -g{B)) X, x) "^ ((.9 [B) - g (m) 1^) x, x) "^ 

rn 

M 

-[g{M)-g{m)]\JU) 



< 



for any x G H with \\x\\ = 1. 



Proof. 1. It is well known that if p : [a,b] — >■ C is a continuous function, 
i) : [a, &] — > C is of bounded variation then the Riemann-Stieltjes integral 
/ p (t) dv (t) exists and the following inequality holds 



p (t) dv (t) 



< m&x\p{t)\\/{v), 



(3.268) 



where \J (v) denotes the total variation of v on [a, b] . 

a 

Now, on utilizing the property p.268p and the identity p.258p we have 



\{fiA)x,g (B) x) - if (A) X, x) (x, g (B) x) \ 

nAf 

< max / [{Exx,x) {x.F^x) - {Exx,F^x)]d{g{^i)) 

Ae[m,J\/] 



(3.269) 



M 



V(/) 



for any x G [ni, M] 
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The same inequality p. 2681) produces the bound 



M 



max 

Ae[iTi,M] 



< max 

AG [m,M] 



[{Exx, x) {x, Ff_,x) - {Exx, F^_,x)] d {g {p)) 



(3.270) 



n M 



max I {Exx, x) {x, F^x) - {Exx, F^x) \ 



V(/) 



M 



= max \{Exx,x) {x,Ff,x) - {Exx,Fi,x)\\/ if) 

for any x £ [m, M] . 

By making use of p. 2691) and p. 2701) we deduce the first part of (I3.265P . 

Further, we notice that by the Schwarz inequality in H we have for any 
u,v,e G H with ||e|| = 1 that 



1/2 



1/2 



\{u,v)-{u,e){e,v)\<(^\\u\f~\{u,e)\') (^\\vf - \{v,e)f 

(3.271) 
Indeed, if we write Schwarz's inequality for the vectors u — {u, e) e and 
V — {v, e) e we have 

\{u- {u,e)e,v- {v,e)e)\ < \\u - ('u,e)e|| ||i; - (u,e)e|| 

which, by performing the calculations, is equivalent with p.27ip . 
Now, on utilizing p.271l) . we can state that 



I {Exx, x) {x, F^x) - {Exx, Ff,x) \ 

1/2 



(3.272) 



< 



(\\Exxf-\{Exx,x)f) {\\F,xf~\{F,x,x)f) 



1/2 



for any X, fi (z [m, M] . 

Since Ex and F^ are projections and Ex,F^ > then 

\\Exxf - \{Exx,x)\'' = {Exx,x) - {Exx,xf 



(3.273) 



and 



= {Exx, x) {{Ih - Ex) X, x) < 



WF^xf - \{F^x,x)f = {F,x,x) {{Ih - F,,)x,x) < \ 



(3.274) 



for any A, /i G [to, M\ and x Cz H with |ja:|j — 1. 

Now, if we use p.272p - p.274p then we get the second part of p.265|) . 
2. Further, recall that if p : [a,b] — >■ C is a Riemann integrable function 
and V : [a, 6] — >■ C is Lipschitzian with the constant L > Q, i.e.. 



|/(s)-/(t)|<L|s-t| foranyt,se [a,b]. 
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then the Rieniann-Stieltjes integral / p (t) dv (t) exists and the following 
inequality holds 



p {t) dv (t) 



<L / \p{t)\dt. 



(3.275) 



If we use the inequaUty p.275|) . then we have in the case when g is 
Lipschitzian with the constant K > that 



M 



max 

Ae[m,M] 



< K max 

Ae[m,M] 



[{Exx, x) {x, F^x) - {Exx, Ff_,x)] d {g (fi)) 



(3.276) 



M 



\{Exx,x) {x,F^x) - {Exx,F^x)\dfi 



for any x ^ H with ||a::|| = 1 and the first part of (|3.266|) is proved. 
Further, by employing (13.272^ - ^.2741) we also get that 



M 

max / I {Exx, x) {x, F^x) - {Exx, F^x) | dfj, 

Xe[7n,M] Jjn-O 

< max [{Exx,x) {{1h - Ex)x,x)]^''^ 

Xe[m,M] 



(3.277) 



M 



X / [{F^x,x){{lH-F^)x,x)Y'Ufi 



1/2, 



m-0 



for any x Cz H with ||a;|| — 1. 

If we use the Cauchy-Bunyakovsky-Schwarz integral inequality and the 
spectral representation theorem, then we have successively 



M 



i{Ff,x,x){ilH-Ff,)x,x))^^^dfi 



(3.278) 



m — 



< 



M 



-,1/2 



{F^x, x) dji 



ni—O 



M 



({1h - F^)x,x)dfi 



m— 



1/2 



:M 



{Ff^x,x) iJ,\^_Q I pu,\_i^.j 

m-0 



M 



l-id {Ff,x, x) 



1/2 



((Iff - F^)x,x) ^i\ 



M 

771 — 



M 



/irf((lH - Ff,)x,x) 



= {{MIh - B) X, x) ^1"^ {{B - miff) x, x)^'"^ , 

for any x G H with ||a;|| = 1. 

On employing now p.276p - p.278p we deduce the second part of p.266|) . 
The last part of p.266p follows by the elementary inequality 



a/3<]-{a + l3f ,aP>Q 



(3.279) 
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for the choice a — ((Ml// — B) x, x) and /? = {{B — ml//) x, x) and the 
details are omitted. 

3. Further, from the theory of Riemann-Stieltjes integral it is also well 
known that if p : [a, 6] — > C is of bounded variation and v : [a,b] ^^ M. 
is continuous and monotonic nondecreasing, then the Riemann-Stieltjes 
integrals / p [t) dv (t) and / \p {t) \ dv (t) exist and 



p (t) dv (t) 



< 



\pit)\dvit). 



(3.280) 



Now, if we assume that g is monotonic nondecreasing on [m, M] , then 
by p.280|) we have that 



max 

\e[m,M] 



M 



[{Exx, x) {x, Ff,x) - {Exx, F^x)] d {g (^)) 



m-O 



(3.281) 



< max 

Xe[m,M] 



M 



I {Exx, x) {x, F^x) ~ {Exx, Ff_,x) \ dg (^) 



for any x (£ H with ||x|| = 1. 

Further, by employing (|3. 272^ - ^.2741) we also get that 

max / \{Exx,x){x,F^x)-{Exx,F^x)\dg{fi) (3.282) 

AG[m,A/] J„_o 

< max [{Exx,x) {{Ih - Ex)x,x)]^^^ 

\e[m,M] 
I'M 

X / [{F^x,x){{lH-F^)x,x)f^dg{fi) 

for any x £ H with ||x|| = 1. These prove the first part of (|3.267p . 

If we use the Cauchy-Bunyakovsky-Schwarz integral inequality for the 
Riemann-Stieltjes integral with monotonic nondecreasing integrators and 
the spectral representation theorem, then we have successively 

{{F,,x, x) ((1// - F^) X, x)f'^ dg ill) (3.283) 



m-O 



< 



M 



771 — 



{F^x, x) dg (p) 



1/2 



M 



777 — 



{{^H - F^)x,x)dg{p) 



1/2 



M 



{F^x,x)g{^i)\^_^ 



{{Ih- Ff,)x,x)g{fi)\ 



M 



g{n)d{Ff,x,x) 



1/2 



M 

777-0 



M 



g{fi)d{{lH - Ff,)x,x) 



777-0 



1/2 



{{giM)lH-g{B))x,x)'/^{igiB)-gim)lH)x,x)'^\, 



196 3. Inequalities for the Cebysev Functional 

for any x ^ H with ||x|| = 1. 

Utilising (|3.283p we then deduce the last part of (|3.267|) . The details are 
omitted. ■ 

Now, in order to provide other results that are similar to the Griiss' type 
inequalities stated in the introduction, we can state the following corollary: 

Corollary 234 (Dragomir, 2010, [36j) Let A be a selfadjoint operators 
in the Hilbert space H with the spectrum Sp (A) C [m^ M] for some real 
numbers m < M and let {Ex}^ be the spectral family of A. Also, assume 
that f : [tti, M] — > C is continuous and of bounded variation on [m, M] . 

1. If g : [m,M] -^ <C is continuous and of bounded variation on [m,M] , 
then we have the inequality 



I (/ (A) X, g {A) x) - if (A) X, x) {x, g (A) x) \ (3.284) 

M M 

< max \{Exx,x){x,E^x)-{Exx,E^x)\y{g)y{f) 

M M M M 

< max [{E,x, x) {{Ih E,) x, x)] \/ (g) V (/) < T V (s) V (/) 

\e\m,M] V V 4 V V 

mm mm 



for any x Cz H with \\x\\ = 1. 

2. If g '■ [m, M] — > C is Lipschitzian with the constant K > on [m, M] 
then we have the inequality 



I (/ {A) X, g{A)x)~{f (A) X, x) {x, g (A) x) \ (3.285) 

M 

V(/) 



< K max 

\e[m,M] 



M 

I {Exx, x) {x, E^x) - {Exx, E^x) \ dpi 



m-0 



M 

<K\l{f) max [{Exx,x){{Ih-Ex)x,x)]^'^ 

* \e\m,M] 

m 

I'M 

X / [{E^x,x){{lH-E^)x,x)]^/^dti 



<\K\J{f){{MlH-A)x,x)^'\{A~m\H)x,xf^ 



M 
I 
< 



\K{M-m)\J{f) 

m 

for any x ^ H with \\x\\ = 1. 
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3. If g : [m, M] — > M is continuous and monotonic nondecreasing on 
[m, A'l] , then we have the inequality 



I (/ (A) X, g {A) x) - (/ [A] X, x) {x, g (A) x) \ 

r-M 

I {Exx, x) {x, E^x) - {Exx, E^x) \ dg (/i) 



(3.286) 



< max 

Ae[m,M] 



m-0 



M 



\JU) 



M 
<\/{f) 



7n 



1 Z'? 

max [{Exx,x) {{Ih ~ Ex)x,x)] ' 

\e[m,M] 



M 



X [{E^x,x) {{Ih -Ef,)x,x)]^^'^dg{iJ,) 



m— 

M 



< 



\\J{f){{g{M)lH-g{A))x,x)"^{g{A)~g{m)lH)x,x)"^ 



< 



M 

[g[M)-g{m)]\J{f) 



for any x £ H with \\x\\ = 1. 

Remark 235 The following inequality for the variance of f {A) under the 
assumptions that A is a selfadjoint operators in the Hilbert space H with 
the spectrum Sp{A) C [m,M] for some real numbers m < M, {Ex}x ^^ 
the spectral family of A and f : [m, M] — > C is continuous and of bounded 
variation on [m, M] can be stated 



0<\\f{A)xf-{f{A)x,x)^ 



< max \{Exx,x) {x,Eax) ~ {Exx,Eax)\ 



(3.287) 



M 



< max [{Exx,x) {{Ih - Ex)x,x)] 
xe[m,M] 

for any x £ H with \\x\\ = 1. 



M 



V(/) 



< 



V(/) 

A 

V(/) 



3.8.3 Bounds for f Lips chitzian 

The case when the first fmiction is Lipschitzian is as follows: 

Theorem 236 (Dragomir, 2010, [36j) Let A, B be two selfadjoint op- 
erators in the Hilbert space H with the spectra Sp (A) , Sp {B) C [to, M] 
for some real numbers m < M and let {Ex}x be the spectral family of A 
and {-F)j} the spectral family of B. Also, assume that f : [m, M] — > C is 
Lipschitzian with the constant L > on [tti, M] . 
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1. If g '■ [m, M] — > C is Lipschitzian with the constant K > on [m, M] , 
then we have the inequality 



I (/ {A) X, g {B) x) - if {A) X, x) {x, g {B) x) \ 

I'M nM 

<LK / I {E),x, x) {x, F^x) - {Exx, F^x) \ dfidX 

Jm-O Jm-0 

,-M 

< LK I [{Exx, x){{Ih~Ex)x,x)]^'^ d\ 



(3, 



r?j-0 



M 



X / [{F^,x,x) {(Ih ~ F^)x,x)]^''^ d^i 



m-O 



< LK [{{MIh - A) x, x) {{A - mln) x, x)]^'"^ 

X [{{MIh-B)x,x) {{B-mlH)x,x)]^''^ < jLK [M ~ mf 

for any x (£ H with \\x\\ — 1. 

2. If g : [m, M] — ^ M is continuous and monotonia nondecreasing on 
[m, M] , then we have the inequality 

I (/ (A) X, g {B) x) - if (A) X, x) {x, g {B) x) \ (3.289) 

I'M I'M 

<L / I {Exx, x) {x, F^x) - {Exx, F^x) \ dg (n) dX 

I'M 

<L [{Exx,x){{lH-Ex)x,x)f^dX 

Jm-Q 
I'M 

X / [{F,,x,x}{{lH~F^)x,x}]'^^dg{^l) 

< L [{{MIh - A) X, x) {{A - ml/j) x, x)]^'^ 

X [((5 {M) lH~g {B)) X, x) {{g {B) - g (m) 1^) x, x)f^ 

< h {M ~ m) [g (M ) - g (m)] 

for any x £ H with \\x\\ = 1. 

Proof. 1. We observe that, on utilizing the property p.275p and the iden- 
tity (|3.258p we have 



I (/ {A) X, g {B) x) - (/ {A) X, x) {x, g {B) x) 



(3.290) 



< L 



M 



rn — 



M 



[{Exx, x) {x, F^x) - {Exx, F^_,x)] d {g (^)) 



771 — 



d\ 



for any x £ H, \\x\\ — 1. 
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By the same property (|3.275p we also have 



M 



< K 



[{Exx, x) {x, Ff,x) - {Exx, Ff_,x)] d {g (^)) 



(3.291) 



M 



I {E\x, x) (x, F^j,x) - {Exx, F^x) \ d^ 



m— 



for any x £ H, \\x\\ — 1 and A £ [m, M] . 
Therefore, by (|3:290)) and ((XWt we get 

|(/ (A) X, g (B) x) - if (A) X, x) {x, g (B) x) \ (3.292) 

I'M nM 

<LK / I {Exx, x) {x, F,,x) - {Exx, F^x) \ dtidX 

Jm-O Jm-0 

for any x S i?, |ja;|| = 1, which proves the first inequality in (I3.288p . 
From p.272p - p.274p we have 

I {Exx, x) {x, F,,x} - {Exx, F^x) \ (3.293) 

< [{Exx, x) {{Ih - Ex) x, x)]i/' [(F^x, x) ((1^ - F^,) x, x)]^/' 

for any x £ H, \\x\\ = 1 and A, /i £ [m, M] . 

Integrating on [m, M] the inequality (|3.293p and utilizing the Cauchy- 
Bunyakowsky-Schwarz integral inequality for the Riemann integral we have 



M rM 



\{Exx,x) {x,Ff_,x) ~ {Exx,Ff_,x)\d^idX 



(3.294) 



J m 


-0 Jm-O 






pM 


< / [{Exx,x){{lH-Ex)x,x)f^dX 


Jm-O 


pM 


X / [{F^x,x){{lH-F^)x,x)]'^^dii 


Jm-O 




r-M 


1/2 


pM 


< 


I {Exx, x) dX 




/ {{lH-Ex)x,x)dX 




Jm-O 




Jm-O 




pM 


1/2 


pM 


X 


/ {Ff,x,x)dfi 




/ {ilH-F^)x,x)dfi 




Jm-O 




Jm-O 



1/2 



1/2 



Integrating by parts and utilizing the spectral representation theorem we 
have 



M pM 

{Exx,x)dX = (£'ax,x) A|,^'f_o ~ / Xd{Exx,x) 
= M - {Ax,x) = {{MIh- A)x,x) , 
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{{Ih — E\) X, x) dX = {{A — ml//) x, x) 



m-O 



and the similar equalities for B, providing the second part of (|3.288p . 
The last part follows from (|3.279|) and we omit the details. 
2. Utilising the inequality p.280p we have 



M 



[{Exx, x) {x, Ff_,x) - {Exx, Ff_,x)] d {g (p)) 



< / \{Exx,x) {x,Ff,x) - {Exx,F,,x)\dg{n) 



(3.295) 



which, together with p.290p . produces the inequality 



I (/ {A) X, g [B) x) - (/ {A) X, x){x,g {B) x) \ 

<L I I I {Exx, x) {x, F^x) - {Exx, F^x) \ dg (n) dX 



(3.296) 



?n— J ni—0 



for any x ^ H, \\x\\ — 1. 

Now, by utilizing p.293p and a similar argument to the one outlined 
above, we deduce the desired result p.289p and the details are omitted. ■ 

The case of one operator is incorporated in 

Corollary 237 (Dragomir, 2010, [36]) Let A he a selfadjoint operators 
in the Hilbert space H with the spectrum Sp (A) C [m, M ] for some real 
numbers m < M and let {Ex}x be the spectral family of A. Also, assume 
that f : [m, M] — > C zs Lipschitzian with the constant L > on [m, M] . 

1. If g : [to, M] -> C is Lipschitzian with the constant K > on [m, M] , 
then we have the inequality 



I (/ (A) X, g {A) x) - (/ (A) X, x) {x, g (A) x) \ 

pM pM 

<LK / I {Exx, x) {x, E^x) - {Exx, E^x) \ dpidX 

J m—0 J m—O 

<LkI [ [{Exx,x} {{1h - Ex) x,x)f^ dx] 

\Jm-0 J 

< LK [{{MIh - A) X, x) {{A - mln) x, x)] < -LK [M - mf 



(3.297) 



for any x ^ H with \\x\\ = 1. 
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2. If g : [m, M] — > M is continuous and monotonic nondecreasing on 
[m, Al] , then we have the inequality 

I (/ {A) X, g {A) x)-{f {A) X, x) {x, g {A) x) \ (3.298) 

<L / I {Exx, x) (x, F^x) - {Exx, F^,x) \ dg (n) dX 

J ni — Q J in — Q 

<L [{Exx,x){{lH-Ex)x,x)f^dX 

Jm-a 

X [{E^x,x}{{lH-E^)x,x)]^^^dg{n) 

Jm-Vl 

< L [{{MIh - A) X, x) {{A - mln) x, x)]^'^ 

X [((5 (M) Ih - g {A)) x, x) {{g (A) - g (m) 1^) x, x)f' 

< \l [M - m) [g (M) ~ g (m)] 

for any x £ H with \\x\\ — 1. 

Remark 238 The following inequality for the variance of f {A) under the 
assumptions that A is a selfadjoint operators in the Hilbert space H with 
the spectrum Sp (A) C [m, M] for some real numbers m < M , {Ex}x ** ^^^ 
spectral family of A and f : [m, M] — >■ C is Lipschitzian with the constant 
L > on [m, M] can be stated 

Q<\\f{A)x\f-{f{A)x,xf (3.299) 

<L^ / I {Exx, x) {x, E^x) - {Exx, E^x) \ dfidX 

J m—0 J rn—0 

<L^(J [{Exx,x){{lH-Ex)x,x)f^dx\ 

< L^ [{{MIh - A) X, x) {{A - ml^) x, x)] 

< -L^ {M - mf 

for any x £ H with \\x\\ = 1. 



3.8.4 Bounds for f Monotonic Nondecreasing 

Finally, for the case of two monotonic functions we have the following result 
as well: 

Theorem 239 (Dragomir, 2010, [36]) Let A, B be two selfadjoint op- 
erators in the Hilbert space H with the spectra Sp (A) , Sp {B) C [m, M] for 
some real numbers m < M and let {Ex}-^ be the spectral family of A and 
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{F^} the spectral family of B. If f,g : [ttt., Af ] — > C are continuous and 
monotonic nondecreasing on [m, M] , then 

\{fiA)x,g {B) x) ~ if (A) X, x) (x, g (B) x) \ (3.300) 

< / \{Exx,x){x,F^x)-{Exx,F^x)\dg{fi)df{\) 

Jm-O Jm-0 

I'M 

< / [{Exx, x) {{1h - ^a) X, x)f^ df (A) 

pM 

X / [{F^,x,x) {{Ih - F^)x,x)]^''^ dg{^) 

Jm-Q 

< [((/ (M) 1h - f (A)) X, x) ((/ {A) - f (m) 1^) x, x}]'^' 
X [{{g (M) 1h - g {B)) X, x) {{g (B) - g (m) 1^) x, x)f^ 

<\[fiM)-f{m)][giM)-gim)] 

for any x G H, \\x\\ = 1. 

The details of the proof are omitted. 
In particular we have: 

Corollary 240 (Dragomir, 2010, |36] ) Let A be a selfadjoint operators 
in the Hilbert space H with the spectrum Sp (A) C [m, M] for some real 
numbers m < M and let {Ex}^ be the spectral family of A. If f,g '■ 
[m, M] — > C are continuous and monotonic nondecreasing on [m, M ] , then 

I (/ (A) X, g {A) x) - if (A) X, x) {x, g {A) x) \ (3.301) 

pM ,-M 

< / \{Exx,x){x,E^x)-{Exx,E^x)\dg{fi)df{X) 

Jm-Q Jm-0 

M 



< / [{Exx, x) {{1h - Ex) X, x)f^ df (A) 

pM 

X / [{E^x,x){{lH-E^)x,x)]^/^dg{fi) 

<m iM)lH - f iA))x,x) {{f (A) - f im)lH)x,x)f' 
X [((.9 (Af ) iH-g (A)) X, x) {{g (A) - g (m) 1^) x, x)f^ 

<\[f{M)~f{m)][g{AI)^g{m)] 



for any x G H, \\x\\ — 1. 
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In particular, the following inequality for the variance of f (A) in the 
case of monotonic nondecreasing functions f holds: 

0<\\f{A)xf~{f{A)x,xf (3.302) 

< / I {Exx, x) {x, E^x) - {Exx, E^x) \ df {^i) df (A) 

J rn—0 J rn—0 

< (£' [{Exx,x){{lH~Ex)x,x)f^df{Xyj 

< [((/ (Af ) Ih - f (A)) X, x) ((/ {A) - / (m) 1^) x, x)] 
<i[/(M)-/(m)f 

for any x E H,\\x\\ =1. 



3.8.5 Applications 

By choosing different examples of elementary functions into the above in- 
equalities, one can obtain various Griiss' type inequalities of interest. 

For instance, if we choose f,g : (0, oo) -^ (0, oo) with f (t) = t^,g (i) — f^ 
and p,q > 0, then for any selfadjoint operators A, B with Sp {A) , Sp [B) C 
[m, M] C (0, oo) we get from (|3.300p the inequalities: 



I {APx, B^x) ~ {A^x, x) {B^x, x) \ (3.303) 

<pq / I {Exx, x) (x, F^x) - {Exx, F,,x) \ fi'^-^X^-^dfidX 



M 



< pq / [{Exx, x) {{Ih - Ex) x, x)]^'^ X^-'dX 

I'M 

X / [{Ff,x,x) {{1„ - F^)x,x)f^ fi'i-^dn 

Jm~0 

< [{{MPIh - AP) X, x) {{AP - mPln) x, x)]^'"^ 
X [{{UnH - B") X, x) {{B" - mnn) x, x)]^'"^ 

< - {MP - mP) {M" ~ m«) 

for any x G H with ||x|| = 1, where {-EaJ^ is the spectral family of A and 
{F^} is the spectral family of B. 
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When B = A then by the Cebysev's inequality for functions of same 
monotonicity the inequality p. 3031) becomes 

< {APx, A^x) - {A^x, x) (A«a;, x) (3.304) 

<pq / I {Exx, x) (x, E^x) - {Exx, E,,x} \ fi^-^XP-^dfidX 

J ni — Q J 7n — Q 

<pq / [{Exx,x) {{1h - Ex)x,x)]'^^ XP-'dX 

I'M 

X / [{E^x,x) {{Ih - E^,)x,x)f'^ ^l''~^d^l 

Jm-0 

< [{{MPIh - AP) X, x) {{AP - mPln) x, x}]^^^ 
X [{{Mn„ - B") X, x) {{B" - mnn) x, x)]^/^ 

< J {MP - mP) {M" - m9) 

for any x d H with ||x|| = 1 and p,q > 0. 
Now. define the coefficients 



AfP-i-mP^i ifp> 1 
Ap:=px { (3.305) 

M^-"-m^-" if < B < 1 
Mi-Pmi-p n U <^ p <^ i. 



On utilizing the inequality p.288p for the same power functions consid- 
ered above, we can state the inequality 

I {APx, B^x) ~ {APx, x) {B^x, x) \ (3.306) 

pM pM 

< ApAg / / I {Exx, x) {x, F^x) ~ {Exx, F^x) \ dfidX 

Jm-O Jm-0 

< ApA, / [{Exx, x) {{1h - Ex) x, x)f^ dX 

pM 

X [{F^x,x) {{1h - F^)x,x)]'^^'^ dp. 

Jm-O 

< ApAg [{{M1„ - A) X, x) {{A - mln) x, x)]^^^ 

X [{{M1h-B)x,x) {{B-mlH)x,x)]^^^ < ^ApAg {M - mf 

for any x G if with ||x|| = 1 and p,q > 0. 
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In particular, for B = A we have 

< {APx, A«x) - (A^x, x) (A^x, x) (3.307) 

rM pM 



< ApAg / / I {Exx, x) {x, E^x) - {Exx, E^x) \ d^idX 

•/ m— •/ m— 

<ApAq{ [ [{Exx,x){{lH~Ex)x,x)f^dx] 



m—O j 

1 9 

< ApAg [((MIh - A) X, x) {{A - tuIh) x, x)] < -ApAg {M - m) 

for any x ^ H with ||a;|| ~ 1 and p,q > 0. 

Similar results can be stated if p < or g < 0. However the details are 
left to the interest reader. 
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4 

Inequalities of Ostrowski Type 



4.1 Introduction 

Ostrowski's type inequalities provide sharp error estimates in approximat- 
ing the value of a function by its integral mean. They can be utilized to 
obtain a priory error bounds for different quadrature rules in approximating 
the Riemann integral by different Riemann sums. They also shows, in gen- 
eral, that the mid-point rule provides the best approximation in the class 
of all Riemann sums sampled in the interior points of a given partition. 

As revealed by a simple search in the data base MathSciNet of the Amer- 
ican Mathematical Society with the key words "Ostrowski" and "inequal- 
ity" in the title, an exponential evolution of research papers devoted to 
this result has been registered in the last decade. There are now at least 
280 papers that can be found by performing the above search. Numer- 
ous extensions, generalisations in both the integral and discrete case have 
been discovered. More general versions for n-time differentiable functions, 
the corresponding versions on time scales, for vector valued functions or 
multiple integrals have been established as well. Numerous applications in 
Numerical Analysis, Probability Theory and other fields have been also 
given. 

In the present chapter we present some recent results obtained by the 
author in extending Ostrowski inequality in various directions for continu- 
ous functions of selfadjoint operators in complex Hilbert spaces. As far as 
we know, the obtained results are new with no previous similar results ever 
obtained in the literature. 
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Applications for mid-point inequalities and some elementary functions 
of operators such as the power function, the logarithmic and exponential 
functions are provided as well. 



4.2 Scalar Ostrowski's Type Inequalities 



In the scalar case, comparison between functions and integral means are 
incorporated in Ostrowski type inequalities as mentioned below. 

The first result in this direction is known in the literature as Ostrowski's 
inequality [3i] . 

Theorem 241 Let / : [a, &] — > M 6e a differentiable function on (a, b) with 
the property that |/' {t)\ < M for all t G (a. h). Then 



n^) 



b — a 



f (t) dt 



< 



a+b 



b — a 



{b-a)M (4.1) 



for all X £ [a, b] . The constant j is the best possible in the sense that it 
cannot be replaced by a smaller quantity.. 

The following Ostrowski type result for absolutely continuous functions 
holds (see [34] - [36]). 

Theorem 242 Let f : [a,b] ^>-M be absolutely continuous on [a,b]. Then, 
for all X e [a, b], we have: 



f ('r\ 


1 


f 


f{t)dt 




J \^) , 


>-a Ja 






[iH^ 


. a + b 
2 


)l 


(&-«)ll/'lloo 


b-a 


< 


1 


- 


'/ \P+1 /, \P+1' 

[(:::) +(t:) J 




(p+i)' 




;^+ 


X 


a + b 
2 

b-a 


111 


/'lli; 





«/ /' e Loo [a, b] ; 



(&-a)^ll/'IL */ /'ei^K&l, 



p 1 



1, p>l; 



(4.2) 



where \\-\\^ (r S [l,cx)]j are the usual Lebesgue norms on L^ [a,b], i.e., 

bllo 



ess sup \g (t)\ 

te[a,b] 



and 



\9\\r ■■ = 



\g{t)\''dt] ,re[l,oo). 



4.2 Scalar Ostrowski's Type Inequalities 215 
The constants j, ^ and ^ respectively are sharp in the sense presented 



The 



m 



{p+i)p 



The above inequalities can also be obtained from the Fink result in [33] 
on choosing n = 1 and performing some appropriate computations. 

If one drops the condition of absolute continuity and assumes that / is 
Holder continuous, then one may state the result (see for instance [32] and 
the references therein for earlier contributions): 

Theorem 243 Let / : [a, 6] ^- K 6e o/ r - H-Holder type, i.e., 

\f{x)^fiy)\<H\x~y\'',forall x,ye[a,b], (4.3) 

where r € (0, 1] and H > are fixed. Then, for all x £ [a, b] , we have the 
inequality: 



/(^) 



1 



b- 



f{t)dt 



(4.4) 



< 



H 

r + 1 



b-. 



r+l 



r+1 



(6-a)^ 



The constant j^ is also sharp in the above sense. 

Note that if r = 1, i.e., / is Lipschitz continuous, then we get the following 
version of Ostrowski's inequality for Lipschitzian functions (with L instead 
of H) (see for instance ^24, ) 



/(^) 



1 



f{t)dt 



< 



a+b 
2 



{b-a)L. 



(4.5) 



Here the constant j is also best. 

Moreover, if one drops the condition of the continuity of the function, 
and assumes that it is of bounded variation, then the following result may 
be stated (see [23]). 



Theorem 244 Assume that f : [a,b] —) 

b 

denote by V (/) its total variation. Then 



is of bounded variation and 



n^) 



6- 



f{t)dt 



< 



5- 



V(/) 



(4.6) 



for all X £ [a, b] . The constant ^ is the best possible. 
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If we assume more about /, i.e., / is m.onotonically increasing, then the 
inequahty (|4.6|) may be improved in the fohowing manner (12j (see also the 
monograph [33]). 

Theorem 245 Let f : [a, 6] — )■ K be monotonic nondecreasing. Then for 
all X e [a, 6], we have the inequality: 



f{^)- 



b — a 



f{t)dt 



(4.7) 



< 



< 



b- 
1 



< 



^—\[2x-{a + b)\ f{x)+ J sgn (t ~ x) f (t) dt I 
{(x-a) [f (x) - f (a)] + {b-x) [f {b) - f (x)]} 



b — a 



a+b 



b — a 



All the inequalities in J/^.Tp are sharp and the constant i is the best possible. 
For other scalar Ostrowski's type inequalities, see [2]-[l] and pS] . 



4.3 Ostrowski's type Inequalities for Holder 
Continuous Functions 

4-3.1 Introduction 

Let [/ be a selfadjoint operator on the Hilbert space (ff, (.,.)) with the 
spectrum Sp (U) included in the interval [m, M] for some real numbers 
m < M and let {E\}^^^ be its spectral family. Then for any continuous 
function / : [m, M] — >■ C, it is well known that we have the following 
spectral representation theorem in terms of the Riemann-Stieltjes integral: 



{fiU)x,x) 



M 



f{X)d{{E^x,x)), 



(4.8) 



for any x (£ H with ||a;|| = 1. The function g^ (A) :— {E\x,x) is monotonic 
nondecreasing on the interval [m, Af ] and 



(7a; (to — 0) = and gx (M) = 1 
for any x G if with ||x|| = 1. 



(4.9) 
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Utilising the representation (I4.8|) and the following Ostrowski's type in- 
equality for the Riemann-Stieltjes integral obtained by the author in [28]: 



(4.10) 



ib)-u{a)]- f f{t)du{t) 

J a 


{b-a) + 


a + b 
' 2 


■nr b 



< L 



for any s G [a, b] , provided that / is of r—i— Holder type on [a, b] (see (j4.11|) 
below), u is of bounded variation on [a,b] and y {u) denotes the total 

' a 

variation of u on [a, b] , we obtained the following inequality of Ostrowski 
type for selfadjoint operators: 

Theorem 246 (Dragomir, 2008, [29j ) Let A and B he selfadjoint op- 
erators with Sp {A) , Sp (B) C [m, M] for some real numbers m < M. If 
f : [m,M] — > M is of r — L— Holder type, i.e., for a given r G (0, 1] and 
L > we have 



1/ (s) -f{t)\<L\s~ C for any s, t G [m, M] , 
then we have the inequality: 



\f{s)~{f{A)x,x)\<L 



1 



(M - to) + 



m + M 



for any s G [to.,M] and any x E H with \\x\\ = 1. 
Moreover, we have 

\{f{B)y,y)-{f{A)x,x)\ 
<{\f{B)-{f{A)x,x)-lH\y,y) 



(4.11) 



(4.12) 



(4.13) 



< L 



- [M - to) 



m + M 



y,y 



for any x,y ^ H with \\x\\ — \\y\\ =^ 1. 

With the above assumptions for /, A and B we have the following par- 
ticular inequalities of interest: 



f[^^^]-ifiA)x,x) 



<^L(M-mY 



(4.14) 



and 



\f{{Ax,x))~{f{A)x,x)\<L 



{M - to) + 



{Ax, x) 



m + M 



(4.15) 
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for any x ^ H with ||x|| = 1. 
We also have the inequalities: 



\{fiA)y,y)-{f{A)x,x)\ 
<{\f{A)-{f{A)x,x)-lH\y,y) 



for any x,y & H with \\x 



- {M -m) + 



^ m + M ^ 
A ^ Iff 



IIJ^I 



y,y 



(4.16) 



\{[f{B)-f{A)]x,x)\ 
<{\f{B)-{f{A)x,x}-lH\x,x} 

m + M 



< L 



i {M - m) + 



B 



and, more particularly, 

{\f{A)~{f{A)x,x}-lH\x,x) 

m + M 



< L 



{M - m) + 



Li/ 



A 



L_ff 



for any x G H with ||a;|| = 1. 

We also have the norm inequality 



\\fiB)~fiA)\\<L 



i (M - m) + 



B-^^^±^.l, 



(4.17) 



(4.18) 



(4.19) 



For various generalizations, extensions and related Ostrowski type in- 
equalities for functions of one or several variables see the monograph [21] 
and the references therein. 



4-3.2 More Inequalities of Ostrowski 's Type 

The following result holds: 

Theorem 247 (Dragomir, 2010, [30j ^ Let A be a selfadjoint operator 
with Sp (A) C [rn, M] for some real numbers m < M. If f : [m, M] — s- M 
is of r — L— Holder type with r G (0, 1], then we have the inequality: 



\fis)-{fiA)x,x)\<L{\s-lH-A\x,xy 



(4.20) 



< L 



{s~{Ax,x)f +D^{A;x) 



r/2 



for any s G [m, M] and any x Cz H with \\x\\ = 1, where D{A]x) is the 
variance of the selfadjoint operator A in x and is defined by 



D 



1/2 



iA;x):^{\\Ax\\'-{Ax,x)') , 
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where x (E H with \\x\\ = 1. 

Proof. First of all, by the Jensen inequality for convex functions of selfad- 
joint operators (see for instance [40, p. 5]) applied for the modulus, we can 
state that 

\{h{A)x,x)\<{\h{A)\x,x) (M) 

for any x € H with ||2;|| = 1, where /i is a continuous function on [m, Af] . 
Utilising the property ((M| we then get 

\f{s)~ (/ (A) X, x) I = I (/ {s) ■lH-f{A)x,x)\<{\f{s)-l„-f (A) I X, x) 

(4.21) 
for any x ^ H with ||x|| = 1 and any s € [m, M] . 

Since / is of r — L— Holder type, then for any i, s £ [ni, M] we have 

\f[s)~f{t)\<L\s~t\\ (4.22) 

If we fix s e [m, M] and apply the property (|P| for the inequality (|4.22p 
and the operator A we get 

(1/ (s) ■lH-f{A)\x,x)<L {\s ■ \h - ^r x,x)<L (|s • 1^ - A| x, x)'' 

(4.23) 
for any x ^ H with ||x|| — 1 and any s e [m, M] , where, for the last 
inequality we have used the fact that if P is a positive operator and r e 
(0, 1) then, by the Holder-McCarthy inequality [42], 

{P''x,x) < {Px,xy (HM) 

for any x £ H with ||x|| = 1. This proves the fist inequality in (14.201) . 
Now, observe that for any bounded linear operator T we have 

(|T|x,x) = {{T*Tf'^x,x^ < {[T*T)x,xf'^ = ||Tx|| 

for any x (E H with ||x|| = 1 which implies that 

{\s-lH-A\x,xy < ||sx- Axil'' (4.24) 

r/2 



= fs^ - 2s (Ax, x) + ||Ax||^y 



(s-(Ax,x))'^ + ||Ax||^-(ylx,x)^ "^^^ 

for any x (£ H with ||x|| = 1 and any s G [m, M] . 

Finally, on making use of (|4.21l) , (I4.23|) and (|4.24l) we deduce the desired 
result (|JT2D)) . ■ 
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Remark 248 // we choose in P^^W s — "^ ; then we get the sequence 
of inequalities 



f[^^^]-{fiA).,.) 



< L 



< L 



< L 



2 

m + M 



(4.25) 



2 

m + M 



■Ih-A 



2 



-1 7-/2 



- {Ax, x)] +D^ {A; x) 



- [M - mf + D^ (A; x) 



r/2 



< —L {M - mY 



for any x Cz H with \\x\\ ~ 1, since, obviously, 

-^ {Ax,x)\ <-iM-mf 



D^ [A; x) < - (M - my 

for any x £ H with \\x\\ = 1. 

We notice that the inequality ( [^.i?5| j provides a refinement for the result 
{4- 14^ above. 

The best inequality we can get from (|4.20p is incorporated in the fohow- 
ing: 

Corollary 249 (Dragomir, 2010, [30j ) Let A be a self adjoint operator 
with Sp (A) C [m, M] for some real numbers m < M. If f : [m, M] — s- M 
is of r ~ L^Holder type with r € (0, 1], then we have the inequality 

\f ({Ax,x)) - {f (A) x,x)\ < L {\{Ax,x) ■ 1h ' A\x,xy < LD^- {A:x) , 

(4.26) 
for any x Cz H with \\x\\ = 1. 



The inequahty (j4.20p may be used to obtain other inequalities for two 
selfadjoint operators as follows: 

Corollary 250 (Dragomir, 2010, |30] ) Let A and B be selfadjoint op- 
erators with Sp {A) , Sp {B) C [m, M] for some real numbers m < M. If 
f : [m, M] — > K is of r — L— Holder type with r G (0, 1], then we have the 
inequality 



\{fiB)y,y)~{f{A)x,x)\ 



(4.27) 



< L 



{{By, y) - {Ax, x)f + D^ {A; x) + D^ {B; y) 



r/2 



for any x,y £ H with \\x\\ = \\y\\ = 1. 
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Proof. If we apply the property ([P]) to the inequality (|4.20p and for the 
operator _B, then we get 



{\f{B)~{f{A)x,x)-lH\y,y) 



(4.28) 



< L 



{B-{Ax,x)-lHf + D^A;x)-lH 



r/2 



y,y 



for any x,y ^ H with ||x|| = ||y|| = 1. 

Utilising the inequality ((M| we also have that 

\f {{By,y)) - {f {A)x,x)\ < {\f (B) - {f {A)x,x) ■ lH\y,y) (4.29) 

for any x,y ^ H with ||x|| = \\y\\ = 1. 

Now, by the Holder-McCarthy inequality (|HMp we also have 



r/2 



y,y 



< 



{B ~ {Ax,x) ■ IhY + D^ iA;x) ■ 1h 

(^ [(B - {Ax, x) ■ Inf + D^ {A: x) ■ 1h] y, y) 

[{{By, y) - {Ax, x)f + D^ {A; x) + D' (B; y)) 



(4.30) 



r/2 
r/2 



for any x,y Cz H with ||a;|| = ||y|| = 1. 

On making use of (|4.28p - (|4.30p we deduce the desired result (|4.27p . 



Remark 251 Since 



D^ {A; x) <-{M~ m) 



then we obtain from {4.21^ the following vector inequalities 
\{f{A)y,y)-{f{A)x,x)\ 



(4.31) 
(4.32) 



< L 

< L 



[{Ay, y) - {Ax, x)Y + D^ {A; x) + D^ {A; y) 



r/2 



{{Ay,y) - {Ax,x)f + ]^{M -mf 



r/2 



and 



\{[f{B)-f{A)]x,x)\ 

{{B -A)x,xf+ D^ {A; x) + D^ [B; x) 



(4.33) 



< L 

< L 



r/2 



{{B-A)x,xf + ^iM~mf 



In particular, we have the norm inequality 



\\f{B)-f{A)\\<L 



\B-A\\^ + ^{M-mf 



r/2 



(4.34) 
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The following result provides convenient examples for applications: 

Corollary 252 (Dragomir, 2010, [30]) Let A he a self adjoint operator 
with Sp {A) C [ni, M\ for some real numbers m < M. If f : [m, M] — > R 
is absolutely continuous on [m,M], then we have the inequality: 



\f{s)-{f{A)x,x) 



(4.35) 



\s-lH-A\x,x)\\r\ 



.,M] 



m,M\,oo 



iffeL^[m,M]. 



< 



{\s-lH-A\x,xy/'^\\f'\\^. 



< < 



iff'eLp[m,M], 
■'^'^'P p > 1, i + i = 1, 

1/2, 



is-{Ax,x)r + D^A;x)\ |1/'||[„,m],oo */ /' G ^co K M] , 
(. - (Ax, x)f + D^ (A; X)] ^ lf'\\,^,,,,^ ^ ^' f f ^^T'^ J ' 



for any s G [m, M] and any x £ H with \\x\\ = 1, where ||/'||r„j j(,fi g are the 
Lebesgue norms, i.e., 



l/'lh 



ess suptg[„_M] I/' Wl if l^oo 



Proof. Follows from Theorem 12471 and on tacking into account that if / : 
[to, M] — > M is absolutely continuous on [tti, M] , then for any s, t e [to, M] 
we have 



f'{u)du 

s -t| ess suptg[„3^] I/' Wl 
i/p 



< 



\s-t 



'"{s":\rm 



dt 



if /' e Loc. [to, m] 



if/'eLp[TO,Af],p>i,i + i = l. 



Remark 253 It is clear that all the inequalities from Corollaries \249\ \250\ 
and Remark \251\ may be stated for absolutely continuous functions. How- 
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ever, we mention here only one, namely 

\f{{Ax,x))-{f{A)x,x)\ (4.36) 

{\{Ax,x) ■ Ih-A\x,x) ||/'||[„,m],oo ^//' e ioo [m,M] 
< 



(|(Ax,x).lff-yl|x,x)^/«||/'||[„,,]p _, i-;i 



1/9,,., II if f e Lp[m,M], 

11/ \\[m,M],p p ' 

^(^;2;)ll/'ll[™,Af],oo tffeL^[m,M] 



P> 1,- + - = 1, 

^ ' p q 



^ '^ ["^^^JWJ \\[m,M],p B>ll4.1=l 

P <? 

4-3.3 The Case of (ip,^) —Lipschitzian Functions 
The following lemma may be stated. 

Lemma 254 Let w : [a, fe] -> R and 93, $ e R &e such that $ > (p. The 
following statements are equivalent: 

(i) The function m— -^^-e, where e (t) = t, t E [a, 5] , is ^ (<& — (p) — Lipschitzian; 

(ii) We have the inequality: 

uit) — u ( s) 
If < —^ ^^ < $ for each t, s e [a, b] with t ^ s; (4.37) 

(Hi) We have the inequality: 

ip {t — s) < u {t)—u (s) < $ (t — s) for each t,s E [a, b] with t > s. 

(4.38) 

We can introduce the following class of functions, see also [JT]: 

Definition 255 The function u : [a,b] -^ R which satisfies one of the 
equivalent conditions (i) - (Hi) is said to be ((^, $) —Lipschitzian on [a, b] . 

Utilising Lagrange 's mean value theorem, we can state the following result 
that provides practical examples of {ip, $) —Lipschitzian functions. 

Proposition 256 Let u : [a, 6] — > R be continuous on [a, b] and dijferen- 
tiable on {a, b) . If 

- cx)< 7 := inf u' (t) , sup u' {t) =: T < 00 (4.39) 

te{aM) te{a,b) 

then u is (7, F) —Lipschitzian on [a, b] . 
The following result can be stated: 
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Proposition 257 (Dragomir, 2010, [30j) Let A be a self adjoint opera- 
tor with Sp (A) C [m, M] for some real numbers m < M. If f : [m, M] — > 
R is (7,r) —Lipschitzian on [m,M] , then we have the inequality 

1/ {{Ax, x)) - (/ {A) X, x)| < i (r - 7) {\{Ax, x)-1h- A\ x, x) (4.40) 

<i(r-7)i?(yl;x), 



for any x £ H with \\x\\ 



1. 



Proof. Follows by Corollary 12491 on taking into account that in this case 
we have r — 1 and L = i (F — 7) . ■ 

We can use the result ()4.40|) for the particular case of convex functions 
to provide an interesting reverse inequality for the Jensen's type operator 
inequality due to Mond and Pecaric |33] (see also [JHl P- 5]): 



Theorem 258 (Mond-Pecaric, 1993, [43]) Let A be a self adjoint op- 
erator on the Hilbert space H and assume that Sp {A) C [m, M\ for some 
scalars m, M with m < M. If f is a convex function on [m, M] , then 



f{{Ax,x))<{f{A)x,x) 
for each x Cz H with \\x\\ = 1. 



(MP) 



Corollary 259 (Dragomir, 2010, [30j ) With the assumptions of Theo- 
rem \258\ we have the inequality 

{Q<){f{A)x,x)-f{{Ax,x)) (4.41) 

< i (/: {M) - /; (m)) {\{Ax, x)-Ih- A\ x, x) 

< i {f'_ {M) - /; (m)) D {A- x)<\ {f_ {M) - /; (m)) (M - m) 

for each x (z H with \\x\\ ~ 1. 

Proof. Follows by Proposition 12571 on taking into account that 

/; (m) {t-s)<f{t)-f (,s) < f'_ {M) {t - s) 

for each s, t with the property that M > t > s > ni. ■ 
The following result may be stated as well: 

Proposition 260 (Dragomir, 2010, [30j) Let A be a self adjoint opera- 
tor with Sp {A) C [m, M] for some real numbers m < M. If f : [m, M] — > 
R is (7,F) —Lipschitzian on [m, M] , then we have the inequality 



\f{{Ax,x))-{f{A)x,x)\ 



(4.42) 



<2(r-7) 



{M - m) + 



{Ax, x) 



M 



for any x £ H with \\x\\ = 1. 
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The following particular case for convex functions holds: 

Corollary 261 (Dragomir, 2010, |30] ) With the assumptions of Theo- 
rem \258\ we have the inequality 



{Q<){f{A)x,x)^f{{Ax,x)) 



<2(/-(^^)-/+M) 



for each x (z H with \\x\\ = 1. 



- (M - m) + 



(Ax, x) — 



■M 



(4.43) 



4.3.4 Related Results 

In the previous sections we have compared amongst other the following 
quantities 



f 



a.ndf{{Ax,x)) 



with (/ (A) X, x) for a selfadjoint operator A on the Hilbert space H with 
Sp {A) C [m, M] for some real numbers m < M, f : [m, M] — > R a 
function of r — i— Holder type with r G (0, 1] and x & H with ||a;|| = 1. 
Since, obviously, 



TO < 



1 



M -m 



M 



f (t) dt < M, 



then is also natural to compare jtz — / / (t) dt with (/ (A) x, x) under 
the same assumptions for /, A and x. 
The following result holds: 

Theorem 262 (Dragomir, 2010, |30p Let A be a selfadjoint operator 
with Sp (A) C [m, M] for some real numbers m < M. If f : [to,, M] — > M 
is of r — L— Holder type with r € (0, 1], then we have the inequality: 



1 



M — m 
1 



M 



< 



r + 1 



fis)dt-{f{A)x,x) 
L (M - mf 



(4.44) 



M -Ih -A 

M -m 



r+l 



X,X } + 



A- m -1 



H 



M — m 



r+l 






< 



1 



-L{M~mY , 



r+l 
for any x (^ H with \\x\\ = 1. 
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In particular, if f : [to, M] — > M is Lipschitzian with a constant K, then 

1 



M -m 



M 



f{s)dt-{f{A)x,x) 



(4.45) 



<K{M-m) 



1 



1 



(M - my 



D^ {A;x)+ {Ax,x) 



m + M 



< -K{M~m) 



for any x £ H with \\x\\ = 1. 

Proof. We use the following Ostrowski's type result (see for instance [311 
p. 3]) written for the function / that is of r — L— Holder type on the interval 

[to, M] : 



1 f*^ 






t-fit) 




M - m J^ 




< ^ ^ (M mY 

- r+1^ ' 


' / M -t 


\M -m 



(4.46) 



r+l 



/ t 



\M - 



r+l 



for any t € [m, M] . 

If we apply the properties (|P|) and (fM|) then we have successively 



1 



M — m 



M 



f{s)dt-{f{A)x,x) 



(4.47) 



< 



1 



< 



M ~ m 
L 



M 



f{s)dt-f{A) 






r+l 



(M - mY 



M -Ih - A 
M -m 



r+l 



X, X 



A — m ■ 1 



H 



M -m 



r+l 



which proves the first inequality in (j4.44p . 

Utilising the Lah-Ribaric inequality version for selfadjoint operators A 
with Sp {A) C [to, M] for some real numbers m < M and convex functions 
g : [to.. A/] — ^ M, namely (see for instance [101 p. 57]): 

, , ,, , M — (Ax^x) , , {Ax,x)—m , 
{g {A) X, x) < „/ ' g (to) + ^-^ g (M) 



M-TO 



M — m 
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for any x £ H with ||a;|| = 1, then we get for the convex function g{t) :— 

( M-t \ ^ 
\M-mJ ' 



M -Ih- A 

M -m 



r+l 



X,X ) < 



M - {Ax, x) 
M -m 



and for the convex function g (t) := 



M—m 



r+l 



A — m • 1 



H 



M -m 



r+l 



X,X ) < 



{Ax, x) ~ m 
M -m 



for any x € H with ||a;|| — 1. 

Now, on making use of the last two inequalities, we deduce the second 
part of (|4.44p . 

Since 



1 / fM ■ 1h - A 
M ~ m 

1 






A — m ■ 1 



H 



M — m 



4 [M ~ my 



D'^{A-x)+ {Ax,x) 



m + M 



for any x ^ H with ||x|| = 1, then on choosing r = 1 in (|4.44p we deduce 
the desired result (|4.45l) . ■ 



Remark 263 We should notice from the proof of the above theorem, we 
also have the following inequalities in the operator order of B (H) 



(4.48) 



r+l 



/ 1 


I'M \ 






1 f{s)dt -Ih 
J 






^<'^' [m-^j 




s,tl <"-'"'■■ 


' (M-Ih-AY 


fi 

+ 


f A- m-lH 


\ M — VI J 


\ M -m 


^ ^ T n\f ™^' 


\ 1 „ 







r + l 



The following particular case is of interest: 



Corollary 264 (Dragomir, 2010, [30]) Let A he a self adjoint operator 
with Sp {A) C [m, M] for some real numbers m < M. If f : [m, M] — > R 
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is (7,r) " Lipschitzian on [m,AI] , then we have the inequality 

< i (r - 7) (M - m) 

< i (r - 7) {M - m) . 



(4.49) 



Proof. Follows by (14. 45^ applied for the ^ (F — 7)-Lipshitzian function 

2 



/-^•e. 



4-3.5 Applications for Some Particular Functions 

1. We have the following important inequality in Operator Theory that is 
well known as the Holder-McCarthy inequality: 

Theorem 265 (Holder-McCarthy, 1967, |42j) Let A he a self adjoint 
positive operator on a Hilbert space H . Then 

(i) {A^x,x) > {Ax,x) for all r > 1 and x Cz H with \\x\\ = 1; 

(ii) (A^x^x) < {Ax,x) for all < r < 1 and x (£ H with \\x\\ — 1; 

(Hi) If A is invertible, then (A^^XyX) > {Ax,x) for all r > and 
X £ H with \\x\\ = 1. 

We can provide the following reverse inequalities: 

Proposition 266 Let A be a selfadjoint positive operator on a Hilbert 
space H and < r < 1. Then 

{0<){Ax,xy -{A''x,x} < {\{Ax,x) ■lH-A\x,xy<D''{A;x) (4.50) 

for all X £ H with \\x\\ — 1. 

Proof. Follows from Corollarv l249l bv taking into account that the function 
/ [t) = V is of r — L— Holder type with L == 1 on any compact interval of 
(0,oo). ■ 

On making use of Corollarv l259l we can state the following result as well: 

Proposition 267 Let A be a selfadjoint positive operator on a Hilbert 
space H. Assume that Sp{A) C [to, A/] C [0, oo). 
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(i) We have 

0<{A'^x,x)-{Ax,xY (4.51) 

<\r{Ar-^-mJ-^){\{Ax,x)-\H-A\x,x) 

< hr [Ar-^ - m'-i) D [A; x) < Jr (Af-i - m'-^) (M - m) 

for all r > 1 and x £ H with \\x\\ — 1; 
(ii) We also have 

Q<{Ax,xY ~{A''x,x) (4.52) 

1 /Ml 

1 /Ml-'' 

2^ V^i-'-Mi-'- y " '"'"'' " 4' V mi-'-Mi 



< -^r ( ^"\_^"T-/ ) D {A, x)<tr[ ^" , ""1, ) (M - m) 



/or all < r < \ and x d H with \\x\\ = 1; 
(Hi) If A is invertible, then 

< {A-''x, x) - {Ax, x) "'■ (4.53) 

1 /M'-+1-to''+i\ „, , 
< -r n r-r- {\{Ax,x) ■ 1h ~ A\x,x) 



1 /M''+l-TO 



r+l 



< 77^ ^r-rm ZT- -D [A; x) < -r { ———, -^ (M - m) 

for all r > and x Cz H with \\x\\ = 1. 

2. Consider the convex function / : (0,00) — ?► M, f (x) = — Inx. On 
utilizing the inequality (I4.4ip . we can state the following result: 

Proposition 268 For any positive definite operator A on the Hilbert space 
H with Sp{A) C [m, M] C [0,oo) we have the inequality 

{0<)ln{{Ax,x))-{ln{A)x,x) (4.54) 

1 M — TO , , , , 



1 M -m 1 (M - to) 



2 



< D(A:x) < - 



2 mM ' ' ' - 4 toM 

for any x Cz H with \\x\\ = 1. 

Finally, the following result for logarithms also holds: 
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Proposition 269 Under the assumptions of Provosition [^US\ we have the 
inequality 



(0 <) (A In {A) X, x) ~ {Ax, x) In {{Ax, x)) 
m 



(4.55) 



< In 

< In 



{\{Ax,x) ■Ih-A\x,x) 



D {A; x)< - {M - m) In \ — 
m 2 V m 



for any x G H with \\x\\ = 1. 

Remark 270 On utilizing the results from the previous sections for other 
convex functions of interest such as f {x) = In [(1 — x) /x] , a; e (0, 1/2) or 
f {x) = In (1 + exp x) ,x £ (— oo, (X)) we can get other interesting operator 
inequalities. However, the details are left to the interested reader. 



4.4 Other Ostrowski Inequalities for Continuous 
Functions 

4-4-i Inequalities for Absolutely Continuous Functions of 
Selfadjoint Operators 

We start with the foUowing scalar inequahty that is of interest in itself 
since it provides a generalization of the Ostrowski inequality when upper 
and lower bounds for the derivative are provided: 

Lemma 271 (Dragomir, 2010, [27]) Let / : [a, 6] ^- R be an absolutely 
continuous function whose derivative is bounded above and below on [a, b] , 
i.e., there exists the real constants 7 and F, 7 < F with the property that 7 < 
/' {s) < F for almost every s € [a, b] . Then we have the double inequality 



1 F-7 


( br-ajV 




^b-aV] 


2 b-a 


V r-7 J 


-F7 


.r-J 


1 /■'' 






b-a Ja 




1 F-7 


f aV-b-fV 




(b-aV 


2 b-a 


y r-7 J 


-i7 


vr-7/ _ 



(4.56) 



for any s € [a, 6] • The inequalities are sharp. 
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Proof. We start with Montgomery's identity 



/(^)- 



1 



b — a 



nt)dt 



(4.57) 



b ~ a 



{t - a) f (t) dt + 



b — a 



{t - b) f (t) dt 



that holds for any s e [a,b]. 

Since j < f (t) < T for almost every t e [a, b] , then 



7 



6- 



and 



6-, 



(t -a)dt< 



{b -t)dt< 



1 



6- 



b — a 



{t - a) f {t) dt < 



{b - t) f (t) dt < 



b- 



6- 



(i - a) dt 



{b - t) dt 



for any s G [a, b] . 

Now, due to the fact that 



1 2 /■ 1 2 

(t — a) dt = - (s — a) and / {b — t) dt ~ — {b — s) 

^ J s '^ 

then by (|4.57p we deduce the following inequality that is of interest in itself 



1 



2 (6 - a) 



1 



T {b — s) — 7 (s — ay 
b 



(4.58) 



b — a 



f{t)dt 



< 



2{b-a) 



r (s — a)" — 7 (6 — ,s) 



for any s £ [a,b]. 

Further on, if we denote by 

^ := 7 (s - a)^ - r (6 - sf and B := T (s - a)^ - 7 (6 - sf 

then, after some elementary calculations, we derive that 



^ = - (r - 7) s - 



6r — a7 

r — 7 y ' r — 7 



"^^ (^-«f 



and 



i? = (r-7)Ls 



aV — 67 



'" (^-f 



r — 7 y r — 7 

which, together with (|4.58p . produces the desired result (|4.56p . 

The sharpness of the inequalities follow from the sharpness of some par- 
ticular cases outlined below. The details are omitted. ■ 
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Corollary 272 With the assumptions of Lemma \271\ we have the inequal- 

l^(&_a)<^^ /Wrft-/(a)<ir(6-a) (4.59) 

^^{b-a)<f{b)-^l f{t)dt<^T{b-a) (4.60) 



and 



^i^)-F^r/<"- 



<l{^-l){b-a) (4.61) 



respectively. The constant „ is best possible in |.^.67[ ). 

The proof is obvious from (|4.56p on choosing s — a,s — b and s — ^^, 
respectively. 

Corollary 273 (Dragomir, 2010, [27]) With the assumptions of Lemma 
\271\ and if in addition 7 = —a and T ^ f3 with a, /3 > then 

1 f\,-., ,fb/3 + aa\ 1 ^fb-a\ , ^ ^^, 



b-aJa \ P + a J ~ 2 \I3 + a 



Jal3 + ha\ 1 /",,,, 1 nfb-a\ , ^ ^^^ 

The proof follows from (|4.56p on choosing s = gVa' ^ I'^^b] and s = 
^f±|^e [a, 6], respectively 

Remark 274 /// : [a, 6] — )■ ]R is absolutely continuous and 

ll/'ll^ :=ess sup |/'(t)| < 00, 

te[a,6] 

then by choosing 7 = — |j/'||oo and F = ||/'||oo *'^ (El^ ^6 deduce the clas- 
sical Ostrowski's inequality for absolutely continuous functions. The con- 
stant i in Ostrowski 's inequality is best possible. 

We are able now to state the following result providing upper and lower 
bounds for absolutely convex functions of selfadjoint operators in Hilbert 
spaces whose derivatives are bounded below and above: 

Theorem 275 (Dragomir, 2010, [27J) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [m, M] for some real 
numbers m < M. If f : [m, M] -^ W is an absolutely continuous function 
such that there exists the real constants 7 and F, 7 < F with the property 
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that 7 < /' (s) < r for almost every s G [m, M] , then we have the following 
double inequality in the operator order of B (H) : 



(4.64) 



1 r-7 

2 M-777 


A- 


MT — 77^7 

r-7 


.)^ 


-r7 




^r'"" 


/ 1 


rM ^ 










/ f{t)dt 

J m J 


•Iff 








-^^^'^> [m-tu 




<i. r-7 

- 2 M - 771 


A- 


mT - M-f 

r-7 


.)'- 


-r7 




-;j -H 



The proof follows by the property ([P]) applied for the inequality (|4.56p 
in Lemma 12711 

Theorem 276 (Dragomir, 2010, (27)) With the assumptions in Theo- 
rem\275\ we have in the operator order the following inequalities 



liA) 



1 



M -m 



M 



f{t)dt] -Ih 



(4.65) 



ii^ + ( 



A m + M -I 



(A'^-"^)ll/'lloo ^f f'eL^[m,M]; 



< < 



(p+i)p 



,1// 



\^ M-m J ~^ \ M—m J 



3+1 



(M-H'll/'ll, 



M-r 



«/ /'e£p[7^,Af], i + i = l, p>l; 

IL/'lli- 



The proof is obvious by the scalar inequalities from Theorem 12421 and 
the property (|P|) . 

The third inequality in (j4.65p can be naturally generalized for functions 
of bounded variation as follows: 

Theorem 277 (Dragomir, 2010, |27j ) Let A be a selfadjoint operator 
in the Hilhert space H with the spectrum Sp (A) C [771, M] for some real 
numbers m < M. If f : [m, M] — >■ R is a continuous function of bounded 
variation on [771, M] , then we have the inequality 



fiA) 



< 



1 



M 
A- 



— / fit)dt] -Ih 

M 

V(/) 



(4.66) 



M — m 
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M 

where \J (/) denotes the total variation of f on [m, M] . The constant i is 

m 

best possible in 114.66^ . 

Proof. Follows from the scalar inequality obtained by the author in |23j . 
namely 



/(^)- 



1 



b — a 



J{t)dt 



< 



a+b 



b — a 



V(/) 



(4.67) 



for any s e [a, b] , where / is a function of bounded variation on [a, b] . The 
constant ^ is best possible in (|4.67p . ■ 



4.4-2 Inequalities for Convex Functions of Self adjoint 
Operators 

The case of convex functions is important for applications. 
We need the following lemma. 

Lemma 278 (Dragomir, 2010, [27]) Let f : [a,b\ ^ R be a differen- 
tiable convex function such that the derivative /' is continuous on (a, b) 
and with the lateral derivative finite and f'_ (b) ^ f^ (a). Then we have the 
following double inequality 



1 f'_{b)-f',{a) 

2 ' b-a 



(4.68) 



bf- [b] - af '+ [a) 
f- [h) - f 



vw) -^-("^i<°'fe 



6- 



': (6) - /; («) 



</w 



1 



f{t)dt<f{s)(s 



a + b 



b — a 

for any s G [a, b] . 

Proof. Since / is convex, then by the fact that /' is monotonic nonde- 
creasing, we have 



^^("^ f\t^a)dt< ' 



b — a 



and 



f{s) 
b — a 



(6 -t)dt< 



b — a 



b ~ a 



{t - a) f (t) dt < 



b — a 



(t - a) dt 



^ f (b) r^ 

[b - t) f it) dt < 4—^ / (b-t) dt 
b- a .L 



for any s € [a, b] , where /^ (a) and /I (b) are the lateral derivatives in a 
and b respectively. 
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Utilising the Montgomery identity (|4.57l) we then have 



b — a 



[ (t-a)dt- 4^-^ / (b-t) dt 
J a b-a J, 



1 '•'' 



^/(*)-5— / /W'^^ 



■ r {t- a) dt - {^ f {b-t), 
J a b-a J, 



< IIM. I (t-a)dt- '—^ I (b-t) dt 
b — a 



which is equivalent with the following inequality that is of interest in itself 
1 



2{b-a) 



f',{a)is-a)'-f'_{b)ib-s)^ (4.69) 



for any s e [a, b] . 

A simple calculation reveals now that the left side of (I4.69P coincides 
with the same side of the desired inequality ()4.68p . ■ 

We are able now to sate our result for convex functions of selfadjoint 
operators: 

Theorem 279 (Dragomir, 2010, [27J) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp (A) C [tti, M] for some real 
numbers m < M. If f : [m, M] -^ 'M. is a differentiate convex function 
such that the derivative f is continuous on [m, M) and with the lateral 
derivative finite and f'_ (M) ^ f'^_ (m) , then we have the double inequality 
in the operator order of B [H) 

1 /:(M)-/;(m) 

2 M -m 

^- "{f;";':^'r" -iHV-.fi(M)/;w^ "-■" 



/i(M)-/;(m) "} ■'-> "+' 'V/:(M)-/;(m) 



(s^r^w"')'"^!-^- 



(4.70) 

The proof follows from the scalar case in Lemma 12781 

Remark 280 We observe that one can drop the assumption of differentia- 
bility of the convex function and will still have the first inequality in |4.70[ ). 
This follows from the fact that the class of differentiable convex functions 
is dense in the class of all convex functions defined on a given interval. 



i-H 
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A different lower bound for the quantity 



1 ^^" 



f^^'^-iw^i /w^M-1- 



expressed only in terms of the operator A and not its second power as 
above, also holds: 

Theorem 281 (Dragomir, 2010, [27J) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp (A) C [m, M] for some real 
numbers m < M. If f : [m, M] -^ 'M. is a convex function on [m, M] , then 
we have the following inequality in the operator order of B (H) 



(4.71) 



> ( ^ / fit)dt]- 1h 

\M -m J^ J 

f (M) (M ■ Ifl - A) + / (m) (A - m ■ Ig) 
M -m 

Proof. It suffices to prove for the case of differentiable convex functions 
defined on (m, M) . 

So, by the gradient inequality we have that 

fit)-fis)>it-s)f'{s) 

for any i, s S (rn, M) . 

Now, if we integrate this inequality over s G [m, M ] we get 

I'M 

{M-m)f{t)- f{s)ds (4.72) 



r-A/ 

> / {t~s)f'{s)ds 

I 
M 

f (s) ds-{M-t)f (M) -{t-m)f (m) 



for each s E [m, M] . 

Finally, if we apply to the inequality (|4.72p the property (|P|) , we deduce 
the desired resuh ([iTT]) . ■ 
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Corollary 282 (Dragomir, 2010, |27] ^ With the assumptions of Theo- 
rem \28l] we have the following double inequality in the operator order 



fim) + f (M) 

^ ^ ' ■' ^ ^-Ih (4.73) 



> 

- 2 



2 
1 ■ 



j^^^^nM)iMJ^H-A) + f{m){A-m-lH) 



M -m 



1 rM 



^[m^I /(^)'^^l-i- 



Proof. The second inequality is equivalent with (|4.7ip . 

For the first inequality, we observe, by the convexity of / we have that 



/(Af)(t-m) + /(m)(M-t) ^ 

M-m - / U 



for any t G [m, M] , which produces the operator inequality 

fiM){A-m-lH) + f (m) (M -Ih-A) ^^ ^ 
Ad — m ~ 

Now, if in both sides of (|4.74p we add the same quantity 

/ (M) {M-1h-A) + f (m) {A-m- Ig) 
M-m 

and perform the calculations, then we obtain the first part of (|4.73p and 
the proof is complete. ■ 



4.4-3 Some Vector Inequalities 
The following result holds: 



Theorem 283 (Dragomir, 2010, [27]) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [tti, M] for some real 
numbers m < M and let {Ex}^ be its spectral family. If f : [m,M] -^M. is 
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an absolutely continuous function on [m,M], then we have the inequalities 



\f{s){x,y)-{f{A)x,y)\ 

M 

< V {{Ei.)x,y)) 

m-O 

[i(M-m) + |s-Hi±M|]||/'|| 



(4.75) 



if.f'eLoo[m,M] 



■_liM-m) + \s-^^^\Y^'\\,fX '^^ "r+i=i, 



iffeLp[m,M],p>l, 
p 1 



<M\\y\\ 

[i(M-m) + |,s-Hi±M|]||/'IU 



tffeL^[m,M] 



ifreLp[m,M],p>l, 
1, 



^P 1 
1 I 1 



for any x,y ^ H and s G [jti, M] 



Proof. Since / is absolutely continuous, then we have 



l/(.'^)-/WI 

/' (u) du 

\t-s\\\r 



(4.76) 



< 



\t- s 



1/9 1 



< j \nn)\du 

11^ if /'e Loo KM] 

/'lip if/'eipKM],p>i,i + i = i, 



for any s, i € [m, M] . 

It is well known that if p : [a, 6] — > C is a continuous functions and 
V : [a, 6] — > C is of bounded variation, then the Riemann-Stieltjes integral 
/ p (t) dv (t) exists and the following inequality holds 



p (t) dv (t) 



< niax |p(i)|W(w), 

te[a,b] ' 



where y (v) denotes the total variation of v on [a, b] 
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Now, by the above property of the Riemann-Stiehjes integral we have 
from the representation (|4.82p that 



\f{s){x,y)^{f{A)x,y)\ 



(4.77) 



M 



[f{s)~f{t)]d{{Etx,y)) 



m-O 



M 



^ ■ ' m-0 



M 



< 



m-O 

maxtg[„j^j,/] \t- s\ ll/'ll^ 



1/9 1 



maxtg[„^M] |i-s| ll/'llp 



if /' e Loo [m, M] 
if/' e Lp[m,Af],p> 1, 



1 I 1 



= 1, 



F 



M 



where \J ((_E(-.)a;, y)) denotes the total variation of (-E(-.)a;, y) and x,y (£ 

m-O 

iJ. 

Since, obviously, we have maxjg[,„ jv^j |i — s| = ^ {M — m) + |s — ™^^^ | , 
then 



Af 



F= V ((L;(.):.,y)) 



■ITl-O 



[i(M-m)+|s-Hi±M|]||/'|| 



[i [M 



m) + s — 



i+MUl/g II PI 



r\[ 



(4.78) 

if /' e ioo [m, M] 
if/'eLp[m,Af],p>l, 



1 I 1 



-1, 



for any x,y G H. 

The last part follows by the Total Variation Schwarz's inequality and the 
details are omitted. ■ 
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Corollary 284 (Dragomir, 2010, |27] ^ With the assumptions of Theo- 
rem \283\ we have the following inequalities 



f{^-^]{:^,y)-{f(A)x,y) 

V IfII / 
<l|a;||||y|| 

i(M-m)+ i^-Hi±M 



(4.79) 



l/'ll 



iff'eL^[m,M] 



i {M - m) + 



(Ax.x) m+M 



1/9, 



l/'ll 



*//'eLp[m,Af],p>l, 

- + --1, 
p q ' 



and 



<M\\y\\ 

^(M-m)||/'||^ 



(4.80) 



^//'eLooKM] 



^(M-mf'^WfX 



if f eLp[m,M],p> 1, 
1 I 1 _ 1 



/or any x,y £ H. 

Remark 285 In particular, we obtain from l[4.6,'J^ the following inequali- 
ties 



\f{{Ax,x))-{f{A)x,x)\ 



(4.81) 



[i (M-m) + \{Ax,x) - Hi±M|] ll/'ll^ ,//' e Loo [m,M] 



< 



and 



■i+M\]^/l 



iff'£Lp[m,M]. 



[i(M-m) + |(Ax,x)-Hi±M|]-^||/'ll„ _, 1 , 1 



^ ' p q ' 



/(^^)-(/(A).,.) 



(4.82) 



i(M-HII/'ll 



«/ /' e ioo [to, m] 



< 



jkiM-mf^\\f\ ^ff^L,[m,M],p>l, 



p 1 



for any x E H with \\x\\ = 1. 



Theorem 286 (Dragomir, 2010, [27J) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [m, M] for some real 
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numbers m < M and let {Ex}^ be its spectral family. If f : [to, M] -^ R is 
r — H -Holder continuous on [m,M], then we have the inequality 



\f{s){x,y)-{f(A)x,y)\ 

M 



<H\/ m,)x.y)) 



[M - m) + 



m + M 



<H\\x\\\\y\\ 



_ (Af _ „i) + 



m + M 



(4.83) 



for any x,y G H and s G [to,, M] . 

In particular, we have the inequalities 



/(^4^l(^'y>-(/(^)^.y) 



<H\\x\\\\y\\ 



(M - to) 



{Ax, x) m + M 



\w 



(4.84) 



and 



f\'^^^]{x,y)-{f{A)x,y) 



<^^ll^lllly||(M-"^) 



(4.85) 



for any x,y £ H. 

Proof. Utilising the inequality (|4.77p and the fact that / is r — i7-H61der 
continuous we have successively 



\f{s){x,y)^{f{A)x,y)\ 

[f{s)-f{t)]d{{EtX,y)) 



(4.86) 



M 



telm,M\ " 

771 — 



M 



^ ' 771-0 



H 



(M - to) + 



m + M 



M 



V ((^(O^'J/)) 



for any x,y £ H and s G [ttt,, Af ] . 

The argument follows now as in the proof of Theorem l283l and the details 
are omitted. ■ 
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4-4-4 Logarithmic Inequalities 
Consider the identric mean 

{a if a = 6, 

_L a,b>0; 

'e{&y-^ if «^^ 

and observe that 

1 r'' 

In tdt = In [/ (a, b)] . 



If we apply Theorem 12791 for the convex function f {t) = —\nt,t > 0, 
then we can state: 

Proposition 287 Let A be a positive selfadjoint operator in the Hilbert 
space H with the spectrum Sp (A) C [m, AI] for some positive numbers < 
m < M. Then we have the double inequality in the operator order of B (H) 

-^tAcfI^"-"^^^) <ln/(m,M)-lH-hrA<^^i^-A-i-l^. (4.87) 
2mM 2 

If we denote by G (a, b) := vofc the geometric mean of the positive num- 
bers a, b, then we can state the foUowing result as well: 

Proposition 288 With the assumptions of Proposition \287\ we have the 
inequalities in the operator order of B (H) 

\nG{m,M)-lH (4.88) 



1 
< - 

- 2 



In M • (M -Ih- A)+\nm- {A-m- 1^) 



M -m 
<\nI{m,M) ■ Ih- 

The inequality follows by Corollary 12821 applied for the convex function 
f(t) = -lni,i >0. 

Finally, the following vector inequality may be stated 

Proposition 289 With the assumptions of Proposition \Ml\ for any x,y ^ 
H we have the inequalities 

\{x,y)lns- {\nAx,y)\ (4.89) 

<ll^llllyM 

{ L2 V^" m) -\- \S 2 IJ (p-l)MP-imP-i' 

for any s S [m, AI] , where p > l,^ + ^ = 1. 
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4.5 More Ostrowski's Type Inequalities 

4-5.1 Some Vector Inequalities for Functions of Bounded 
Variation 

The following result holds: 

Theorem 290 (Dragomir, 2010, [16]) Let A be a selfadjoint operator 
in the Hilbert space H with the speetrum Sp (A) C [m^ M] for some real 
numbers m < M and let {E\}^ be its spectral family. If f : [m,M] — > M 
is a continuous function of bounded variation on [m, M], then we have the 
inequality 

\f{s){x,y)-{f{A)x,y)\ (4.90) 

S 

<{E,x,xf^E,y,yf^\/{f) 

m 

M 



{{Ih - E,)x,x)"^ {{Ih ^ E,)y,yf^\J if) 



<l|2;||||y|| 



\ rn 



V(/)- 


-\/{f) 

s 



M 



<ll^llll2/llV(/) 



for any x,y £ H and for any s G [m, M] 



Proof. We use the following identity for the Riemann-Stieltjes integral 
established by the author in 2000 in [10] (see also [3TJ p. 452]): 

[u{b)-u{a)]f{s)- f f{t)du{t) (4.91) 

J a 

[u (i) - u (a)] df it) +1 [u{t)-u {b)] df (t) , 

for any s € [a, b] , provided the Riemann-Stieltjes integral J / (t) du (t) 
exists. 

A simple proof can be done by utilizing the integration by parts formula 
and starting from the right hand side of (|4.9ip . 

If we choose in (|4.9ip a = m, b ~ M and u (t) — {Etx, y) , then we have 
the following identity of interest in itself 

f (s) (x, y) - (/ {A) x,y)= {EtX, y) df (t) + / {{Et ~ 1h) x, y) df (t) 

J m—0 Js 

(4.92) 
for any x,y £ H and for any s G [to, Af ] . 

It is well known that if p : [a, 6] — >■ C is a continuous function and 
t; : [a, 6] — >■ C is of bounded variation, then the Riemann-Stieltjes integral 
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/^ p (f ) dv {t) exists and the following inequality holds 



p (t) dv (t) 



< max b(f)|\/(«) 

te[a,b] ' 



where W (v) denotes the total variation of v on [a, b] 

a 

Utilising this property we have from (j4.92p that 



\f{s){x,y)~{f{A)x,y)\ 



< 



{Etx,y)df{t) 



m-O 



M 



(4.93) 



< max \{Etx,y)\\/ if) + max 

t<£[m,s] " te[s,M] 



{{Et^lH)x,y)dfit) 

M 

\{{Et-lH)x,y)\\/{f):^T 



for any x,y € H and for any s € [m, M] . 

If P is a nonnegative operator on H^ i.e., {Px,x) > for any x ^ H, 
then the following inequality is a generalization of the Schwarz inequality 
mH 



\{Px,y)f<{Px,x){Py,y) 



(4.94) 



for any x,y G H. 

On applying the inequality (|4.94p we have 



\{Etx,y)\<{Etx,x)'^^{Ety,y)'^^ 



and 



\iilH - Et)x,y)\ < {{1h - Et)x,x)'^^ {{Ih ~ Et)y,y)'^^ 



for any x,y G H and t £ [to, M] . 



4.5 More Ostrowski's Type Inequalities 245 



Therefore 



T < max 



max 

te[s,M] 



{E,x,x)'^^ {Ety,y)'/^\\/ if) (4.95) 

771 

M 

{{Ih - Et)x,x)'/' {{1h - E,)y,y)'^']\/ if) 



< max {Etx,x)^''^ max {Ety,y}^'^\/ [f] 

telm,s] te[m,s] • 



M 



max 

te[s,M] 



{{lH-Et)x,x)"^ me^x {{lH-Et)y,y)'/'\/if) 
te[s,M] * 

s 

{E^x^x)"^ {E^y^yf^y U) 



M 



+ {{1h - E,)x,x)'/' {{1h - E,)y,y)'/'\/ if) 

S 

:=¥ 

for any x,y ^ H and for any s G [to, M] , proving the first inequahty in 
6301). 

Now, observe that 

{s M ^ 

V(/)'V(/) 
m s ) 

X \EsX,x)^'^ {Esy,y)'^' + ((1^ - Es)x,x)'^^ ((1^ - i?s)y,y)'/' 



Since 



max • 



s M ^ M ^ 



AI 



V(/)-V(/) 



and by the Cauchy-Buniakovski-Schwarz inequahty for positive real num- 
bers 01,61,02,62 



2 , „2\l/2 /,2 , .2\l/2 



0161 + 0262 < (o? + a^) ' {bj + bj) 



(4.96) 



we have 

{E,x,x)'/^ {Esy,y)'^^ + iilH - E,)x,x)'/' iilH - E,)y,y)'^' 
< [{EsX; x) + iilH - E,) X, x)f''' [{E,y, y) + ((1^ - E^) y, y)f'^ 

= M\\y\\ 

for any x,y E H and s € [to, M] , then the last part of (|4.90p is proven as 
well. ■ 
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Remark 291 For the continuous function with bounded variation f : [to, M] 
M. if p (z [m, M] is a point with the property that 

p M 

V(/) = V(/) 

m p 

then from J^.ffOp we get the interesting inequality 

1 *^ 

\f{p){x,y)~{f{A)x,y)\<-\\x\\\\y\\\/{f) (4.97) 



for any x,y <E H. 

If the continuous function f : [m, M] — )• M is monotonic nondecreas- 
ing and therefore of bounded variation, we get from \4.90^ the following 
inequality as well 



\f{s){x,y}-{fiA)x,y}\ 

<{E,x,x)^'^{Esy,yf\f{s)^f{m)) 

+ {{Ih - Es) X, x)'/' {{1h - Es) y,y)'/' (/ (M) - f (,s)) 



(4.98) 



<l|2:||||y||(^2(/(M)-/(m)) + 
(<||2:||||y||/(M)-/(TO)) 



/W- 



/ (to) + / (M) 



for any x,y Cz H and s G [to, M] . 

Moreover, if the continuous function f : [m, M] -^ W is nondecreasing 
on [m, M] , then the equation 



/(«) 



/(to) + /(M) 



has got at least a solution in [to,, M] . In his case we get from {4-98^ the 
following trapezoidal type inequality 



f{m) + f {M) 



{x,y)-{f{A)x,y) 



<-\\x\\\\y\\{f{M)-f{m)) (4.99) 



for any x,y ^ H. 



4-5.2 Some Vector Inequalities for Lipshitzian Functions 

The following result that incorporates the case of Lipschitzian functions 
also holds 

Theorem 292 (Dragomir, 2010, [16j) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [m, M] for some real 
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numbers m < M and let {Ex}^ be its spectral family. If f : [m, M] 
Lipschitzian with the constant L > on [m,M], i.e., 

1/ is) ~f[t)\<L\s- t\ for any s, t G [m, M] , 

then we have the inequality 



\f{s){x,y)^{f{A)x,y)\ 



(4.100) 



< L 



{EfX, x) dt 



m—O 



1/2 



{Ety,y)dt 



171 — 



1/2 



M 



1/2 



+ / {{l„-Et)x,x)dt 



1/2 



M 



1/2- 



{{lH-Et)y,y)dt 



<L{\A-slH\x,xy{\A^slH\y,y) 



< L 



D^{A;x) + (s||a;||^- {Ax,x}) 
DHA;y)+(^s\\yf-{Ay,y)) 



\l/2 
1/4 



1/4 



for any x,y (z H and s e [m, AI] , where D (A; x) is the variance of the 
selfadjoint operator A in x and is defined by 



D{A;x) :^ (\\Axf\\xf-{Ax,xf) 



1/2 



Proof. It is well known that if p : [a, 6] — > C is a Ricmann integrable 
function and w : [a, 6] — > C is Lipschitzian with the constant L > 0, i.e., 

1/ (s) -f{t)\<L\s~t\ for any t, s G [a, b] , 

then the Rieniann-Stieltjes integral / p {t) dv {t) exists and the following 
inequality holds 



p (t) dv (t) 



<L f \p{t)\dt. 

J a 



Now, on applying this property of the Rieniann-Stieltjes integral, we have 
from the representation (|4.92p that 



\fis){x,y)~{fiA)x,y)\ 



< 



< L 



{Etx,y)df{t) 



M 



{{Et-lH)x,y)df{t) 



771 — 



M 



\{EtX,y)\dt+ / \{{Et-lH)x,y)\dt 



■.^LW 
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for any x,y ^ H and s G [m, Af ] . 

By utilizing the generalized Schwarz inequality for nonnegative operators 
(|4.94p and the Cauchy-Buniakovski-Schwarz inequality for the Riemann 
integral we have 



W< / {Etx,x)'/^{Ety,y)'^^dt (4.101) 

+ J {{Ih - Et) X, x)^'^ {{Ih - Et) y, y)^'^ dt 

/ rs \ 1/2 / rs \ 1/2 

< / {Etx,x)dt) / {Ety,y)dt) 

+ IJ {{lH~Et)x,x)dt\ I J {{lH~Et)y,y)dt\ 
■=Z 

for any x,y £ H and s G [to, M] . 

On the other hand, by making use of the elementary inequality (j4.96p 
we also have 

Z<i {Etx,x)dt+ ({Ih ~Et)x,x)dt\ (4.102) 

xN {Ety,y)dt + j {{lH~Et)y,y)dt\ 

for any x,y € H and s € [to, M] . 

Now, observe that, by the use of the representation (I4.92p for the con- 
tinuous function / : [m^ M] — > R, / (t) — |t — s| where s is fixed in [to,, M] 
we have the following identity that is of interest in itself 

{\A~s-lH\x,y)^ {Etx,y)dt+ {{Ih ~ Et) x,y) dt (4.103) 



for any x,y £ H. 

On utilizing (|4.103p for x and then for y we deduce the second part of 
(|4l00l) . 

Finally, by the well known inequality for the modulus of a bounded linear 
operator 

{\T\x,x) < \\Tx\\ \\x\\ ,xe H 
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1/4 



1/4 



we have 

{\A-s- Ih\ x.xfl^ <\\Ax~ sx\\^l^ \\x\^l^ 

= {\\Axf - 2s {Ax, x) + s^ \\xfA ''" \\x\\^'^ 
\\Ax\\^ \\x\\^ - {Ax,xf + (s \\x\\^ - {Ax, x)\ 

= D'^{A;x)+{s\\xf -{Ax,x)\ 

and a similar relation for y. The proof is thus complete. ■ 

Remark 293 Since A is a selfadjoint operator in the Hilbert space H with 
the spectrum Sp (A) C [m, M] , then 



1/4 



m + M 



M — m 



giving from {4^.100^ that 



n'^;^]{x,y)-{f{A)x,y) 



(4.104) 



<L 



•i + AJ \ 1/2 

{Etx, x) dt ] 



ni — 



n + M \ 1/2 

{Ety,y)dt] 



771 — 



IJ^^^J{lH-Et)x,x)dt\ IJ^^^^ {{lH-Et)y,y)dt 



1/2- 



< L 



1 



^ m + Af ^ 
A ^ Iff 



1/2 






y,y 



1/2 



<-L{M-7n)\\x\\\\y\\ 

for any x,y £ H. 

The particular case of equal vectors is of interest: 

Corollary 294 (Dragomir, 2010, [16j) Let A he a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [m, M] for some real 
numbers m < M . If f : [m, M] — )> M is Lipschitzian with the constant L > 
on [m,M], then we have the inequality 



f is) \\xf - (/ {A) x,x) <L {\A -s-Ih\x, x) 



< L 



for any x ^ H and s G [m, AI] . 



D^ {A;x) + (^s\\xf - {Ax,x)y 



(4.105) 

1/2 
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Remark 295 An important particular case that can be obtained from J^ . 1 05\j 
is the one when s ~ '.. ^'f^ , x 7^ 0, giving the inequality 



f(^-^]\\xf-{f{A)x,x) 



<L 



A 



{Ax, x) 



Lff 



x,x) (4.106) 



1 9 

< LD [A] x) < -L (M - m) ||a;|| 

for any x G H,x y^ 0. 

We are able now to provide the following corollary: 

Corollary 296 (Dragomir, 2010, |16] ) Let A be a self adjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [m, M] for some real 
numbers m < M and let {E\\^ be its spectral family. If f : [m,M] — )■ M js 
a (</?;$) — Lipschitzian functions on [m,M] with $ > yj, then we have the 
inequality 



if (A) X, v) - ^ {Ax, y) + '^s {x, y) - f {s) {x, y) 



(4.107) 



< 2 ('^ - ^) 



{Etx, x) dt 



m-O 



1/2 



{Ety,y)dt 



m— 



1/2 



M 



1/2 



M 



1/2- 



+ iy {{lH-Et)x,x)dt\ ly {{lH-Et)y,y)dt 

<l{^-^){\A-slH\x,x)'/'{\A-slH\y,y)'^^ 
D^ {A;x) + (s\\xf - {Ax,x)y 

D^A;y) + [s\\yf-{Ay,y)y 



<^{^-v) 



1/4 



1/4 



for any x,y £ H. 

Remark 297 Various particular cases can be stated by utilizing the in- 
equality \4-10'^ j however the details are left to the interested reader. 



4.6 Some Vector Inequalities for Monotonic 
Functions 

The case of monotonic functions is of interest as well. The corresponding 
result is incorporated in the following 



4.6 Some Vector Inequalities for Monotonic Functions 251 

Theorem 298 (Dragomir, 2010, [16j) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [tti, M] for some real 
numbers m < M and let {E\}^ be its spectral family. If f : [m, M] — >■ M is 
a continuous monotonic nondecreasing function on [to, Af], then we have 
the inequality 

\f{s){x,y)~{f{A)x,y)\ (4.108) 

\ 1/2 / fs ^ 1/2 

< ( / {Etx,x)df{i)] [ I {Ety,y)df{t)\ 

\ 1/2 



m-0 

M 



lm-0 

V 1/2 



{{lH~Et)x,x)df{t) 



M 



{{lH-Et)y,y}df{t) 



< (1/ (A) - f (s) 1h\ X, x}'^' (1/ (A) - / (s) 1h\ y, y) 
D^f {A)-x) + [f {s)\\xf - {f {A)x,xi^^ 



1/2 



< 



D^f{A):v)+[f{s)\\y\\'-{f[A)y,y) 



1/4 



for any x,y Cz H and s G [ttt,, M] , where, as above D(f(A)]x) is the 
variance of the selfadjoint operator f (A) in x. 

Proof. From the theory of Riemann-Stieltjes integral is well known that 
if p : [a, 6] — >■ C is of bounded variation and v : [a, 6] — >■ M is contin- 
uous and monotonic nondecreasing, then the Riemann-Stieltjes integrals 
/ p (t) dv (t) and / \p (t) \ dv (t) exist 



and 



< / \pit)\dvit) 



p (t) dv (t) 

On utilizing this property and the representation ()4.92p we have succes- 
sively 

\fis){x,y)-{f{A)x,y)\ (4.109) 

rM 



< 



< 



< 



/m-0 



{Etx,y)dfit) 



{{Et-lH)x,y)df{t) 



;-0 



M 



\{EtX,y)\df{t)+ / \{{Et-lH)x,y)\df{t) 



{Etx,x)^'^ {Ety,y)^'^ df {t) 
+ r {{1h - Et)x,x)^'^{lH - Et)y,y)^'^ df it) 



m-0 

M 



Y. 
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for any x,y ^ H and s G [m, Af ] . 

We use now the following version of the Cauchy-Buniakovski-Schwarz 
inequality for the Riemann-Stieltjes integral with monotonic nondecreasing 
integrators 

b \^ rb rb 

,2 /+\ J„. I^\ / „2 



p (t) q (t) dv (i) < I p^ (t) dv (t) / q^ (t) dv (t) 
to get that 



1/2 / ^s N 1/2 



'm-O 

and 



{EtX,xf'^Ety,yf'^df{t)<([ {Etx,x) df {t)) (f {Ety , y) df {t)] 



((Iff - Et) X, x)i/2 ((1h - £;*) y, 2/)'/' 4f (i) 



< ll'\{lH~Et)x,x}df{tyj {j\{lH-Et)y,y)df{t)\ 

for any x^y d H and s G [to, Af ] . 
Therefore 

/ rs \ 1/2 / /-s \ 1/2 

Y<( {Etx,x)df{t)] i {Ety,y)df{t) 

■ M \ 1/2 / .M \ 1/2 

< I y" (£;tx, x)dfit) + J {{lH-Et)x,x) df (t) j 
X ( / {Ety, y) df it) + / ((1h - Et) y, y) df {t) ) 

\jm-a Js j 

for any x,y ^ H and s £ [r?T,, M ] , where, to get the last inequality we have 
used the elementary inequality (|4.96p . 

Now, since / is monotonic nondecreasing, on applying the representation 
(|4.92p for the function \f (•) — / (s)| with s fixed in [?ti,M] we deduce the 
following identity that is of interest in itself as well: 

{\fiA)-fis)\x,y)= {Etx,y)df{t)+ {{I h - Et) x , y) df (t) 

J m — O J s 

(4.110) 
for any x,y ^ H. 
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The second part of (|4.108p follows then by writing (I4.110p for x then by 
y and utilizing the relevant inequalities from above. 

The last part is similar to the corresponding one from the proof of The- 
orem 12921 and the details are omitted. ■ 

The following corollary is of interest: 

Corollary 299 (Dragomir, 2010, |16] ) With the assumption of Theo- 
rem \298\ we have the inequalities 



f{m) + f (M) 



'x,y) - {f{A)x,y) 



(4.111) 



< 



{\fiA)-lM±fiMl.,,\^^^f 



fiA)-lM±liMl.^, 



<-{f{M)-f{m))\\x\\\\y\\, 



y,y 



1/2 



for any x,y £ H. 

Proof. Since / is monotonic nondecreasing, then / {u) G [/ {m) , / (M)] 
for any u G [m, M] . By the continuity of / it follows that there exists at 
Hst one s G [m, M] such that 



ns) 



f{m) + f (M) 



Now, on utilizing the inequality (I4.108P for this s we deduce the first in- 
equality in ()4.111|) . The second part follows as above and the details are 
omitted. ■ 



4-6.1 Power Inequalities 

We consider the power function / (t) :— t^ where p G M\{0} and t > 0. 
The following mid-point inequalities hold: 

Proposition 300 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers with < m < M . 
If p > 0, then for any x,y € H 



m + MY 



<B„ 



A- 



{x,y)-{AP. 


E,y) 




m + M _, 
2 '^^ 


X, x 


n 



A- 



m + M 



i-H 



y,y 



(4.112) 

1/2 



<-BpiM-m)\\x\\\\y\\ 



MP 
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where 

Bp=px 

and 

/^ I A-f\ -P 

{x,y)~^{A-Px,y) 

1/2 



"^ i/0 <p < l,m > 0. 



m + M 



<Cr, 



m + M 



A 



M 



Lff 



y,y 



(4.113) 

1/2 



<-Cp(Af-m)||a;||||j/|| 



wher 



Cp — pm P and m > 0. 



The proof follows from (|4.104p . 

We can also state the following trapezoidal type inequalities: 



Proposition 301 With the assumption of Proposition \300\ and if p > 

we have the inequalities 



mP + MP 



< 



{x, v) - {APx, y) 



mP + MP 
AP - ^ ■ Ih 



1/2 



mP + MP 
AP - ^ • Ih 



y,y 



(4.114) 

1/2 



1 



<^{MP-mP)\\x\\\\y\\, 



and, for m > 0, 
mP + MP 



2mPMP 



{x,y) - {A Px,y) 



< 



< 



A-P-^'t'''-lH 



2mPMP 
1 fMP-mP 



1/2 







(4.115) 


A-P- 


mP + MP 
2mPMP " 


y,y) 



x\\ \\yh 



2 V MPmP 
for any x,y £ H. 

The proof follows from Corollary 12991 



4-6.2 Logarithmic Inequalities 

Consider the function f {t) = lnt,i > 0. Denote by A{a,b) := ^ the 
arithmetic mean of a, 6 > and G (a, 6) := vaS the geometric mean of 
these numbers. We have the following result: 
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Proposition 302 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers with < m < M . 
For any x,y € H we have 



I In A (to, Af) • {x,y) - {\nAx,y)\ 



< 



1 



< 



m 

1 /M 



TO + M 



1/2 



TO + M 
A 7. Iff 



V-.V 



(4.116) 

1/2 



2 V TO 



1 ll^llllz/ll 



and 



|lnG'(TO,M)-(x,2/) - (In Ax, y) I (4.117) 

< (|lnA-lnG'(TO,M)-lff|a;,a;)^/^(|lnA-lnG'(TO,M)-lH|y,y)^/^ 



< In 



l^llbll- 



The proof follows by (|4.104l) and (I4.11ip . 



4.7 Ostrowski's Type Vector Inequalities 

J^.1.1 Some Vector Inequalities 
The following result holds: 

Theorem 303 (Dragomir, 2010, [26j) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp (A) C [m, M] for some real 
numbers m < M and let {E\\^ be its spectral family. If f : [to.. A/] — > C 
is a continuous function of bounded variation on [TO,Af], then we have the 
inequality 



{x, y) 



1 



< 



1 



M — m 

M 



M 



f{s)ds-{f{A)x,y) 



(4.118) 



■ \/ (/) max 



iM-t){EtX,x)'^'{Ety,y)'^' 



M -m 
+ (t - to) {{Ih - Et) x, x)^'^ {{Ih - Et) y, yf'^ 



M 



<M\\y\\\J{f) 

m 

for any x^y ^ H. 
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Proof. Assume that / : [m, M] — > C is a continuous function on [m, M] . 
Then under the assumptions of the theorem for A and {Ex}^ , we have the 
following representation 



(2^' y) 71 



1 



M — m 



M 



f{s)ds-{f{A)x,y) 



(4.119) 



1 



M 



{[{M ~t)Et + {t- m) {Et - Ih)] X, y) df (t) 



M ~m j„,_o 

for any x,y G H. 

Indeed, integrating by parts in the Riemann-Stieltjes integral and using 
the spectral representation theorem we have 



1 



M -m 



M 



([(M ~t)Et + {t- m) [Et - Ih)] x, y) df (t) 



m-0 



M 



rn — 



{Etx,y)-— {x,y)]df{t) 



M — m 



{E,x,y)-4r^^{x,y}]f{t) 



M — m 



M 



m— 



M 



t — " in 

f{t)d[{Etx,y)~— {x,y) 

m-Q V M -m 



f (t) d {Etx, y) + (x, y) — / / {t) dt 

M 



{x,y) 



1 



M 



m 



f[t)dt-{f{A)x,y) 



for any x,y E H and the equality (|4.119l) is proved. 

It is well known that if p : [a,b] -^ C is a continuous function and 
V : [a, 6] — >■ C is of bounded variation, then the Riemann-Stieltjes integral 
/ p (t) dv (t) exists and the following inequality holds 



p {t) dv (t) 



< max b(i)|\/W 

te[a,b] ' 



where W (v) denotes the total variation of v on [a, b] 

a 

Utilising this property we have from (14.1191) that 
1 



\x,y) 



M — m 



M 



f{s)ds-{f{A)x,y) 



< 



1 



(4.120) 



M 



max 



M ^ m t£[m,M] 



|([(Af -t)Et + {t- m) (Et - Ih)] x,y)\\/ (/) 
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for any x,y E H. 
Now observe that 

|([(A/ ~t)Et + {t- m) {Et ~ Ih)] X, y) \ (4.121) 

= I (M - t) {Etx, y) + it-m){{Et~lH)x,y)\ 
<iM-t)\{Etx,y)\ + {t-m)\{{Et~lH)x,y)\ 

for any x,y € H and t g [m, M] . 

If P is a nonnegative operator on H, i.e., {Px,x) > for any x (z H, 
then the following inequality is a generalization of the Schwarz inequality 
in if 

\{Px,y)f<{Px,x){Py,y) (4.122) 

for any x,y £ H. 

On applying the inequality (|4.122p we have 

(M-t)\{EtX,y)\ + {t-m)\{{Et-lH)x,y)\ (4.123) 

<{M-t){EtX,x)"^Ety,yf^ 

+ {t-m) {{Ih - Et) x, x)^'^ {(Ih - Et) y, y)^'^ 

< max {M — t,t — m} 

X '{Etx, x)"^ {Ety, y)"^ + {{Ih - Et) x, x)''^ {{\h - Et) y, y)^'^' 

< max {M ~ t,t ~ m} 

X [{Esx, x) + {[Ih - Es) x, x)f^ [{Esy, y) + ((1^ - E^) y, y)f^ 
= mSix{M-t,t-m}\\x\\\\y\\, 

where for the last inequality we used the elementary fact 

aibi + a2b2 < (a? + a')'^' {bl + blf'^ (4.124) 

that holds for 01,61,02,^2 positive real numbers. 

Utilising the inequalities (|4.120p . (|4.12ip and (|4.123l) we deduce the de- 
sired resuh (|4.118p . ■ 

The case of Lipschitzian functions is embodied in the following result: 

Theorem 304 (Dragomir, 2010, [26j) Let A he a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [777,, M] for some real 
numbers m < M and let {Ex}^ be its spectral family. If f : [m,M] — >■ C is 
a Lipschitzian function with the constant L > on [m,M], then we have 
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the inequality 



1 /-^ 

M - TO y„ 



(4.125) 



M 



-W^^j [iM-t){Etx,x)'^'{Ety,yf' 

+ {t- m) {{Ih - Et) X, x)^/' {{1h - Et) y, y)^'^] dt 

<\L{M-ra)\\x\\\\y\\ 

for any x,y £ H. 

Proof. It is well known that if p : [a, 6] — )■ C is a Riemann integrable 
function and u : [a, 6] — > C is Lipschitzian with the constant L > 0, i.e., 

\f[s)~f{t)\<L\s~t\ foranyt,,se[a,6], 

then the Riemann-Stieltjes integral / p (t) dv (t) exists and the following 
inequality holds 



p (t) dv (t) 



<L f \p{t)\dt. 

J a 



Now, on applying this property of the Riemann-Stieltjes integral, we have 
from the representation (|4.119p that 



{x,y) 



1 



M -m 



M 



fis)ds~{f{A)x,y) 



(4.126) 



< 



L 



M — m 



M 



\{[{M ~t)Et + it~ m) {Et - Ih)] x, y) \ dt. 



m-O 



Since, from the proof of Theorem 13031 we have 

\{[[M^t)Et + [t-m)[Et-lH)]x,y)\ 

<{M-t){Etx,x)'/^{Ety,y)'^' 

+ (i-TO) {{Ih - Et)x,x)^/^ {{lH-Et)y,y)'''^ 
< max{M-t,t-TO}||a;|| ||y|| 



(4.127) 



(M - to) 



TO + Af 



Ikllllyll 



for any x,y ^ H and t e [to, M] , then integrating (I4.127P and taking into 
account that 



M 



t- 



m + M 



dt=- {M - mf 
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we deduce the desired result (|4.125l) . ■ 

Finally for the section, we provide here the case of monotonic nonde- 
creasing functions as well: 



Theorem 305 (Dragomir, 2010, [26j) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp (A) C [m, M] for some real 
numbers m < M and let {E\}^ be its spectral family. If f : [m, M] -^ R is 
a continuous monotonic nondecreasing function on [to, M], then we have 
the inequality 



{x,y) 



1 



M -m 



M 



< 



1 



M 



f{s)ds-{f{A)x,y) 



\M~t){EtX,xf^{Ety,yf'^ 



M - m , 
+ it-m){{lH-Et)x,x}'/^{{lH-Et)y,yf^ df (t) 



< 



f (M) - / (to) - 



1 



M — m 

<[/(M)-/(to)]||x||||2/|| 



M 



(4.128) 



TO, + Af , , , , , 
sgn \ t ;; ) / [t] dt 



M M 



for any x^y £ H. 



Proof. From the theory of Riemann-Stieltjes integral is well known that 
if p : [a, &] — > C is of bounded variation and u : [a, 6] — )■ R is contin- 
uous and monotonic nondecreasing, then the Riemann-Stieltjes integrals 
/ p (t) dv (t) and / \p (t) \ dv (t) exist and 



p (t) dv (t) 



< 



\p{t)\dv{t). 



Now, on applying this property of the Riemann-Stieltjes integral, we have 
from the representation (|4.119p that 



\x,y) 



M — m 



M 



f{s)ds-{f{A)x,y) 



(4.129) 



< 



1 



M ~m 



M 



\{[(M -t)Et + it- m) (Et - 1h)] x,y)\df (t) , 



m-O 
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Further on, by utilizing the inequality (|4.127p we also have that 



M 



\{[{M -t)Et + {t- m) {Et - Ih)] X, y) \ df (t) 



(4.130) 



< 



M 



{M-t){EtX,xf\Ety,yf^ 
+ {t-m) {{Ih - Et) x, xf'^ {{Ih - Et) y, yf'^] df {t) 



< 



(M - m) [/ (M) - / (m)] + 



M 



m + M 



dfit) 



MM 



Now, integrating by parts in the Riemann-Stieltjes integral we have 



M 



t- 



m + M 



df{t) 



m + M 



-t dfit) + 



M 



m + M\ 
t ^ 1 df (t) 



m + M 



t- 



2 

m + M 



fit) 



M 



M 



f {t) dt 



f{t)dt 



{M - m) [f (M) - f (m)] 



M 



sgn t 



m + M 



f {t) dt, 



which together with (|4.130|) produces the second inequality in (|4.128|) . 

Since the functions sgn {■ — ™±M^ and / (•) have the same monotonicity, 
then by the Cebysev inequality we have 



M 



> 



sgn t 



1 



m + M 



M 



sgn t 



f {t) dt 
m + M 



M-mJ^ ^"A^ 2 

and the last part of (|4.128p is proved. 



dt 



M 



f [t) dt = 



4-7-2 Applications for Particular Functions 

It is obvious that the above results can be applied for various particular 
functions. However, we will restrict here only to the power and logarithmic 
functions. 

1. Consider now the power function / : (0, oo) — > M, / {t) = f withp > 0. 
This function is monotonic increasing on (0, oo) and applying Theorem 13051 
we can state the following proposition: 
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Proposition 306 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers < m < M 
and let {E\}^ be its spectral family. Then for any x,y £ H we have the 
inequalities 



{APx,y)- 



MP+^ 



nP+l 



{p + 1) (M - m) 

M 



,y) 



M -mj^ L 
+ it-m) {{Ih - Et) X, a;)'/' ((!« - Et) y, y)'^^ 



< 



MP -mF 



ip + 1) {M - m) 



(4.131) 



tP-'^dt 

x\\ \\y\\- 



On applying now Theorem 13041 to the same power function, then we can 
state the foUowing result as well: 

Proposition 307 With the same assumptions from Proposition \306\ we 
have 



{APx^y)- 



MP^ 



,P+i 



< 



Br, 



{p + 1) (M - m) 

M 



{x,y) 



,. , {M-t){Etx,x)'^'{Ety,yf' 

M — m ' 

+ it-m.){ilH-Et)x,x)'/'{ilH~Et)y,y)'^' 



<-Bp{M^m)\\x\\\\y\\ 



dt 



for any x,y di H , where 



(4.132) 



MP- 



^fp>l 



Br. 



p X 



mP ^ ifO<p<l,m>0. 



The case of negative powers except p — —1 goes likewise and we omit 
the details. 

Now, if we apply Theorem l305l and 13041 for the increasing function / (t) ~ 
— J with i > 0, then we can state the following proposition: 

Proposition 308 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [?ti, M] for some real numbers Q < m < M 
and let {E\\^ be its spectral family. Then for any x,y dz H we have the 
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inequalities 



,1 , In M — In 771 

(^ x,y) 77 {x,y) 

^ ' M — m 

^ M / {M-t){Etx,xf^{Ety, y) ^'^ 

M -m J^ L 

+ (t - m) ((Iff - St) X, xfl^ ((Iff - £;t) y, y)^/' 



rdt 



< 



M -m, 
mM 



In 



^m±M^2 _jj^^^^^y 



M - m 



l^llllyll 



(4.133) 



and 



, -, , In Af — In TO 



< 



1 



M -m 

M , 

(Af-f)(i?,:r,.T)i/2(i?,y,2;)i/2 



m^ (M — m) 
+ {t^m){{lH-Et)x,x)'^^{{lH-Et)y,y)'^^ 
3M -m 



dt 



< -- 



4 TTi^ 



\x\\ \\y\\- 



(4.134) 



2. Now, if we apply Theorems 13051 and 13041 to the function / : (0,oo) —>■ 
, f (t) ~ Int, then we can state 



Proposition 309 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers < m < M 
and let {Ex}-,^ be its spectral family. Then for any x,y (£ H we have the 
inequalities 



\{lnAx,y) - {x,y)\nI{m,M)\ 



M 



^17 / \{M-t){EtX^x)'''{E,y,yf^ 

+ [t-m){{lH - Et)x,x)^'\{lH - Et)y,yf'^ 



tdt 



< 



In ( — 1 - hi 
m 






ll^llbll 



(4.135) 
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and 



\{\nAx,y) ~ {x,y)lnl {m,M)\ 

< 



{M-t){EtX,xf'^{Ety,y)"^ 



m {M — m) 
+ {t-m)(ilH-Et)x,x)'^\{lH-Et)y,y)'^^ 



dt 



(4.136) 



3 fM \ 

where I {m, M) is the identric mean of m and M and is defined by 
/ (m, Af ) = - 



e V m'' 



4.8 Bounds for the Difference Between Functions 
and Integral Means 

4-8.1 Vector Inequalities Via Ostrowski's Type Bounds 

The following result holds: 

Theorem 310 (Dragomir, 2010, |22p Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp (A) C [m, M] for some real 
numbers m < M and let {E\}^ be its spectral family. If f : [m,M\ — >■ M js 
a continuous function on [m,M], then we have the inequality 



{f(A)x,y)-{x,y)- 

Al — m 



M 



f (s) ds 



(4.137) 



< max 

te[m,M] 



< max 

te[m,M] 



fit) 



1 



M -m 



M 



f is) ds 



M 



fit)- 



1 



M -m 



M 



f is) ds 



m-O 

11-^11 lly|l 



for any x,y (E H. 



Proof. Utilising the spectral representation theorem we have the following 
equality of interest 



{f{A)x,y)^{x,y) 



1 



M ~m 



M 



f{s)ds 



(4.138) 



M 



lit)- 



1 



M — ni 



M 



f is) ds 



di{EtX,y)) 
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for any x,y E H. 

It is well known that if p : [a, 6] — > C is a continuous function and 
11 : [a, 6] — >■ C is of bounded variation, then the Riemann-Stieltjes integral 
/ p {t) dv (t) exists and the following inequality holds 



p {t) dv (<) 



< niax|p(t)|\/W, 

te[a,b] ' 



(4.139) 



where \J (v) denotes the total variation of v on [a, b] . 

a 

Utilising these two facts we get the first part of (|4.137|) . 

The last part follows by the Total Variation Schwarz's inequality and we 
omit the details. ■ 

For particular classes of continuous functions / : [m, M] — ^ C we are able 
to provide simpler bounds as incorporated in the following corollary: 

Corollary 311 (Dragomir, 2010, [22]) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp (A) C [m, M] for some real 
numbers m < M, {Ex}^ be its spectral family and f : [m, M] — > C a 
continuous function on [m, M] . 

1. If f is of bounded variation on [m, M] , then 



{f{A)x,y)-{x,y) 



1 



M -m 



M 



I (s) ds 



(4.140) 



M 



M 



M 



< 



V(/) V {{Ei-)^^y))<M\\y\\\/{f) 



m-O 



for any x,y £ H. 

2. If f : [m,M] — >■ C is of r — H— Holder type, i.e., for a given r £ (0,1] 
and H > we have 



\fis)-fit)\<H\s- if for any s, t S [m, M] 
then we have the inequality: 



{f{A)x,y)~{x,y} 



1 



M ~m 

M 



fis)ds 



(4.141) 



(4.142) 



<^H{M^mY V {{E^.^x,y)) < ^H {M - mY \\x\\\\y\\ 
r + 1 '„ r + l 

for any x,y £ H. 



771 — 
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In particular, if f : [m, M] — > C is Lipschitzian with the constant L > 0, 
then 



if (A) X, y) - {x, y) 



1 



M -m 



M 



I (s) ds 



< 



1 ^"^ 1 

-L {M-m)\/ ((i?(.)x, y)) < -L {M - m) \\x\\ \\y\\ 



m—Q 



for any x,y <E H. 

3. If f '■ [m, M] — ;■ C is absolutely continuous, then 



{f{A)x,y)-{x,y) 



1 



M -m 



M 



M 



< 



m— 

r i(M-m)||/'||, 



f{s)ds 



iff'eLoo[m,M] 



X < 



^fM-m)'/''llf'll ^ff'eLp[m,M] 

(,+i)i/a^^^ m) 11/ lip p>l,l/p+l/q = l- 



y ii/'iii 

<lkllll2/ll 

f \{M-m)\\n 



tff'eL^[m,M] 



X < 



1 (M m)^/''\\n\ iff'eLp[m,M] 

^—^[M-m) 11/ lip p>l,l/p+l/q = l- 



(4.143) 



(4.144) 



I iinii 

for any x,y <E H, where ||/'|L are the Lebesgue norms, i.e., we recall that 

sssup^e [m,M] I/' (s)l *./ P = oo; 

1/p 



\f\\r 



(/jf|/(.)rd.) ^fp>l. 



Proof. We use the Ostrowski type inequalities in order to provide upper 
bounds for the quantity 



max 

te[m,M] 



fit) 



1 



M 



M -m 
where / : [m, M] — > C is a continuous function. 



/ (s) ds 
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The following result may be stated (see [23,) for functions of bounded 
variation: 



Lemma 312 Assume that f : [m, M] —^Cisof bounded variation and 

M 

denote by \/ (/) its total variation. Then 



nt)- 



1 



M — m 



M 



f(s)ds 



< 



t- 


m+M 


2 


M 


— m 



M 



V(/) (4-145) 



for all t e [m,AI]. The constant ^ is the best possible 



Now, taking the maximum over x G [m, M] in (|4.145p we deduce (|4.140l) . 
If / is Holder continuous, then one may state the result: 



Lemma 313 Let f : [m, M] -^ C be of r — H— Holder type, where r € (0, 1] 
and H > are fixed, then, for all x G [m, M] , we have the inequality: 



fit) 



1 



M — m 



M 



f{s)ds 



(4.146) 



< 



H 

r + 1 



M -t 
M -m 



r+l 



f t- 



\M — m 



(M - mf 



The constant ^^^ is also sharp in the above sense. 

Note that if r — 1, i.e., / is Lipschitz continuous, then we get the following 
version of Ostrowski's inequality for Lipschitzian functions (with L instead 
of H) (see for instance |17) ) 



/w- 



1 



M -m 



M 



fis)ds<^-+^-j^^j^iM-m)L, 

(4.147) 
for any x G [m, M] . Here the constant j is also best. 

Taking the maximum over x G [m, M] in (|4.146p we deduce (|4.142p and 
the second part of the corollary is proved. 

The following Ostrowski type result for absolutely continuous functions 
holds. 
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M be absolutely continuous on [a, 6]. Then, 



Lemma 314 Let f : [a, b] 

for all t G [a, b], we have: 



fit) 



1 



M 



< < 






M-r: 



fis)ds 

(M-m)||/'|| 



(9+1)" 



/ t-m ^"^^ I / M-t \ 
\M-m,J ' \M-rnJ 



9+1' 



«/ feicoKM]; 



(A/-m)^||/'||p */ /'eLp[m,Af], 



t-- 


i + M 

s 


M- 


-r?i 



i + i 

P 9 



ll/'lll- 



1, p>l; 

(4.148) 



T/ie constants -j, — - — r o,nd ^ respectively are sharp in the sense presented 
(p+i)p 

above. 

The above inequalities can also be obtained from the Fink result in [39] 
on choosing n — I and performing some appropriate computations. 
Taking the maximum in these inequalities we deduce ()4.144p . ■ 
For other scalar Ostrowski's type inequalities, see [T] and [TH]. 



4-8.2 Other Vector Inequalities 

In |37j . the authors have considered the following functional 



D{f;u):= / f{s)du{s)^[u{b)-u{a)] 



1 



6- 



fit)dt, (4.149) 



provided that the Stieltjes integral J f (s) du (s) exists. 

This functional plays an important role in approximating the Stieltjes 
integral J f (s) du (s) in terms of the Riemann integral J f (t) dt and the 
divided difference of the integrator u. 

In [37], the following result in estimating the above functional D{f;u) 
has been obtained: 



\D{f;u)\<^L{M~m)ib~-a)^ 



(4.150) 



provided u is L— Lipschitzian and / is Riemann integrable and with the 
property that there exists the constants to, M e K such that 



m < f (t) < M for any t G [a, b] . 



(4.151) 
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The constant i is best possible in (|4.150p in the sense that it cannot be 
replaced by a smaller quantity. 

If one assumes that u is of bounded variation and / is K ^ Lipschitzian, 
then D (/, u) satisfies the inequality [38] 



1 '' 

\D{f;u)\<-K{b-a)\/iu). 



(4.152) 



Here the constant i is also best possible. 

Now, for the function u : [a, b] -> C, consider the following auxiliary 
mappings $,r and A [T^: 

$ (t) := u (i) , te [a, b] , 

— a 

r (t) := {t - a) [u (b) - u (i)] - {b - t) [u (t) - u (a)] , t G [a, 5] , 

A{t) ■.^[u:b,t]-[u\t,a], t £ {a,b) , 

where [u; a, /3] is the divided difference of u in a, /3, i.e., 

u (a) — u (p) 



i;a,l3] := 



a- f3 



The following representation of D (/, u) may be stated, see [19] and [20] . 
Due to its importance in proving our new results we present here a short 
proof as well. 

Lemma 315 Let /, u : [a, 6] — > C be such that the Stieltjes integral J f (t) du (t) 
and the Riemann integral J f (t) dt exist. Then 



D{f,u) 



$(i)d/(i) 



6- 



T{t)dfit) 



(4.153) 



1 



{t-a){b-t)Ait)dfit). 



h — a _ 



Proof. Since / / (t) du (f) exists, hence / $ {f) df (t) also exists, and the 
integration by parts formula for Riemann-Stieltjes integrals gives that 



^{t)df{t) = 



{t-a)u{b) + {b-t)u{a) 



b — a 

{t-a)u{b) + {b-t)u{a) 



-u{t) 



-u{t) 



df{t) 

b 



f{t)d 

b 
fit) 



b — a 

{t-a)u (b) + {b-t)u (a) 
6 — a 

u{b) ~ u (a) 



b ~ a 



dt — du (t) 



fit) 
-u{t) 
-'Dif,u), 



4.8 Bounds for the DifTerence Between Functions and Integral Means 269 

proving the required identity. ■ 

For recent inequahties related to D (/; u) for various pairs of functions 

(/,w),see[2T]. 

The following representation for a continuous function of selfadjoint op- 
erator may be stated: 

Lemma 316 (Dragomir, 2010, |22] ) Let A he a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M, {Ex}^ be its spectral family and f : [m,M] — > C a continuous 
function on [m, M] . If x,y dz H, then we have the representation 

1 



{f{A)x,y)^{x,y) 



1 



M — m 



M 



fis)ds 



(4.154) 



M — m 



M 



{[{t - m) [Ih - Et) - (M - t) Et] X, y) df [t) . 



m-O 



Proof. Utilising Lemma [31 51 we have 



M 



f (t) du (t) = [u [M) - u (m)] 



1 



M — m 



M 



f (s) ds 



M 



{t-m)u (M) + (M -t)u (m) 



M -m 



u{t) 



(4.155) 



(i/(i). 



for any continuous function / : [m, M] — > C and any function of bounded 
variation u : [m, M] — >■ C. 

Now, if we write the equality (|4.155|) for u (t) = {Etx, y) with x,y E H, 
then we get 



M 



fit)d{EtX,y) = {x,y) 



1 



m— 



M 



M 
rn— 



M -m 

{t~m) {x,y) 
M — m 



f (s) ds 

- {EfX, y) 



(4.156) 



d/(t) 



which, by the spectral representation theorem, produces the desired result 

6IMD. ■ 

The following result may be stated: 



Theorem 317 (Dragomir, 2010, [22j) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [m, M] for some real 
numbers m < M {E\}^ be its spectral family and f : [m, M] — )• C a 
continuous function on [m,M] . 
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1. If f is of bounded variation, then 

1 



{f{A)x,y)-{x,y) 



M -m 



M 



f is) ds 



M 



< 



MM if) 



X max 

te[m,M] 



t — m \^ ,. , ^. ,,2 f M — t \ ,, ,,2 



M -m 



\M -m 



(4.157) 



-,1/2 



M 



<lklll|y|lV(/) 



for any x,y ^ H. 

2. If f is Lipschitzian with the constant L > 0, then 



{f{A)x,y)-{x,y) 



1 



M -m 



M 



fis)ds 



(4.158) 



< 



L\\y\\ 

M-r 



M 



m— 



(t - m)2 \\{1h - Et) xf + (M - tf \\Etx\\^ 



1/2 



dt 



1 
< - 

- 2 



l + ^ln(V2 + l 



iM -m)L\\y\\ \\x\\ 



for any x,y Cz H. 

3. If f '■ [m, M] — > R is monotonic nondecreasing, then 



{fiA)x,y)-{x,y) 



M ~m 



M 



f (s) ds 



(4.159) 



< 



\y\\ 



M 

<\\y\\\\A 



M 



m Jm-O 

M 



(t - m)' WilH - Et) xf + {M- t)^ \\Etx\f 



1/2 



dfit) 



t-m \^ f M -t^^ 



M -nij \M -m 

<\\y\\\\x\\[f{M)-fim)f' 



1/2 



dfit) 



f (M) - / (m) 



<||y||||a;||[/(M)-/(m)] 
for any x,y (^ H. 



M 



t 1 / it) dt 



-,1/2 
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Proof. If we assume that / is of bounded variation, then on applying the 
property (|4.139p to the representation (|4.154p we get 



{f{A)x,y)-{x,y) 
1 



M 



I {s) ds 



< 



M — m te[m,M] 



M -m 
m- m) (1h - Et) - [M - t) Et] x,y)\\J (/) 



(4.160) 



M 



Now, on utilizing the Schwarz inequality and the fact that Et is a pro- 
jector for any i g [to, M] , then we have 



\{[{t-7n){lH~Et)-{M-t)Et]x,y)\ 
< II [(i - to) [Ih - Et) - (M - t) Et] x\\ \\y\\ 

[t - mf \\{Ih - Et) x\\^ + [M - t)^ \\Etx\\ 



(4.161) 



1/2 



< 



{t - m) + {M - ty 



1/2 



MM 



for any x,y £ H and for any t ^ [m, M] . 

Taking the maximum in (|4.16ip we deduce the desired inequality ()4.157p . 

It is well known that if p : [a, 6] — >■ C is a Riemann integrable function 
and V : [a, 5] — >■ C is Lipschitzian with the constant L > 0, i.e., 

1/ (s) - / {t)\ <L\s~t\ for any t, s e [a, h] , 

then the Riemann-Stieltjes integral / p (t) dv (t) exists and the following 
inequality holds 



p (t) dv (t) 



< L 



\p{t)\dt. 



Now, on applying this property of the Riemann-Stieltjes integral to the 
representation ()4.154|) . we get 



{f{A)x,y)~{x,y) 



1 



M ^ m 



M 



f{s)ds 



(4.162) 



< 



L 



M 



M -m .,„_o 

M 



< 



LM 



M 



M 

<LMM 

for any x,y ^ H. 



\{[{t - to) {Ih - Et) - (M - t) Et] x, y) \ dt 
(t - to)' \\{1h - Et) xf + (M ~ t)' \\Etx\\ 

1/2 



1/2 



dt 



/ t — m 

V M-TO 



M -m 



dt. 
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Now, if we change the variable in the integral by choosing u = jizr^ 
then we get 



M 



f t ~ m 
\M — m 



M -t 
M -m 



1/2 



dt 



[M -m) w^ + (1 - uY 

Jo L 



1/2 



du 



1 



(M - m) 



V2 



In 



(^/2 + l) 



which together with (|4.162[) produces the desired result (|4.158l) . 

From the theory of Riemann-Stieltjes integral is well known that if p : 
[a, 6] -^ C is of bounded variation and u : [a, 6] — > M is continuous and 
monotonic nondecreasing, then the Riemann-Stieltjes integrals / p [t) dv [t) 
and J \p (t) I dv (t) exist and 



p (t) dv (t) 



< 



\p{t)\dv{t). 



Now, on applying this property of the Riemann-Stieltjes integral, we have 
from the representation (|4.154p 



{f{A)x,y)-{x,y) 



1 



M -m 



M 



ns)ds 



(4.163) 



< 



M 



M-m .,^_o 

M 



\{[{t- m) (Iff - Et) - {M - t) Et] X, y) \ df (t) 



< 



M- 



<\\v\\\\A\ 



m-O 
M 



[t ~ mf \\{Ih - Et) xf + [M - tf \\Etxf 



1/2 



df{t) 



t — ni 
M — m 



M -t 
M -m 



1/2 



d/(t) 



for any x,y & H and the proof of the first and second inequality in (J4.159P 
is completed. 

For the last part we use the following Cauchy-Buniakowski-Schwarz in- 
tegral inequality for the Riemann-Stieltjes integral with monotonic nonde- 
creasing integrator v 



p{t)q{t)dv{t) 



< 



ni/2 r 



\p{t)\'dv{t) 



\q{t)\'dv{t) 



1/2 



where p, q : [a,b] ^ C are continuous on [a, b] . 
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By applying this inequahty we conclude that 

1/2 



M 



t — m 
M -m 



+ 



M -t 
M -m 



df{t) 



< 



M 



df(t) 



1/2 



M 



f t — m 
\M ~ m 



f M ~t 
\M-m 



dfit) 



(4.164) 

1/2 



Further, integrating by parts in the Riemann-Stieltjes integral we also have 
that 



M 



t — m 
M -m 



M ~t 
M -m 



= / (M) - f (m) 
< / (M) - / (m) 



M -m 



M 



dfit) 

m + M 



(4.165) 



/ it) dt 



where for the last part we used the fact that by the Cebysev integral in- 
equality for monotonic functions with the same monotonicity we have that 



M 



t ^ 1 / (i) dt 



> 



1 



M — m 



m + M , , 
t dt 



M 



f it) dt - 0. 



4-8.3 Some Applications for Particular Functions 

1. Consider the function / : (0, oo) -> M given by / (i) = f with re (0, 1]. 
This function is r-H61der continuous with the constant H > 0. Then, by 
applying CoroUarv 13 1 II we can state the following result 

Proposition 318 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers Q < m < M 
and {E\\^ be its spectral family. Then for all r with r G (0, 1] we have the 
inequality 



{A^'x^y) - {x,y) 



Af^+i 



■,r+l 



(r + 1) (M - m) 



(4.166) 



< 



^ (M - m)"- V ((i?(.)X, y)) < -^ (Af - m)"^ ||x-|| ||y|| 
for any x,y e H. 



m-O 
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The case of p > 1 is incorporated in the fohowing proposition: 

Proposition 319 With the same assumptions from Provosition \318\ and 
if p > 1, then we have 



MP+^ - mP+^ 

{APx, y) - (x, y) 

[p + 1) {M - m) 



(4.167) 
\pMP-^{M-m) \J {{E(.)X,y))<\pNp-^{M~m)\\x\\\\y\\ 



2 

m— U 

for any x,y £ H . 

The case of negative powers except p = —1 goes likewise and we omit 
the details. 

Now, if we apply Corollary 13111 for the function f {t) ~ — j with i > 0, 
then we can state the following proposition: 

Proposition 320 Let A he a selfadjoint operator in the Hilbert space H 
with the spectrum Sp {A) C [m, M] for some real numbers < m < M 
and let {Ex}^ be its spectral family. Then for any x,y £ H we have the 
inequalities 

/ . 1 \ In M — In TO , , 

{A~'x,y)- ^_^ {x,y) (4.168) 

M 

1 M — r/i \ / / / _ XX IM — m 

m-0 

2. Now, if we apply Corollary 13111 to the function / : (0, oo) — ?> R, 
/ (i) = Int, then we can state 

Proposition 321 Let A be a selfadjoint operator in the Hilbert space LL 
with the spectrum Sp (A) C [?ti, M] for some real numbers < m < M 
and let {Ex}^^ be its spectral family. Then for any x,y € H we have the 
inequalities 

\{\nAx,y) - {x, y) In I {m,M)\ (4.169) 

^ ^ m-O ^ ^ 

where L {m, M) is the identric mean of m and M and is defined by 



L (m, M) = - 



1 /A/*'^^^^'*^"™' 



e V m'' 
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4.9 Ostrowski's Type Inequalities for n-Time 
Differentiable Functions 

4-9.1 Some Identities 

In [5] , the authors have pointed out the foUowing integral identity: 

Lemma 322 ( Cerone-Dragomir-Roumeliotis, 1999, [6j) Let f : [a,b] 

M. be a mapping such that the [n— l)-derivative /("^i) (where n > 1) is 
absolutely continuous on [a, b]. Then for all x € [a, b], we have the identity: 



f{t)dt = J2 

fc=0 



(fc + 1)! 



/C') (x) (4.170) 



where the kernel K^ '■ [a, by 
Kn{x,t) :: 



+ (-1)" / K^{x,t)f(^\t)dt 



is given by 



(*-a)" 



(t-bV 



a < t < X < b 



a < x < t < b. 



(4.171) 



The identity (j4.17ip can be written in the following equivalent form as: 



/W 



b ~ a 



f it) dt 



(4.172) 



1 '^ 1 



a ^^ (fc + 1)! 



\k+l 



fc+1 



{b-z)^^' + i-l)^iz-a)^^' P^'iz) 



(-1) 



n-l 



{b-a)n\ 



(t - a)" /(") (i) dt+ {t- bf /(") (t) dt 



for all z £ [a, b] . 

Note that for n — 1, the sum X]fc=i i^ empty and we obtain the well 
known Montgomery's identity (see for example [3]) 



/W 



b ~ a 
1 



/ {t) dt 



{t - a) /(I) (i) dt+ (t^b) /(I) {t) dt 



(4.173) 



for any z e [a,b] . 

In a slightly more general setting, by the use of the identity (|4.172p , we 
can state the following result as well: 
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Lemma 323 (Dragomir, 2010, [8|) Let / : [a,b] ^ M. be a mapping 
such that the n-derivative Z*-"^ (where n > 1) is of bounded variation on 
[a, b]. Then for all X € [a, b], we have the identity: 



/(A) 



1 



b — a 
1 



E 



/ it) dt 
1 



(4.174) 



(-1)" 
{b-a){n + iy. 



\k+l 



fe+1 



(5-A)"^^ + (-l)"(A-a)"^^ f^^'iX) 



{t - af^' d (/(") (i)) + I {t- br+' d (/(«) it)) 



Now we can state the following representation result for functions of 
selfadjoint operators: 

Theorem 324 (Dragomir, 2010, [8]) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [m, AI] for some real num- 
bers m < M , {E\\^ be its spectral family, I be a closed subinterval on K 
with [m, M] C / (the interior of I) and let n be an integer with n > 1. If 
f : I ^ C is such that the n-th derivative f^"'' is of bounded variation on 
the interval [m,M], then we have the representation 



n 

xE 



(4.175) 



1 



(fc + 1) 



(Af Iff - A) 



fc+i 



fc+i 



{-lY{A-mlHr' /^"'(A) 



fc=i 
T„(A,m,Af) 



where the remainder is given by 

(-1)" 



T„ (A, m, M) 



{M ~m) {n+iy. 

{t - m)"+^ d (/(") (i)) dE^ 



771—0 \Jm 
M / pM 



772-0 \^A 



{t - A/)"+^ d (/(") (t)) ] dEx 



(4.176) 
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In particular, ifthen-th derivative /'"■* is absolutely continuous on [m,M], 
then the remainder can be represented as 



r„ {A, m, M) 

i-ir 



(4.177) 



{M ~m){n + 1)1 



M 



m—0 



(A - m)"+i {Ih - Sa) + (A - M)"+i E^] /("+i) (A) dX. 



Proof. By Lemma [3231 we have 



/(A) = 



1 



M — m 



M 



I (t) dt 



M -m 



(4.178) 



1 r 1 



-(fc 



(-1)' 



(Af-TO)(n+l)! 



M 



{t - m)"+' d (/(") (i)) + / {t- Mf+^ d (/(") (i)) 



for any A G [m, M] . 

Integrating the identity ()4.178p in the Riemann-Stieltjes sense with the 
integrator E\ we get 



M 



f (A) dEx 



(4.179) 



M- 



-1 pM pM -I 

/ ,f{t)dt dE^-—- 

- m J,n Jm M - 



^ (fc+i) 



M 



{M - A)'^+' + (-1)^ (A - mf+^ 



^^(fc + 1)! 
+ Tn{A,m,M). 
Since, by the spectral representation theorem we have 

f (A) dE^ ^f{A), dE^ = Ih 



f^'HX)dE^ 



m-O 



m-0 



and 



M 



{M - \f+^ + {-!)'' (A - m)''+^l /C-^) (A) dEx 



{MIh - A)''+' + (-1)'= {A - mlHf+'] f^"^ (A) , 
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then by (|4.179p we deduce the representation (|4.175p . 

Now, if the n-th derivative Z*^") is absolutely continuous on [m, M] , then 



{t - m)"+^ d (/(") (i)) ^ f (t- ™)"^' /^"^'^ (*) dt 



and 



M fM 

t' A 



where the integrals in the right hand side are taken in the Lebesgue sense. 
Utilising the integration by parts formula for the Riemann-Stieltjes in- 
tegral and the differentiation rule for the Stieltjes integral we have succes- 
sively 



M 



X 



{t - m)"+^ /("+!) (t) dt dEx 



A 



{t-mr+'f^-+'Ht)dt]Ex 



7n 



M 



M 



M 



(A - m)"+i /("+!) (A) ExdX 



m-O 



M 



(t - m)"+^ /("+!) (t) dt]lH- (A - m)"+^ /(«+!) (A) E^dX 



m-O 



M 



{\-mT+'f^+^H\){lH-Ex)d\ 



m-O 



and 



M / /.M 



{t - A/)"+^ /("+!) (i) dt d£;A 



m-0 \"'A 

M 



{t - Af )"+^ /("+!) (i) di ^A 

(A - A/)"+^ /("+!) (A) ^AdA 



M 



m— 



J\f 



-I- / (A - Af )"+' /("+!) (A) £;AdA 



and the representation (I4.177P is thus obtained. ■ 

Remark 325 Let A be a positive selfadjoint operator in the Hilbert space 
H with the spectrum Sp (A) C [m, Af ] for some positive real numbers < 
m < M and {_Ba}a be its spectral family. Then, for n > 1, we have the 
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equality 



\tiA= [lnI{m,M)]lH 



1 



M ^ m 



(4.180) 



^ nfcTT) [^^ - ™'^^'^' + ^-^^' ^^'^" ^)'^' 



fc=i ^ ' 
1 

(M -m){n + 1) 

M 



A 



-k 



m-0 



n+1 



(A - m)"+^ (1^ - E^) + (A - M)"+^ Ex 



x-^'-^dx 



where I (m, M) is the identric mean and is defined by 



I (m, M) = < 



l/(M-m) 



M if M = m. 



Remark 326 // we introduce the exponential mean by 



E (m, M) 



cxpM-expm ^f ^ ^ m; 



M ifM^m 



applying the identity {4^.175\j for the exponential function, we have 



^H 



1 " 1 r 



M - m ^-^ (^ + 1) 



k+l 



(4.181) 



X exp A — E (m, M) 1h 

/ -|\n /.M 



(Af-m)(n+l)!y„,_o 



(A - m)"+i (1h - Ex) + (A - Af )"+i S^ 



3^dX 



where A is a selfadjoint operator in the Hilhert space H with the spectrum 
Sp {A) C [to, M] for some real numbers m < M and {Ex}^ is its spectral 
family. 
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4.9.2 Error Bounds for f^"'' of Bounded Variation 
From the identity (|4.175p . we define for any x,y & H 

Tn {A,m,M;x,y) 

1 " 1 



(4.182) 



fc=i 



((Miff - At+' /« (A) X, y) + (-1)'= ({A - mlnf^^ f^'^ (A) x, y) 



M -m 



M 



J{t)dt\{x,y). 



We have the following result concerning bounds for the absolute value of 
Tn {A^ TO, M] X, y) when the 71-th derivative /^"^ is of bounded variation: 

Theorem 327 (Dragomir, 2010, [8j) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp (A) C [to, M] for some real num- 
bers m < M , {Ex}x be its spectral family, I be a closed subinterval on M 
with [to. A/] C / and let n be an integer with n>\. 

1. If f : I ^ C is such that the n-th derivative /*■"■* is of bounded variation 
on the interval [m,AI], then we have the inequalities 



\Tn{A,m,M;x,y)\ 



(4.183) 



M 



< 



-w V ((^(O^-y)) 



X max 

Xe[m,M] 



m-0 
X 



< 



(M-TO)(n+l)! 

{X-mr^'\/{f^-^)+{M-Xr+'\/[f(-^) 

m A . 

xn M M .,, sn A/ 

^ V ((%.-..» V (/■■■') S 1^ V (/'■■') Nl M 



(M - to) 
(n+1)! 



rn— 



for any x,y Cz H. 

2. ///:/—> C is such that the n-th derivative /*■"' is Lipschitzian with 
the constant L„ > on the interval [to, M], then we have the inequalities 



\Tn{A,m,M;x,y)\ < 



L„ (M -- to) 
(n + 2)! 



n+l M 



V {{E^.)x,y)) (4.184) 



771 — 



- (n + 2)! """"^^" 



for any x,y ^ H. 
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3. If f : I ^ M. is such that the n-th derivative /'"•' is monotonic nonde- 
creasing on the interval [m,M], then we have the inequalities 



|T„(A,m,M;x,2/)| 



(4.185) 



< 



(M -m) (n+ 1) 



1 *^ 



X max 

AG [m,M] 



+ {n + l) 



< 



/(") (A) ((A - m)"+^ - [M - A)"+^) 

(M - t)" /(") (t) dt- f [t- mf /(") (t) dt 
(A ~ m)"+^ [/(") (A) - /(") (m) 



max 



(M - to) (n + 1)! \e[m.M] 
+ (M-A)"+U/(")(M)-/(")(A)11 V ((^(•)^,2/)) 



M 



m— 



< 



< 



(M-to)" 



j\/ 



(^1^[;H(M)-/(")(to)]||x|||M1 



(n + 1)! 
for any x,y Cz H. 
Proof. 1. By the identity (|4.176p we have for any x,y E H that 

(-1)" 



Tn{A,m,M;x,y) 



{M-m){n+iy. 

{t^mT+^d[f^-^t))\d{Exx,y) 



(4.186) 



m—O \Jm 
M / rM 



m-O \J\ 



(i-M)"+id(/(")(i))U(i?Aa;,y) 



It is well known that if p : [a, 6] — >■ C is a continuous function, v : [a, b] — > 
C is of bounded variation then the Riemann-Stieltjes integral / p (i) dv (t) 
exists and the following inequality holds 



< niax |p(t)| Y(u), 



p (t) dv (t) 
where \J (v) denotes the total variation of v on [a, b] 



(4.187) 
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Taking the modulus in (|4.186p and utilizing the property (|4.187p . we 
have successively that 



\Tn{A,m,M;x,y)\ 



{M -m){n+l)\ 



M 
m-0 



{t - mT+^ d (/(") (i)) + [ r (i - Af )"+^ d (^,f'''> (i)) 



d{Exx,y) 



< 



1 *^ 



X max 

Ae[m,Af] 



M 



(M ~m)(n+ 1)! 

' {t mr+' d (/(") (t)) + j ' {t Mr+' d (/(") (t)) 

(4.188) 



for any x,y G H. 

By the same property (|4.187p we have for A e {m, M) that 



(t-mr+id(/(")(i)) 



< max [t — 

te[m,X\ 






and 






< max 

t6[A,A/] 



M 
X 

which produce the inequality 

/•A pA'I 

J {t~mr+'d[f^-Ht))+j {t-Mr+'d[f^-Ht)) 

A M 

< (A - m)"+^ V (/(")) + (M - A)"+' V (/(")) . 



(4.189) 



Taking the maximum over A G [m, M] in (|4.189l) and utilizing (|4.188p we 
deduce the first inequality in (|4.183p . 
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Now observe that 



m X 

r X M 

: {(A - m)"+^ , [M A)"+^} V (/^"O + V (/^"O 

_ rn A 

M 



< max ■ 



max ■ 



- (M - to) + 



TO + M 



■i+l A/ 



V /^"= 



giving that 



max 

Ae[m,A/] 



< 



m A 

M 



and the second inequahty in (|4.183p is proved. 

The last part of (J4.183I) follows by the Total Variation Schwarz's inequal- 
ity and we omit the details. 

2. Now, recall that if p : [a, 6] -> C is a Riemann integrable function and 
11 : [a,6] — )■ C is Lipschitzian with the constant L > 0, i.e., 

\f[s)-f{t)\<L\s~t\ foranyt,se K6], 

then the Riemann-Stieltjes integral / p (t) dv (t) exists and the following 
inequality holds 



<L / \pit)\dt. 



p (i) dv (t) 



By the property (|4.190p we have for A G (m, M) that 



(4.190) 



(i-m)"+id(/(")(t)) 



< i„ / {t - to)"+i d (t) = -^ (A - m)"+^ 



and 



M 



(i-M)"+id(/(")(i)) 



M 



-L^n 



< L„ / (Af - f)"+i dt = ^^ (Af - A) 
'a " + 2 



n+2 
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By the inequality (|4.188l) we then have 

\T^{A,m,M-x,y)\ 



(4.191) 



< 



(M-m)(n+l) 



krw V m;'.y)) 



X max 

AG [m,M] 



^ (A - m)"+^ + -^ [M Xr' 
n + 2 n + 2 

xn+l M 



\n+l 



(n + 2)! V m)-,y)) < („ + 2)! "■"" "l^ll 



771 — 



for any x,y E H and the inequahty (|4.184p is proved. 

3. Further, from the theory of Riemann-Stiehjes integral it is also well 
known that if p : [a, 6] — > C is continuous and v : [a, 6] — >■ K is mono- 
tonic nondecreasing, then the Riemann-Stieltjes integrals J p (t) dv (t) and 
/^ \p (t) I dv {t) exist and 

7 

p (i) dv (t) 
On making use of (|4.192p we have 



< / \p it)\ dv (t) < max \p it)\ [v (b) - V (a)] . (4.192) 

tG[a,oJ 



(i-m)"+^d(/(")(t)) <f (i-m)"+^d(/(")(t)) (4.193) 



< (A - mf^' p-> (A) - /^"^ (m) 



(77) 



and 



M 



AI 



(t-M)"+^d(/(")(t)) < / (Af - t)"+^ d (/(") (t)) (4.194) 



< (M - A)"+^ [/(") (M) - /(") (A) 



for any A G (m, M) . 

Integrating by parts in the Riemann-Stieltjes integral, we also have 



f\t~rnr+'d(f^-Ht)) 

Jm 



= (A - to)"+^ /(") (A) - (n + 1) / (i - to)" /(") (i) di 
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and 



M 



= {n + l) (M - tf /(") (i) dt ~ {M - A)"+' /(") (A) 

for any A € (m, M) . 

Therefore, by adding (I4.193P with (|4.194p we get 

(t-mr+id(/(")(t)) + r {t-Mr+'d[f(-Ht)) 



< 



/(") (A) ((A - m)"+^ - (M - A)"+') 



M 



{M - tf f'-^'^t) dt - / {t - mf f'-^'^t) dt 



+ {n+l) 



< (A - m)"+^ [/(") (A) - /(") (m)j + (M - A)"+^ [/(") (M) - /(") (A) 

for any A € (m, M) . 

Now, on making use of the inequality (J4.188P we deduce (|4.185p . ■ 

Remark 328 // we use the inequality II^.ISS^ for the function In, then 'i 
get the inequality 



\L„{A,m,M;x,y)\ 



(4.195) 



< 



X max 

Xe[m,M] 



1 *^ 



< 



[M -m)n{n + l) ^^_^ 

A to" 

[M - to)" (M" - m") 



_i M" - A'^ 



M"A" 



n(n + 1)M"to'^ 



V {{E^.)X,y)) 



jn-O 



n(n + l)M"TO" ^" 

/or BKj/ X, y G _ff, where 

Ln{A,m,M;x,y) 
:= (In Ax, y) - [In / (to, M)] (x, y) 



(4.196) 



M 



1 " 1 

- TO ^^-^ /C (fc + 1 



fc=l 



(fc + 1) 



((A - to1h)'^+i A-^x, y) + i-lf ((Af 1h - At+' A-'x, y) 
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If we use the inequality ^.184^ for the function In we get the following 
bound as well 



\Ln{A,m,M;x,y)\ 



(4.197) 



< 



1 



{n+l){n + 2) \m 



M 
1 



n+l M 



V ((^C-)^'?/)) 



< 



1 I'M 

{n+l){n + 2) \m 
for any x,y Cz H. 
Remark 329 // we define 

En {A,m,M;x,y) 



-1 



n+l 



l-^lllly|| 



H 



1 " 1 r 



fe+i 



M - m -^ (fc + 1) 



fc=i 



expAx,y 



then by the inequality ^.183^ we have 

\En{A,m,M;x,y)\ 



E{m,M){x,y), (4.198) 
(4.199) 



< 



krw V «^..-.'» 



(M -m)(n+l)\ V 



X max 

Ae[m3f] 



[(A - m)"+^ (e^ - e") + (M - A)"+^ (e*^ - e^) 



M 



^ l^rrf V ((^(O-^y)) (^^^ - e") < i^-^ (e- - e") ||.|| ||,|| 

/or a«j/ x,y & H. 

If we use the inequality ^.184^ for the function exp we get the following 
bound as well 

\EAA,m,M-x,y)\ < ' ^ "^,^ \/ ((£;(.)X,y)) (4.200) 

e^^ (M - m)"+^ 



(n + 2)! 



for any x,y ^ H. 



4-9.3 Error Bounds for f^"^") Absolutely Continuous 
We consider the Lebesgue norms defined by 

ll5ll[a,6],o 



ess sup \g {t)\ if g G Loo [a, b] 

te[a,b] 
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and 



Il5ll[a,6],p 



1/p 



\git)fdt] iigeLp[a,b],p>l. 



Theorem 330 (Dragomir, 2010, [8]) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [to, M] for some real num- 
bers TO < M , {Ex}-^ be its spectral family, I be a closed subinterval on R. 
with [to, M] C / and let n be an integer with n > 1. If the n-th derivative 
/'"^ is absolutely continuous on [m,M], then 



Tn{A,ni,M;x,y)\ < 

M 



1 



m-O 



(M-m)(n+l)! 
(A - to)"+^ ((1^ - Ex) X, y) + (A - M)"+^ {E^x, y) | |/("+i) (A) 

1 



dX. 



< 



{M -m){n+iy. 



( Bn.i{A,m,M-x,y)\\f 



(")l 



I [rn, M],oo 



X < 



B„,p(Am,M;a;,y)||/(")| 



[m,M],q 



tff^-^'>eL^[m,M], 
*//(") GL, [to, Af],p>l,i + i = l, 



p 1 



[ i?„.oo(A,TO,M;x,y)||/("^||j„_^,j^^ 



for any x,y ^ H, where 
Bn,p {A, TO, M; X, y) 



771 — 



77+1 



(A - to)"^^ {{Ih - Ex) X, y) + (A - M)"^^ {Exx, y) 



(4.201) 



\ i/p 
d\\ ,p>l 



and 



Bn,oc {A, TO, Af; X, y) 



sup 



(A - to)"+^ ((Ih ~ £;a) X, y) + {\~ M)"^' {Exx, y) 



Proof. Follows from the representation 

T„(y4,TO, M;a;,y) 
(-1)" 



(M-TO)(n+l)! 



M 



(A - to)"+i {{Ih - Ex) X, y) + {\- M)"+^ {Exx, y)] /("+i) (A) dX 



i3„,, (A m, M; x, y) < ^— ^ ' .. {M - m)"+^+i/^ |lx|l \\y\\ 
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for any x,y €z H, hy taking the modulus and utilizing the Holder integral 
inequality. 

The details are omitted. ■ 

The bounds provided by Bn,p {A,m,M;x,y) are not useful for applica- 
tions, therefore we will establish in the following some simpler, however 
coarser bounds. 

Proposition 331 (Dragomir, 2010, [8j) With the above notations, we 
have 

B„,oo [A, m, M; x, y) < {M - m)"+^ ||.x|| \\y\\ , (4.202) 

i?„,i (A m, M; X, y) < ^^ ^ ^^ ^ J, {M - mf^^ \\x\\ \\y\\ (4.203) 

and for p > 1 

2"+i[(n+l)p+l]^/^ 

(4.204) 
for any x,y € H. 

Proof. Utilising the triangle inequality for the modulus we have 

(A - m)"+i {{Ih - Ex) X, y) + {\- MT+^ {E^x, y) | (4.205) 

< (A- m)"+^ \{{Ih - Ex)x,y)\ + (M - A)"+^ \{Exx,y)\ 

< max{(A - m)"+^ , (M - A)"+^} [|((1^ - Ex)x,y)\ + \{Exx,y)\] 

for any x,y Cz H. 

Utilising the generalization of Schwarz's inequality for nonnegative self- 
adjoint operators we have 

\{ilH-Ex)x,y)\ < {{Ih - Ex)x,x)^/^ {{Ih - Ex)y,y)^/^ 

and 

\{Exx,y)\<{Exx,x)'/^{Exy,y)'^^ 

for any x,y ^ H and A G [to, M] . 

Further, by making use of the elementary inequality 

ac + hd< {a^ + h^f^ {c^ + d^f^ ,a,h,c,d>Q 
we have 

\{{lH-Ex)x,y)\ + \{Exx,y)\ (4.206) 

< {{Ih - Ex) X, x)'/^ {{Ih - Ex) y, y)^'^ + {Exx, x)"^ {Exy, y)^'^ 

< {{{Ih - Ex) X, x) + {Exx, x)f'^ {{{Ih - Ex) y, y) + {Exy, y)f'^ 

= M\\y\\ 
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for any x,y Cz H and A G [m, M] . 

Combining (I4.205P with (I4.206P we deduce that 



(A - m)"+i ((Iff - E,) X, y) + {X- A/)"+i {E^x, y) 
< niax{(A - m)"+' , (M - A)"+'} ||a;|| ||y|| 



(4.207) 



for any x,y G H and A G [to, M] . 

Taking the supremum over A S [to., M] in (I4.207P we deduce the inequal- 
ity (|4:202l) . 

Now, if we take the power r > 1 in (|4.207l) and integrate, then we get 



M 



{\~mr+'{ilH-E^)x,y) + {X-M)"+'{E^x,y) dX (4.208) 



<||x|r||j/ir / max|(A-TO)("+^'^(Af-A)("+^^''| 



dX 



II 11^ II ll'" 

= l|2;|l lly|l 



(M-A)("+^)'^dA+ / (A-to)("+^^'' 

jM + rn 



dX 



[(n+l)r+l]2(«+i)^ ^^' "^') 



(n+l)r+l II nr n nr 

\m\ \\y\\ 



for any x,y G H. 

Utihzing (|4.208l) for r = 1 we deduce the bound (|4.203l) . Also, by making 
r — p and then taking the power 1/p, we deduce the last inequality (J4.204I) . 
■ 

The following result provides refinements of the inequalities in Proposi- 
tion [33TJ 

Proposition 332 (Dragomir, 2010, [8j) With the above notations, we 
have 



Bn.oo {A,m,M;x,y) 

(A - mf''+'^ {{Ih - Ex) X, x) + (M - Xf''+^'^ {E^x, x) 

< (M-to)"+^ 11x11 II2/II, (4.209) 



< ||u|| max 



1/2 



B„,i {A,m,M;x,y) 



<\\y\\ 



M 



(A - to)'("+^' {{Ih - Ex) X, x) + {M - Xf''+'^ {E^x, x) 
2"+2 _ 1 



1/2 



dX 



< 



n+2 



^-—^{M-m)--^MM (4.210) 
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and for p > 1 

Bn,piA,m,M;x,y) 



<\\y\\ 



M 



(A - m)'("+i) ((Iff - E^) X, x) + (Af - A)'("+i' {Ey^x, x) 



p/2 



1/p 



d\ 



vl/P 



^ ^77^ . .i/p (^^ - m)"+i+i/^ ||x|| ||j;|| (4.211) 

2"+i [(n+l)p+l]^^P 

/or any x,y G H. 

Proof. Utilising the Schwarz inequality in H, we have 

((A - m)"+i {1h -Ex)x + {X- Mr+' Exx, y) | (4.212) 

< ||y|| II (A - m)"+i (Iff -Ex)x+{X- Mr+' Ey^x 

for any x,y G H. 

Since E'a are projectors for each A G [m, M] , then we have 

{X-mf+\lH~E),)x + {X~M)"+^E),x ' (4.213) 

= {X-mf''+'^\\{lH-Ex)xf 

+ 2 (A - m)"+^ (A - Af )"+' Re ((1^ - i;^) x, ^ax) 

+ (Af-A)'^"+^^||^Ax||' 

= (A - m)'("+i) \\{1h - Ex) xf + [M - xf'^^'^ \\Exxf 

= (A - m)2("+i) ((Iff - i?A) X, x) + (M - A)2("+i) {Exx, x) 

< ||xf max{(A- m)2("+i) , (Af - A)'("+^)} 

for any x,y G H and A G [to, Af ] . 

On making use of (J4.212I) and (|4.213l) we obtain the following refinement 

of g^Ml) 



((A - m)"+i (Iff - f^A) x + {X~ MT+^ Exx,y) 

< \\y\\ [(A - m)2("+i) ((Iff - Ex) x, x) + (Af - A)'("+i) (f^AX, x) 
{(A-m)"+\(Af-A)"+i}||x||||jy|| 



(4.214) 

1/2 



< max ■ 



for any x,y G H and A G [rn, Af ] . 

The proof now follows the lines of the proof from Proposition 13311 and 
we omit the details. ■ 
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Remark 333 One can apply Theorem \330\ and Provosition UJl\ for vartic- 
ular functions including the exponential and logarithmic function. However 
the details are left to the interested reader. 
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5 

Inequalities of Trapezoidal Type 



5.1 Introduction 

From a complementary viewpoint to Ostrowski/mid-point inequalities, trape- 
zoidal type inequality provide a priory error bounds in approximating the 
Riemann integral by a (generalized) trapezoidal formula. 

Just like in the case of Ostrowski's inequality the development of these 
kind of results have registered a sharp growth in the last decade with more 
than 50 papers published, as one can easily asses this by performing a 
search with the key word "trapezoid" and "inequality" in the title of the 
papers reviewed by MathSciNet data base of the American Mathematical 
Society. 

Numerous extensions, generalisations in both the integral and discrete 
case have been discovered. More general versions for n-time differentiable 
functions, the corresponding versions on time scales, for vector valued func- 
tions or multiple integrals have been established as well. Numerous appli- 
cations in Numerical Analysis, Probability Theory and other fields have 
been also given. 

In the present chapter we present some recent results obtained by the 
author in extending trapezoidal type inequality in various directions for 
continuous functions of selfadjoint operators in complex Hilbcrt spaces. As 
far as we know, the obtained results are new with no previous similar results 
ever obtained in the literature. 
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Applications for some elementary functions of operators such as the 
power function, the logarithmic and exponential functions are provided 
as well. 



5.2 Scalar Trapezoidal Type Inequalities 



In Classical Analysis a trapezoidal type inequality is an inequality that 
provides upper and/or lower bounds for the quantity 



f{a) + fib) 



(b-a) 



fit)dt, 



that is the error in approximating the integral by a trapezoidal rule, for 
various classes of integrable functions / defined on the compact interval 
[a,b]. 

In order to introduce the reader to some of the well known results and 
prepare the background for considering a similar problem for functions of 
selfadjoint operators in Hilbcrt spaces, we mention the following inequali- 
ties. 

The case of functions of bounded variation was obtained in [2] (see also 
DO p. 68]): 

Theorem 334 Let / : [a, 6] — > C 6e a function of bounded variation. We 
have the inequality 



Vw.,-iM±M,i_„) 



1 '' 

<7;(b~-a)y{f), (5.1) 



where Va (/) denotes the total variation of f on the interval [a,b]. The 
constant ^ is the best possible one. 

This result may be improved if one assumes the monotonicity of / as 
follows (see [U p. 76]): 

Theorem 335 Let f : [a,b] ^ M. be a monotonic nondecreasing function 
on [a, 6]. Then we have the inequalities: 



/■^..^.. /(«) + /(&),. ^ 
/ f{t)dt 2 (^ «) 






<\{b~a)[f{b)-f{a)]~ f sgnft^ 

2 Ja \ 


a + b 
2 


<lib-a)[f{b)^f{a)]. 







(5.2) 



f{t)dt 



The above inequalities are sharp. 
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If the mapping is Lipschitzian, then the following result holds as well [5] 
(see also [T] p. 82]). 

Theorem 336 Let / : [a, &] — > C be an L— Lipschitzian function on [a, b] , 
i.e., f satisfies the condition: 

\f (s) - f {t)\ < L\s -t\ for any s,t e [a,b] (L > Q is given). (L) 

Then we have the inequality: 



f (i) dt (6 - a) 



<\{b-afL. 

~ 4 



(5.3) 



The constant j is best in 



If we would assume absolute continuity for the function /, then the 
following estimates in terms of the Lebesgue norms of the derivative /' 
hold [11 p. 93]. 

Theorem 337 Let / : [a, 6] — > C be an absolutely continuous function on 
[a,b]. Then we have 



'fit),t-m±mib-a) 



lib-afWf'W, 



(5.4) 



if f e Loo [a, b] 



1 



< <^ 



■,1 + l/q II f/ 



2(<Z + 1)' 



1 



^(b-aY^^'^WrW^ if z'eLpKb], 



p>i. ^ + i = i; 



^ ^{b-a)\\fX 



where ||-|| (p G [l,oo]) are the Lebesgue norms, i.e., 
||/'|l^ = e5s sup \f'{s)\ 

se[a,ti] 

and 

\\rK--=(l'\fis)\dsY, p>i. 

The case of convex functions is as follows |4] : 
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1 be a convex function on [a, b] . Then we 



Theorem 338 Let f : [a, b] 
have the inequalities 



/; 



/: 



<m±m(,_„) 



/ (t) dt 



< 8 (&-«)' [/-(&)-/;(«)] 



The constant i is sharp in both sides of i5.5\) . 
For other scalar trapezoidal type inequalities, see [I]. 



(5.5) 



5.3 Trapezoidal Vector Inequalities 

5.3.1 Some General Results 

With the notations introduced above, we consider in this paper the problem 
of bounding the error 



/(M) + /(m) 



{x,y)^{fiA)x,y) 



in approximating (/ (A) x, y) by the trapezoidal type formula — — '^■'^"^' ■ 
(x, y) , where x, y are vectors in the Hilbert space iJ, / is a continuous 
functions of the selfadjoint operator A with the spectrum in the compact 
interval of real numbers [to, M] . Applications for some particular elemen- 
tary functions are also provided. The following result holds: 

Theorem 339 (Dragomir, 2010, {5}) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp {A) C [to, M] for some real num- 
bers m < M and let {E\\-)^ be its spectral family. If f : [m, M] — >■ C is 
a continuous function of bounded variation on [m,M], then we have the 
inequality 



f{M) + f (m) 



{x,y)-{f{A)x,y) 



(5.6) 



< — max 

2 Ae[m,M] 



{E^x,x)'^' {E^y,y)'^' 

M 

+ {{Ih E,) X, x)'/' {{l„ Ex) y, y)'/'] V (/) 

m 

1 *^ 

<2ll^lllly|lV(/) 
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for any x,y ^ H. 

Proof. If /, u : [m, M] — > C are such that the Riemann-Stieltjes integral 
J f {t) du (t) exists, then a simple integration by parts reveals the identity 

f{t)du{t)^l^^^±l^[u{b)-uia)] (5.7) 



' ', (t) „ !iM±^ 



df (t) . 



If we write the identity (|5.7p for u (A) = {E\x, y) , then we get 



M 



fiX)d{{E^x,y)) = 



f [m] + / (M) 



{x,y) 



m—O 



M 



1 



{E^x,y)--{x,y)]df{X) 



which gives the following identity of interest in itself 
/ (m) + / (M) 



2 

1 >■"' 
2 



{x,y)-{f{A)x,y) 
[{E>,x,y) + {{E>,~lH)x,y)]dJ{\) 



(5.8) 



m-O 



for any x,y Cz H. 

It is well known that if p : [a, 6] ^- C is a continuous function and 
V : [a,b] ^ <C is of bounded variation, then the Riemann-Stieltjes integral 
/^ p (i) dv (t) exists and the following inequality holds 



p (t) dv (t) 



< max|p(t)|\/M 



(5.9) 



where \J (v) denotes the total variation of v on [a, b] . 

a 

Utilising the property (|5.9I) . we have from (15.81) that 
/ (m) + / (M) 



{x,y)-{f{A)x,y) 



M 



< i max I {E^x, y) + {{E^ - 1h) x,y)\\/ (f) 

2 \e[m,M] * 



1 
< - 
- 2 



-, M 



m&^ \\{E^x,y)\ + \{{lH-E^)x,y)\] 

Ae[m,M] 



V(/)- 



(5.10) 
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If P is a nonnegative operator on H, i.e., {Px, x) > for any x Cz H, then 
the following inequality is a generalization of the Schwarz inequality in the 
Hilbert space H 



\{Px,y)\'<{Px,x){Py,y) 

for any x,y E H. 

On applying the inequality (jS.lip we have 



(5.11) 



\{E^x,y)\<{E>.x,x)^'\Exy,y)^'^ 



and 



\{{Ih - E):)x,y)\< {{Ih ^ E):)x,xf'^ {{Ih - E):)y,yf'\ 
which, together with the elementary inequality for o, 6, c, d > 

produce the inequalities 

\{Exx,y)\ + \{{lH-E>.)x,y)\ (5.12) 

< (iJAX, x)"^ {E^y, y)'/^ + {{Ih - E^) x, x)"^ {{\h - E^) y, yf^ 

< {{Exx, x) + {{Ih - Ex) x, x)) {{Exy, y) + {{Ih - Ex) y, y)) 

= M\\y\\ 

for any x,y Cz H. 

On utilizing (I5.10p and taking the maximum in (J5.12I) we deduce the 
desired result (j5.6p . ■ 

The case of Lipschitzian functions may be useful for applications: 

Theorem 340 (Dragomir, 2010, [5j) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp {A) C [m, M] for some real num- 
bers m < M and let {Ex}x be its spectral family. If f : [m,M] — > C is 
Lipschitzian with the constant L > on [m,M], then we have the inequal- 
ity 



f {M) + f (m) 



{x, y) - (/ {A) X, y) 



(5.13) 



<'-L 

- 2 



M 



{Exx,x)^'\Exy,y)^'^ 



+ {{Ih - Ex)x,x)^'^ {{Ih - Ex)y,y)^'^ 



dX 



<-(M-m)L||x||||y|| 



for any x,y £ H. 
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Proof. It is well known that if p : [a,b] — > C is a Riemann integrable 
function and w : [a, 6] — > C is Lipschitzian with the constant L > 0, i.e., 

\f{s)-f{t)\<L\s~t\ foranyt,sG [a,b], 

then the Riemann-Stieltjes integral / p (t) dv (t) exists and the following 
inequality holds 



p (t) dv (t) 



<L f \pit)\dt. 



Now, on applying this property of the Riemann-Stieltjes integral, we have 
from the representation (|5.8I) that 



/ (m) + / (M) 



{x,y)-{f{A)x,y) 



- 2 

4^ 



M 



\{E^x,y) + {iE^-lH)x,y)\dX, 



m-O 

M 



[\{Exx,y)\ + mH - Ex)x,y)\]dX, 



m-O 



for any x,y e H. 

Further, integrating (j5.12|) on [m, M] we have 



M 



[\{Exx,y)\ + \{{lH-Ex)x,y)\]dX 



m-O 



< 



M 



771 — 



dX 



{Exx,xf\Exy,yf^ 

+ {{Ih - Ex)x,x)'^' {{Ih ~ Ex)y,y)'^' 
<{M-m)\\x\\\\y\\ 

which together with (|5.14p produces the desired result (|5.13p . 



(5.14) 



(5.15) 



5.3.2 Other Trapezoidal Vector Inequalities 

The following result provides a different perspective in bounding the error 
in the trapezoidal approximation: 

Theorem 341 (Dragomir, 2010, [5]) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp {A) C [m, M] for some real num- 
bers m < M and let {Ex}^ be its spectral family. Assume that f : [m, M] — >■ 
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C is a continuous function on [m,M]. Then we have the inequalities 
f (M) + / (m) 



{x,y)-{f{A)x,y) 



(5.16) 



M 



^^BiXx^lm.M] I {E\x — ^x, y) I V/ (/) if f is of bounded variation 



< i 



rM 



L Jj^_Q I {E\x — ^x, y) \d\ if f is L Lipschitzian 

J _„ \\E\x — ^x, y) df (A) if f is nondecreasing 

M 

y (/) if f is of bounded variation 



< 2 lla^ll ll!/ll <! 



L (M — m) if f is L Lipschitzian 

(/ {M) — f [m)) if f is nondecreasing 



for any x,y <E H. 
Proof. From (|5.10p we have that 
/(m) + /(M) 



{x,y)~{f{A)x,y) 



(5.17) 



M 



< ^ max I {Exx, y) + {{Ex -lH)x,y)\\J (/) 

I Ae[m,M] ' 



= max 

\e[m,M] 



E\x- -x,y 



M 



V(/) 



for any x,y £ H. 

Utilising the Schwarz inequality in H and the fact that Ex are projectors 
we have successively 



Exx- -x,y 



< 



Exx - -X 



WW 



(5.18) 



1/2 



{Exx,Exx)-{Exx,x) + ^\\xf 

-^ll^llllyll 

for any x,y £ H^ which proves the first branch in (|5.16p . 

The second inequality follows from (|5.14p . 

From the theory of Riemann-Stieltjes integral is well known that if p : 
[a,b] — >■ C is of bounded variation and ii : [a, fe] — > M is continuous and 
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monotonic nondecreasing, then the Riemann-Stieltjes integrals / p (t) dv (t) 



and / \p (t) I dv (t) exist and 

rb 



p (t) dv (t) 



< 



\pit)\dvit). 



From the representation (15. 8p we then have 
/ (m) + / (M) 



< 



1 



{x,y)-{f{A)x,y) 



\{E^x,y) + {{E),-lH)x,y)\dfiX) 



(5.19) 



(5.20) 



m-O 

M 



E\x- -x,y 



df{X) 



for any x, y G i/, from which we obtain the last branch in (I5.16p . ■ 

We recall that a function / : [a, fe] — > C is called r — i7- Holder continuous 
with fixed r g (0,1] and H > li 

1/ {t) -f{s)\<H\t~ sf for any t, s e [a, b] . 

We have the following result concerning this class of functions. 

Theorem 342 (Dragomir, 2010, [5j) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp {A) C [m, M] for some real num- 
bers m < M and let {Ex}^ be its spectral family. If f : [m, M] — > C is 
r — H -Holder continuous on [m,M], then we have the inequality 



/(to) + /(M) 



{x,y)~{f{A)x,y) 



M 



< 



1-HiM-mY V {{E^.)x,y)) 

(5.21) 



m-O 



<-HiM-my\\x\\\\y\\ 



for any x,y ^ H. 

Proof. We start with the equality 
/ (M) + / (m) 



2 

M r 



{x,y)-{f{A)x,y) 
f (M) + f (m) 



(5.22) 



/(A) 



d{{Exx,y)) 



for any x,y ^ H, that follows from the spectral representation theorem. 
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Since the function (^E(^.-^x, y) is of bounded variation for any vector x,y G 
H, by applying the inequality (|5.9p we conclude that 



/(m) + /(M) 



{x,y)-{fiA)x,y) 



(5.23) 



< max 

Xelm,M] 



f{M) + f{m) 



-/(A) 



M 



V ((^(O^'^)) 



for any x,y G H. 

As / : [to, M] ^- C is r — i/- Holder continuous on [to, M], then we have 

/(M) + /(m) 



/(A) 



<^l/(M)-/(A)| + i|/(A)-/(m)| (5.24) 

for any A G [to,, M] . 

Since, obviously, the function gr (A) := {M — \Y + (A — niY , r e (0, 1) 
has the property that 

max Qr (A) = Qr ( ) = 2^-'' (M - mY , 



then by (|5.23p we deduce the first part of (|5.21l) . 

The last part follows by the Total Variation Schwarz's inequality and we 
omit the details. ■ 



5.3.3 Applications for Some Particular Functions 

It is obvious that the results established above can be applied for various 
particular functions of selfadjoint operators. We restrict ourselves here to 
only two examples, namely the logarithm and the power functions. 

1. If we consider the logarithmic function / : (0,oo) -^ M, f {t) = Int, 
then we can state the following result: 

Proposition 343 Let A he a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [to,, M] for some real numbers with < m < M 
and let {Ex}^ be its spectral family. Then for any x,y Cz H we have 



[x, y) In \JmM — (In Ax^ y) 



(5.25) 



< In ( — I X < 

TO, 



\Tti&yixe[m,M\ {Exx,xY'^ {Exy,y)^'^ 
+ {{Ih - Ex)x,xY'\{Ih - Ex)y,y)"^ 



^ max;^g[„^M] \{Exx - \x,y)\ 



<Jlkllbl|lnf- 
2 \m 
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and 



and 



{x, y) In VmM — (In Ax, y) 



1 i-i^i 



1/2 



,1/2 



< — X < 

ra 



^::^^[{E^x,xY''{E^y,y) 
+ {{Ih - E^)x,x)"^{Ih - E^)y,y)"^ 



dX 



1 fM 

<2lNINI - 



. /m-o K^^^ - ^2;, J/) I dA 



(x, y) In vmM — (In Ax, y) 





pM 


/ 


-r^y) 


< 


Jm-0 


(Exx 


< 


1 


\y\\\n 





(5.26) 



A-V45.27) 



The proof is obvious from Theorems I339| 13401 and 13411 applied for the 
logarithmic function. The details are omitted. 

2. Consider now the power function / : (0, 00) -^ M., f (t) = tP with 
p € (—00, 0) U (0, 00) . In the case when p G (0, 1) , the function is p — H- 
Holder continuous with _ff = 1 on any subinterval [TO,Af] of [0,cx)). By 



making use of Theorem 13421 we can state the following result: 

Proposition 344 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp {A) C [m, M] for some real numbers with < rn < M 
and let {Ex}^ be its spectral family. Then for p € (0, 1) we have 



mP + MP , , 

2 ■{x^y}- 


'{APx,y) 


- 2P 


M 

-m)P\J {{E( 

m-O 






< — (Af - 


~m)P\\x\\\\y\\, 



(5.28) 



for any x,y E H. 

The case of powers p > 1 is embodied in the following: 

Proposition 345 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp {A) C [m, M] for some real numbers with < m < M 
and let {E\}^ be its spectral family. Then for p > 1 and for any x,y ^ H 
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we have 

mP + MP 



{x, y) - {APx, y) 



(5.29) 



< [MP -mP)x < 



+ {{Ih - Ex)x,x)^'^{Ih ~ Ex)y.yf^ 



<-\\x\\\\y\\{MP-mP) 



and 



mP + MP 



< pMP-^ X < 



{x,y) - {APx,y) 

f U:L[iEx^^-)'''{Exy,y)'^' 

+ {{Ih - Ex)x,xf/^ {{Ih - Ex)y,yf^ 



(5.30) 



d\ 



<-p\\x\\\\y\\MP-' 



and 






mP + MP , , 
2 • {x, y) - 


-{APx.y) 


re 


spectively. 





< 



M 



E\x~ -x,y 



XP^^dX (5.31) 



<^\\x\\\\yUA'P-mP) 



The proof is obvious from Theorems 13391 13401 and 13411 applied for the 
power function / : (0,oo) — > M, f (t) = tP with p > 1. The details are 
omitted. 

The case of negative powers is similar. The details are left to the inter- 
ested reader. 



5.4 Generalised Trapezoidal Inequalities 

5.4-1 Some Vector Inequalities 

In the present section we are interested in providing error bounds for ap- 
proximating (/ (A) X, y) with the quantity 

[f{m){M{x,y)-{Ax,y)) + !{M){{Ax,y)~m{x,y))] (5.32) 



M -m 
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where x,y Cz H, which is a generalized trapezoid formula. Applications for 
some particular functions are provided as well. The following representation 
is of interest in itself and will be useful in deriving our inequalities later as 
well: 

Lemma 346 (Dragomir, 2010, [6]) Let A be a self adjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M and let {Ex}^ be its spectral family. If f : [m, M] — > C is a 
continuous function on [m,M], then we have the representation 

f (to) {MIh -A) + f (M) {A - mln) 



M 



771 — 

M 



{Etx,y)df{t) 



M -m 

f (M) - f (to) 



M ^ m 

M 



x,y)-{f{A)x,y) (5.33) 

M 



{Etx, y) dt 



m-O 



1 r" 

(Etx.y) — / {EgX.y) ds 



dfit) 



for any x,y € H. 

Proof. Integrating by parts and utilizing the spectral representation the- 
orem we have 



M 



{Etx,y)df{t)^f{M){x,y) 



m-O 



and 



for any x,y £ H. 
Therefore 



AI 



f{t)d{Etx,y) 



M 



f{M){x,y)-{f{A)x,y) 



{Etx, y) dt = M {x, y) - {Ax, y) 



M 



{Etx,y)dfit) 



7n—0 



f(M)~f{m) 

M — TO 



M 



{EfX, y) dt 



m-O 



/ (Af ) (x, y) - (/ {A) X, y) - ^ ^^[\ '^ ^""^ (^^ <^' ^^^ ^ <^^' 2^)) 

M — TO 

[/ (to) (M (x, y) - {Ax, y)) + f (Af ) {{Ax, y) - m {x, y))] 



1 



M — m 
-{f{A)x,y) 

for any x,y G H, which proves the first equality in (|5.33p . 

The second equality is obvious. ■ 

The following result provides error bounds in approximating (/ {A) x, y) 
by the generalized trapezoidal rule (|5.32p : 



310 5. Inequalities of Trapezoidal Type 

Theorem 347 (Dragomir, 2010, [6j) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp {A) C [m, M] for some real num- 
bers m < M and let {Ex})^ be its spectral family. 

1. If f '■ [m, M] -^ C is of bounded variation on [m, M], then 



f (to) {MIh -A) + f (M) (A - mln) 



< sup 

te[m.,M] 



M — m 

t 



x,y) - {f(A)x,y) 



(5.34) 



M 



'-^ y m,..^y))+^y{{E,,.,y)) 



M -m 



M 



m-0 

M 



M 



V(/) 



M 



< V ((i?(.)^,2/))V(/)^ 11^11112/11 V(/) 

rn— m m 



for any x,y Cz H. 

2. If f : [m,M] — > C is Lipschitzian with the constant L > on [m,AI], 
then 



f (to) {MIh -A) + f (M) {A - mln) 



< L 



M 



M — TO 

t 



x,y) - {f {A)x,y) 



(5.35) 



M 



' ^" \J {{E,,x^y)) + ^\J {{E,,.^y)) 



M-m V ^\ y '"/^ M-m 

m-O t 

M 



dt 



< 



L(M-m) V {{E(.)X,y))<L{M-m)\\x\\\\y\\ 



m-O 



for any x,y £ H. 

3. If f '■ [m, M] — ^ K is monotonic nondecreasing on [m, M], then 



f (to) (MIh -A)+f (M) (A - mln) 



x,y) - {f{A)x,y) 



< 



M 



m 



M 



M-m 

t 71 I- J. Af 

t — m \ I , I „ ix M — t \ I , I ^ ^■. 

V ((^(•)^'y)) + Tr— ;:V((^(-)=^'y)) 



(5.36) 



M-m 



m-O 



M-m 



df{t) 



< V ((ii;(.).x,y))[/(Af)-/(TO,)]<||x||||2;||[/(M)-/(TO)] 

rn— 

for any x,y €z H. 

Proof. It is well known that if p : [a,b] — >■ C is a bounded function, 
V : [a,b] ^ C is of bounded variation and the Riemann-Stieltjes integral 
/ p (t) dv (i) exists, then the following inequality holds 



p (i) dv (t) 



< sup \p{t)\\/iv), 

tela.b] 



(5.37) 
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where W (u) denotes the total variation of v on [a, b] . 

a 

Applying this property to the equality (J5.33I) . we have 
7 (m) (MIh ~A) + f (M) {A - mln) 



< sup 

te[m,M] 



{Etx,y) 



M -m 
1 



x,y)- {f{A)x,y) 



(5.38) 



M -m 



M 



{EsX,y)ds 



m-O 



M 



V(/) 



for any x,y ^ H. 

Now, a simple integration by parts in the Riemann-Stieltjes integral re- 
veals the following equality of interest 



{Etx, y) 



1 



M -m 



M 



{EgX, y) ds 



(5.39) 



M- 



m-O 
t pM 

{s-m)d {EsX, y)+ {s - M) d {EsX, y) 

)ri-0 Jt 



that holds for any t E [m, M] and for any x,y £ H. 

Since the function v (s) := {E^x, y) is of bounded variation on [m, M] for 
any x,y £ H, then on applying the inequality (|5.37p once more, we get 



{Etx,y) 



1 



M ~ m 



M 



{EsX, y) ds 



m-O 



(5.40) 



< 



1 



M — m 



{s-m)d{EsX,y) 



M 



{s^M)d{EsX,y) 



M 



m-O t 

that holds for any t E [m, M] and for any x,y E H. 

Now, taking the supremum in (I5.40p and taking into account that 



M 



M 



V ((^(•)^'y))'V((^(-)^'y))< V ((^(o^-y)) 



m-O 



m-O 



for any t E [m, M] and for any x,y E H, we deduce the first and the second 
inequality in (J5.34I) . 

The last part of (|5.34p follows by the Total Variation Schwarz's inequality 
and we omit the details. 

Now, recall that if p : [a, 6] — >■ C is a Riemann integrable function and 
t; : [a, 6] — >■ C is Lipschitzian with the constant L > 0, i.e., 



1/ (s) - / (t)| <L\s-t\ for any t, s E [a, b] , 
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then the Riemann-Stieltjes integral / p (t) dv (t) exists and the following 
inequality holds 



p (t) dv (t) 



<L f \pit)\dt. 

J a 



Now, on applying this property of the Riemann-Stieltjes integral, we have 
from the representation (|5.33l) that 



/ (m) {MIh -A) + f (M) {A - mln) 



< L 



M 



{Etx, y) 



M — m 
1 



x,y) - {f{A)x,y) 



(5.41) 



M -m 



M 



{EsX, y) ds 



dt 



for any x,y £ H. 

Further on, by utilizing (j5.39p we can state that 



M 



[Etx,y) 



1 



M -m 



M 



{EsX, y) ds 



dt 



< 



1 



M -m 



M 



m — O 



{s-m)d{EsX,y) 



m-O 



M 



{s-M)d{EsX,y) 



dt 



< 



< 



M 



m-0 



M 



' " y m-,-^y))+^\/m.)-,y)) 



M -m 



M 



dt 



{M-m) V {{E^.yx,y)) 



for any x,y (£ H, which proves the desired result (j5.35p . 

From the theory of Riemann-Stieltjes integral it is also well known that 
if p : [a,b] — >■ C is of bounded variation and v : [a,b] ^ R is contin- 
uous and monotonic nondecreasing, then the Riemann-Stieltjes integrals 
/ p (t) dv (t) and / \p (t) \ dv (t) exist and 



< / \p(t)\dv{t). 



p (t) dv (t) 

From the representation (I5.33P we then have 
/ (m) [MIh - A) + f (M) {A - mln) 



< 



M 



771 — 



{Etx,y)- 



M -m 

1 

M — m 



x,y) - {f{A)x,y) 



(5.42) 



M 



{EsX, y) ds 



m— 



df{t) 
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for any x,y E H. 

Further on, by utilizing (|5.39p we can state that 



M 



{Etx, y) 



1 



M -m 



M 



{EsX,y)ds 



dfit) 



< 



1 



M -m 



M 



m-0 



{s-m)d {EsX, y) 



m-O 



M 



(s - M) d {EsX, y) 



dfit) 



< 



< 



M 



m-0 



M 



' "^ y m,x,y))+^\jm,x,y)) 



M -m 



m-0 

M 



dfit) 



(/(M)-/(m)) V i{E^.)X,y)) 



m — O 



for any x,y d H, which proves the desired result ()5.36p . ■ 

A different approach for Lipschitzian functions is incorporated in: 

Theorem 348 (Dragomir, 2010, [6j) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M and let {E\}^ be its spectral family. If f : [m,M] -^ C is 
Lipschitzian with the constant L > on [m,M], then 





{ 


r/(m)(Afl 


H-A) + fiM)iA-mlH)] 




M - m 


<L\\y\\ / 


1 f^' 


M - m 7,„_o 


'or 


ar 


ly x,y e H. 





x,y) - ifiA)x,y) 



(5.43) 



di<-L(Af-m) 11x11112/11 



Proof. We will use the inequality (|5.4ip for which a different upper bound 
will be provided. 

By the Schwarz inequahty in H we have that 



M 



[EfX,y) 



1 



M 
m—0 



<\\y\ 



M 



Etx- 



Etx 



M -m 
1 



M — m 

1 

M -m 



M 

m-0 

M 

m-0 

M 



(EsX, y) ds 



E^xds 



dt 



dt 



E^xds 



dt 



(5.44) 



for any x,y £ H. 
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On utilizing the Cauchy-Buniakovski-Schwarz integral inequality we may 
state that 



M 



Etx- 



1 



M — m 



M 



E^xds 



dt 



(5.45) 



< [M -mf^'^ 



M 



Etx 



1 



M ~m 



M 



E^xds 



1/2 



dt 



for any x Cz H. 

Observe that the following equalities of interest hold and they can be 
easily proved by direct calculations 



1 



Af — m 



M 



Etx- 



1 



M 



1 



M -m 



M 



m — O 



M - m .,„,_o 
1 



E^xdi 



dt 



(5.46) 



\Etx\\ dt- 



M — m 



M 



E^xds 



m— 



and 



1 



M -m 



M 



m-0 



lEfxW dt- 



1 



1 



M — m 



M 



Etx 



M — m 
1 



M — m 



M 

rn — 
M 



E^xds 



(5.47) 



1 



Esxds,EtX X ) dt 



for any x G H. 

By ([CT5)) . ((05)) and ([07)) we get 



M 



Etx 



1 



M - m 



M 



Esxds 



dt 



< {M - mfl"^ 



M 



?n — 



EtX 



1 



M ~m 



M 



(5.48) 

\ 1/2 



E^xds.EfX 



dt 



m — 



for any x ^ H. 
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On making use of the Schwarz inequality in H we also have 



M 



Etx- 



1 



m-O 



< 



M 



\m 



Etx^ 

M 
m— 



M -m 
1 



M 



ni—O 
M 



Egxds, EfX — —X j dt 



(5.49) 



M -m 



E^xds 



m-O 



EfX X 



dt 



Etx 



1 



M — m 



M 



E^xds 



dt. 



where we used the fact that Et are projectors, and in this case we have 

2 



EtX - -X 



= \\Etxf-{Etx,x) + ^\\xf 

= {Etx,x) - {Etx,x} + - ||a;||^ = ^ ||x||^ 



for any t € [m, M] for any x £ H. 
From ([QS]) and ^5A9\i we get 



M 
m— 



EfX 



1 



A/ 



M - TO 7„_o 

M 



E^xds 



dt 



< {M-m)^''^ ( i||x| 



EtX 



1 



M — m, 



M 



E^xds 



(5.50) 

1/2 



di 



which is clearly equivalent with the following inequality of interest in itself 



M 



EtX 



1 



M — m 



M 



E^xds 



m-O 



dt<- \\x\\ {M - to) 



(5.51) 



for any x £ H. 

This proves the last part of (|5.43p . 



5.4-2 Applications for Particular Functions 

It is obvious that the above results can be applied for various particular 
functions. However, we will restrict here only to the power and logarithmic 
functions. 

1. Consider now the power function / : (0, oo) —> R, f (t) — fP with 
p ^ 0. On applying Theorem 13481 we can state the following proposition: 

Proposition 349 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers < m < M 
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and let {E\}^ be its spectral family. Then for any x,y G H we have the 
inequalities 

mP [MIh - A)+ MP {A - tuIh) 



<BAy\\ / 

Jm-O 



M — m 



Etx- 



x,y) - {APx, y) 



(5.52) 



1 



M — m 



M 



E^xds 



m-O 



dt < -Bp (M - m) \\x\\ \\y\\ 



where 



and 



MP- 



ifp>l 



Bp=px 



m- 



P'^ ifO<p<l,m>0 



Bp = (-p)mP-i ifp<0,m>0. 

2. The case of logarithmic function is as follows: 

Proposition 350 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp {A) C [rn, M] for some real numbers < m < M 
and let {E\}^ be its spectral family. Then for any x,y <E H we have the 
inequalities 



[MIh - A)\nm + {A- mln) In M 



M — m 



< 



M 



m-0 



EfX 



1 



M -m 



M 



E^xds 



x,y) - {\nAx,y) 
1 fM 



m-O 



dt < 



2 \m 



(5.53) 

illl^llllyll- 



5.5 More Generalised Trapezoidal Inequalities 

5.5.1 Other Vector Inequalities 

The following result for general continuous functions holds: 

Theorem 351 (Dragomir, 2010, [7J) Let A be a selfadjoint operator in 
the Hilbert space H with the .spectrum Sp {A) C [m, M] for some real num- 
bers m < M and let {E\}^ be its spectral family. If f : [m, M] —> M. is 
continuous on [m, M] , then we have the inequalities: 

7 (m) {MIh - A) + f (M) (A - ml^) 



< 



< 



M- 



niax / (t) — min / (t) 

te[m,M] te[m,M] 



max / (t) — min / (t) 

te[m,M]' te[m,M] 



x,y) - {f {A)x,y) 



(5.54) 



M 



i-O 

^llllyll 



?7l — 
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for any x,y ^ H. 

Proof. We observe that, by the spectral representation theorem, we have 
the equality 

7 (m) {MIh -A)+f (M) {A - mln) 



M 



M -m 



^}{t)d{{Etx,y)) 



x,y)-{fiA)x,y) (5.55) 



for any x^y (£ H, where $/ : [m, M] — > M is given by 
1 



*/W 



M -m 



[{M-t)f{m) + {t-m)f{M)]-f{t). 



It is well known that if p : [a, 6] ~> C is a continuous function and 
V : [a, 5] — 7- C is of bounded variation, then the Riemann-Stieltjes integral 
/ p (t) dv (t) exists and the following inequality holds 



p (t) dv (t) 



< sup \pit)\\/{v), 

te[a,6] „ 



(5.56) 



where \J (v) denotes the total variation of v on [a,b] . 

a 

Now, if we denote by 7 := mintg[,„_M] / (t) and by T := niaxtg[^_M] / (*) 
then we have 

7 (M -t) < [M -t)f{m)<T {M - t) , 
l{t~m) <{t- m) f [M] <T{t~m) 

and 

- {M -m)T <- (M - m) / (t) < -7 (M - to) 

for any t £ [m, M] . If wc add these three inequalities, then we get 

- (M - m) (r - 7) < {M - m) $/ (t) < {M - m) [T - 7) 

for any t £ [m, M] , which shows that 

I*/ (i)| < r - 7 for any t G [m, M] . (5.57) 

On applying the inequality ()5.56|) for the representation ()5.55|) we have 
from (|537)) that 



M 



^f{t)d{{EtX,y)) 



m-O 



M 



< 



(r-7) V {{E^.)X,y)) 
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for any x,y £ H, which proves the first part of (j5.54p . 

The last part of (|5.54p follows by the Total Variation Schwarz's inequality 
and we omit the details. ■ 

When the generating function is of bounded variation, we have the fol- 
lowing result. 



Theorem 352 (Dragomir, 2010, [7J) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp {A) C [m, AI] for some real num- 
bers m < M and let {Ex}^ be its spectral family. If f : [m,M] — >■ C is 
continuous and of bounded variation on [m, M] , then we have the inequal- 
ities: 



f (m) {MIh -A) + f (M) {A - ml^) 



M -m 

t 



XiV) - {f {A)x,y) 



(5.58) 



M 



""'V(/) + ^V(/) 



M -m 



< max 

te[m,M] 
M 

< V m.)X,y))\/{f)<\/{f)\\x\\\\y\\ 

m—O m m 



M 



M 



M 



V ((^(O^'J/)) 



for any x,y £ H. 

Proof. First of all, observe that 



(M - m) $/ (t) ^{t- M) [f (t) - f (m)] + (t - m) [f (Af ) - / (t)] (5.59) 
^{t- M) / df {s) + {t-m,) df [s) 



for any t G [m, M] . 
Therefore 



|i>/WI< 



M-t 
M — m 



dfis) 



t — m 



<^^\IU) 



M -m 



t — m, 

M — m 



M -m 

M 



M 



dfis) 



V(/) 



t 



< max 



M-t t-m 



M — m M — m 



M 



V(/) + V(/) 



1 \t 

2^~ 



-M I 



AI — m 



M 



V(/) 



(5.60) 
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for any i e [m, M] , which implies that 



max |$f (f)| < max 

te[m,M] te[m.,M] 



< max 

telm,M] 



M -t 

M -m 

I \t~ 
2 



V(/) 



rn+M I 
2 I 



t ~ ra 
M -m 



M 



V(/) 



(5.61) 



M -m 



M 



M 



V(/) = V(/) 



On applying the inequality (|5.56p for the representation (I5.55P we have 
from (|5!FT|l that 



M 



m-0 



< max 

te[m,M] 
M 



^f{t)d{{E^x,y)) 



M 



""V(/) + ^7^V(/) 



M -m 



M — m 



M 



V i(Ei-)^^y)) 



772 — 



M 

<\/if)\/ m}-,y)) 

m m—0 

for any x,y G H, which produces the desired result (|5.58p . ■ 
The case of Lipschitzian functions is as follows: 

Theorem 353 (Dragomir, 2010, [7]) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M and let {Ex})^ be its spectral family. If f : [m,M] -^ C is 
Lipschitzian with the constant L > on [m, M] , then we have the inequal- 
ities: 



f (m) {MIh -A) + f (M) {A - mln) 



M -m 



x,y) - {f {A)x,y) 



(5.62) 



M 
rn— 

M -t 
X max 

tG[m,M] 



M -m 

M 



f — rrt 

\f{t)-fini)\ + j^^^\f{M)^f{t)\ 



< 



\{M-m)L\J {{E^.)X,y))<\{M~m)L\\x\\\\y\\ 



m-O 



for any x,y £ H. 

Proof. We have from the first part of the equality (|5.59p that 

t — m 



\^f{t)\<^^Af{t)-f{m)\ 



< 



M ^ m 
2L 



M -m 



\f{M)~f{t)\ (5.63) 



1 



{M-t){t-m)<-{M-m)L 
M — m 2 
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for any t (£ [m, M] , which, by a similar argument to the one from the above 
Theorem I352[ produces the desired result (|5.62p . The details are omitted. 
■ 

The following corollary holds: 

Corollary 354 (Dragomir, 2010, [7J) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp {A) C [m, M] for some real 
num,bers m < M and let {Ex}x be its spectral family. If I, L d R. are such 
that L > I and f : [m, M] — )■ R is {l,L) — Lipschitzian on [m, M] , then we 
have the inequalities: 



(5.64) 





{ 


r/(m)(MlH- 


-A)+f{M){A-mlH) 






M — m 


< - (Af - m) (L - 


M 
m-O 


'or 


ar 


ly x,y £ H. 





x,y) - {f {A)x,y) 



Proof. Follows by applying the inequality (I5.62p to the \{L — /)-Lipschitzian 
function f — ^ {I + L) e, where e{t) = t, t £ [m, M] . The details are omit- 
ted. ■ 

When the generating function is continuous convex, we can state the 
following result as well: 

Theorem 355 (Dragomir, 2010, [7J) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp {A) C [m, M] for some real num- 



< M and let {E\\-^ be its spectral family. If f 



,M] 



is continuous convex on [to, Af ] with finite lateral derivatives f'_ (Af ) ana 
f'+ (m) , then we have the inequalities: 



f (to) (Af 1^ -A) + f (Af ) {A - mln) 



M ~ m 



x,y) - {f{A)x,y) 



(5.65) 



< 



1 *^ 

- (Af - to) [/: (Af ) - /; (to)] V ((f?(.)X, y) 



<-{M^m)[f'_{M)-f',im)]\\x\\\\y\\ 

for any x,y £ H. 

Proof. By the convexity of / on [m, Af ] we have 

/(i)~/(Af)>/:(Af)(t-Af) 
for any t £ [m, M] . If we multiply this inequality with i — ?7i > we deduce 
{t-m)f (t) -{t- to) / {M) > f'_ (Af ) {t - M) {t - to) (5.66) 
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for any t e [m, M] . 
Similarly, we get 

{M -t)f (t) - (M ~t)f (m) > /; (m) (M - t) {t ~ m) (5.67) 

for any t G [m, M] . 

Summing the above inequalities and dividing by M — to we deduce the 
inequality 

(M -t){t-m) . 



$/ {t) < 



M — m 



[/:(m)-/;(to)] 



(5.68) 



<-(Af-m)[/:(Af)-/;(m)] 



for any t € [m, M] . 

By the convexity of / we also have that 

— M - t / m + t - TO / Af > / ^ ^-—^ >— 

M — m \ M ~ m J 

(5.69) 

= /(*) 
giving that 

*/ (0 > for any t £ [m, Af] . (5.70) 

Utilising (I5.56|) for the representation (|5.55p we deduce from (I5.68P and 
(|F?7n)) the desfred resuh ^M^. m 



5.5.2 Inequalities in the Operator Order 

The following result providing some inequalities in the operator order may 
be stated: 

Theorem 356 (Dragomir, 2010, [7]) Let A he a selfadjoint operator in 
the Hubert space H with the spectrum Sp (A) C [to,, M] for some real num- 
bers m < M . 

1. If f '■ [to,, M] — > R is continuous on [m, M] , then 

f (to) (Af Iff -A) + f (Af) {A - TOlff) 



< 



M -m 



max f (t) — min f (t) 

te[m,M] te[m,M] 



fiA) 



(5.71) 



H- 



2. If f '■ [to,, Af ] — > C is continuous and of hounded variation on [m, Af ] , 
then 

f (to) (Af Iff -A) + f (Af ) {A - TOlff ) 



Af -TO 

^Aflff-A/^ A-TOlff^ 



1 U- 



(5.72) 



Af -TO 



< 



-M 



H\ 



M -m 



M 



Mil). 
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A 



where y (/) denotes the operator generated by the scalar function [m, M] 



M 



t I — > \J (/) G R. The same notation applies for \J (/) . 

m A 

3. If f '■ [m, M] -^ C is Lipschitzian with the constant L > on [m, AI] , 
then 



f (m) {MIh -A) + f [M) [ A-mlH] _ j, ^^^ 



M -m 



(5.73) 



< ^^§^^^ 1/ (A) - / M 1,1 + 4^ 1/ (M) 1, - / (A)| 

M ~ m M — m 

< -(M-m)LlH. 

4- If f '■ [in, M] — > M is continuous convex on [m, M] with finite lateral 
derivatives f'_ (Af ) and f^ (m) , then we have the inequalities: 

^ ^ f (rn) {Ml„ -A)+f (M) {A - ml,) ^^ 
M — m 
^ (Ml„^^)(.4-„.l„) 

Al — rn 

< i (M - m) [/: (M) - /; (m)] 1,. 

Proof. Follows by applying the property (|P]) to the scalar inequalities 
(15371) . dSlQl), dEMl), (|5:B81) and ([O0| . The details are omitted. ■ 
The following particular case is perhaps more useful for applications: 

Corollary 357 (Dragomir, 2010, [7J) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [m, AI] for some real num- 
bers m < AI . If I, i e R with L > I and f : [m, AI] — >■ R is (/, L) —Lipschitzian 
on [m, AI] , then we have the inequalities: 



f (m) (Ml, -A) + f (AI) ( A -ml,) _ ^ ^^^ 



AI — m 



<i(Af-m)(L-Ol//. 
(5.75) 



5.5.3 More Inequalities for Differentiable Functions 
The following result holds: 

Theorem 358 (Dragomir, 2010, [7J) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp {A) C [m,, AI] for some real num- 
bers m < AI . Assume that the function f : I ^ C with [m, AI] C / (the 
interior of I) is differentiable on I. 
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1. If the derivative /' is continuous and oj hounded variation on [m,M] , 
then we have the inequality 



f (to) {MIh -A) + f (M) {A - mln) 



M -m 

M M 



x,y) - {.f {A)x,y) 



(5.76) 



< 



MM M 

(M-m)yif) V {{E(.^x,y)) < -{M -m)y {,n\\x\\\\y\ 



m m—0 



for any x,y Cz H. 

2. If the derivative f is Lipschitzian with the constant K > on [to, M] 
then we have the inequality 



f (to) {MIh -A) + f (M) {A - mln) 



M -m 

M 



x,v) - {fiA)x,y) 



(5.77) 



< 



I (M -mfK\J {{E(.)X, y)) <\{M - mf K \\x\\ \\y\\ 



for any x,y € H. 



Proof. First of all we notice that if / : [to, M] -^ C is absolutely continuous 
on [to, M] and such that the derivative /' is Rieniann integrable on [?n, M] , 
then we have the following representation in terms of the Riemann-Stieltjes 
integral: 



'^f (t) 



1 



M — m 



M 



K it, s) df (s) , te [to, M] , (5.78) 



where the kernel K : [m, M] — > M is given by 



K{t,s) 



(M -t){s-m) if TO < s < i 
{t - to) (M - s) if t < s < M. 



(5.79) 



Indeed, since /' is Riemann integrable on [to,, M] , it follows that the Riemann- 
Stieltjes integrals /^ (s — to) df (s) and J^ {M — s) df (s) exist for each 
t & [m, M] . Now, integrating by parts in the Riemann-Stieltjes integral, we 
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have 



K {t, s) df (s) = (M -t) I (s-m) df [s] + {t~m) / (M - s) df (s) 



= (M - t) 



+ {t-m) 



{s-m) f {s) 



f{s)ds 



(M - s) r is) 



,M 



M 



f is) ds 



^{M-t)[{t-m)r{t)-{f{t)-f{m))] 

+ {t-m) [- (M - t) r (t) + / (M) - f (t)] 

= {t-m) [J (M) - / [t)] - (M - t) [f it) - f (m)] 

= (Af-m)a>/(t) 



for any t G [m,M], which provides the desired representation (|5.78|) . 
Now, utihzing the representation (|5.78p and the property (|5.56l) . we have 



l*/WI 



(5.80) 



< 



< 



M- 


m 


1 




M- 


m 


1 





{M -t) I (s - to) df (s) + {t-m) / {M - s) df (s) 



(M ~ t) 



(s ~ m) df (s) 



+ {t-m) 



M 



(M - s) df [s) 



M — m 

t M 

{M-t)\l{f) sup {s - m) + {t - m)\l {f) sup {M - s) 



M 



V(/') + V(/') 



M 



M 



_ (t-m) {M - t) 
~ M -m 

' ""M"""" V(/')<i(M-...)V(/') 

m m 

for any t S [to, M] . 

On making use of the representation ()5.55p we deduce the desired result 

Further, we utihze the fact that for an L— Lipschitzian function, p : 
[a, /?]—>■ C and a Riemann integrable function v : [a, /3] — >■ C, the Riemann- 
Stieltjes integral /^ p (s) dv (s) exists and 



/ p{s)dv(s) < L \p{s)\ds. 

'JO. 'J Oi 
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Then, by utilizing (|5.80p we have 



\'^fit)\ 



(5.81) 



< 



< 



1 

M-m 


{M- 


-t) 


K 

M~m 


(M- 


-t) 



{s - m) df (s) 



+ {t~m) 



M 



(M - s) df (s) 



M 



K 



M-m 



nZ nlVl 

(M - t) / {s-m)ds + {t- m) / {M - s) ds 



(M -t){t- m) {t - m) {M - t)" 



= i (M - m) {t ~ m) (M - t) K < - [M - mf K 
2 8 

for any i e [m, M] . 

On making use of the representation ()5.55p we deduce the desired result 

(EZZD. ■ 

The following inequalities in the operator order are of interest as well: 

Theorem 359 (Dragomir, 2010, [7J) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp {A) C [m, AI] for some real num- 
bers m < M . Assume that the function f : I ^ C with [m, M] C / (the 
interior of I) is differentiable on I. 

1. If the derivative /' is continuous and of bounded variation on [m, M] , 
then we have the inequality 



f (to) [MIh -A) + f (M) (A - mln) 



< 



M — m 

[A - TOlg) (MIh - A) 
M-m 



nA) 



(5.82) 



M M 

\JU')<-AM-m)\J{f')lH 



2. If the derivative f is Lipschitzian with the constant K > on [m, AI] 
then we have the inequality 



f (to) (MIh -A) + f (AI) {A - mln) 



M-m 



I [A] 



(5.83) 



< - [AI -m){A- mln) [AIIh - A) K < - [AI - mf KIh- 
2 8 



5.5.4 Applications for Particular Functions 

It is obvious that the above results can be applied for various particular 
functions. However, we will restrict here only to the power and logarithmic 
functions. 

1. Consider now the power function / : (0, 00) — 7> M, / (i) = t^ with 
p ^ 0. On applying Theorem 13551 we can state the following proposition: 
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Proposition 360 Let A be a selfadjoint operator in the Hilhert space H 
with the spectrum Sp (A) C [m, M] for some real numbers < m < M . 
Then for any x,y € H we have the inequalities 



mP {MIh -A) + MP{A- mln) 



M -m 



<-(M-m)Ap||x||||y|| 



x,y) - {APx,y) 



(5.84) 



whe 



Ap=p 



MP'^-mP-^ i/pe (-oo,0)U [l,oo) 



mP-^ - MP-^ ifO<p<l. 

In particular, 

' M{MIh -A) +m,{A-'mlH)' 



mM [M - m) 



^i '''':i,y"' MM 



,yj-{A ^x,y) 



(5.85) 



for any x,y Cz H. 

The following inequalities in the operator order also hold: 

Proposition 361 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers < m < M . 
If p € (— oo, 0) U [1, oo), then 



Q ^ mP {MIh - A) + MP (A - mln) _ ^p 



<P 
1 



M -m 
{MIh - A) {A- ml h) 
M -m 



(5.86) 



(MP-i 



-,p-^\ 



< -p {M - m) {MP-^ - mP-^) In- 



Ifp e (0, 1) , then 



0< AP- 



mP {MIh - A)+Mp{A- mln) 



< 



M -m 

{MlH-A){A-mlH) , ,_i _ ^^,_n 
M -m ^ ' 



(5.87) 



< -p{M - m) {mP-^ - MP-^) In- 
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In particular, we have the inequalities 



,^MiMl,-A) + miA-ml,)_^_^, (5.88) 

mM{M-m) ^ ' 



{M\h - A){A- miff) Af 2 



,2 



M -m rn^W^ 

1 {M - mf {M + to) 

The proof follows from (|5.74p and the details are omitted. 
2. The case of logarithmic function is as follows: 

Proposition 362 Let A he a selfadjoint operator in the Hilbert space H 
with the spectrum Sp{A) C [to., A/] for some real numbers < to, < M. 
Then for any x,y £ H we have the inequalities 



{MIh - A)lnTO + (A-mli:/)lnAf 



A/-m 
1 (Af-TO)^ 



x,y}- {lnAx,y) 



(5.89) 



We also have the following inequality in the operator order 

,^,^^_mH-A)lnrn+iA-ml„)lnM 

M-m ^ ' 

^ {M\H-A){A-m\H) ^ 1 (Af - mf ^ 
~ Mm ~ 4 mM "' 

Remark 363 Similar results can be obtained if ones uses the inequalities 
from Theorem \358\ and \359[ However the details are left to the interested 
reader. 



5.6 Product Inequalities 

5. 6. 1 Some Vector Inequalities 

In this section we investigate the quantity 

\{[f {M)Ih - f {A)][f {A) - f {m)lH]x,y)\ 

where a;, y are vectors in the Hilbert space H and A is a selfadjoint operator 
with Sp {A) C [m, M] , and provide different bounds for some classes of 
continuous functions / : [m, M] — >■ C Applications for some particular 
cases including the power and logarithmic functions are provided as well. 
The following representation in terms of the spectral family is of interest 
in itself: 
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Lemma 364 (Dragomir, 2010, |8J) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M and let {E\}^ be its spectral family. If f : [m, M] -^ C is 
a continuous function on [m, M] with f (M) ^ f {m) , then we have the 
representation 



1 



[f{M)-f[m)\ 

1 
" / (M) - / (m) 

"I-or"7(M)- 



[f{M)lH-f{A)][f{A)-f{m)lH] 



(5.91) 



l^£%../(.))(i..-il.) ./(.), 



Proof. We observe that, 
1 



M 



Et- 



1 



/(M)-/(m)y„_o\ fiM)~f{m)J^_o 



M 



Esdf (s) (5.92) 



X [Et-^lH]dfit) 



f [M) - / (m) y„_o 



M 



Efdf it) 



1 



M 



Esdf is) 



1 



/ (Af) - / (m) y„_o 

- Etdfit) + - Esdfis 

^ Jm-O ^ Jm-0 



f (Af ) - / (m) y„_o 



M 



Etdf (t) 



/ (Af ) - / (m) y„_„ 



M 



E?df it) 



1 



/ (Af ) - / (m) y„_o 



Af 



Efdf it) 



which is an equality of interest in itself. 

Since Et are projections, we have E^ = Et for any t G [m, M] and then 
we can write that 



1 



/ (Af ) - / (m) 7„_o 



M 



/ (Af ) - / (m) 7„_o 



M 



Etdf it) 



(5.93) 



/(Af)-/(m)y„_o 



M 



^td/ (t) 



/ (Af ) - / (m) X„_o 



M 



Etdf it) 



f (Af ) - / (m) y„,_o 



Af 



i?td/ (t) 



1 



Lff 



/ (Af ) - / (m) y„,_o 



Af 



Etdf it) 
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Integrating by parts in the Riemann-Stieltjes integral and utilizing the 
spectral representation theorem we have 



and 



1 



H 



/ Etdf it) = / (M) Ih-I [A) 
Jm-a 

,f{A}-,f{m)lH 



Etdf (t) 



/ (A/) - / (m) y„_o ^'^ '^' " / (M) -f(m) ' 



which together with (|5.93p and (|5.92p produce the desired result (|5.9ip . ■ 
The following vector version may be stated as well: 

Corollary 365 (Dragomir, 2010, fS]) With the assumptions of Lemma 
\364\ we have the equality 



([/ (M) 1h - f (A)] [f (A) ~ f (m) 1^] X, y) 
= [f{M)-fim)] 



(5.94) 



for any x, y G [m, M] . 



^ £>•* '4" (^'"H ")*'"' 



The following result that provides some bounds for continuous functions 
of bounded variation may be stated as well: 

Theorem 366 (Dragomir, 2010, [8]) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp {A) C [m, M] for some real num- 
bers m < M and let {Ex}^ be its spectral family. If f : [m, M] -^ C is a 
continuous function of bounded variation on [m, AI] with f (M) ^ f {in), 
then we have the inequality 



I ([/ (M) iH-f (A)] [f (A) - f (m) 1h] X, y) \ 



(5.95) 



< 



1 *^ 

,^\\y\\\fiM)-f{m)\\/{f) 



X sup 

te[m,AI] 



Etx- 



f (A/) - / (m) 



M 



Esdf (s) 



<2ll^lllly|l 



AI 



V(/) 



for any x,y (E H. 



Proof. It is well known that if p : [a, b] — >■ C is a bounded function, 
V : [a, 6] — >■ C is of bounded variation and the Riemann-Stieltjes integral 
/^ p (i) dv {t) exists, then the following inequality holds 



p (t) dv (t) 



< sup \p{t)\\/{v), 
tela.b] 



(5.96) 
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b 

where W (u) denotes the total variation of v on [a, b] . 

a 

Utilising this property and the representation (|5.94p we have by the 
Schwarz inequality in Hilbert space H that 



m{M)lH-f{A)][f{A)-f{m)lH]x,y)\ 



(5.97) 



M 



< 



|/(M)-/(m)|\/(/) 



X sup 

te[m,M] 



Et 



/WPTwlV-^^^'l^'-^i")"! 



M 



< 



|/(Af)-/(m)|\/(/) 



X sup 

tG[m,M] 



Etx 



f{M)-fim)J^_o 



M 



Esxdf is) 



Ety - 2^ 



for any x,y G [m, M] . 

Since Et are projections, and in this case we have 



Ety - ^y 



\\Ety\f-{Ety,y) + l\\y\f 
{E^y,y)-{Ety,y) + ^\\y\ 



2 -*- II l|2 

= 4 112/11 . 



then from (|5.97p we deduce the first part of (|5.95p . 

Now, by the same property (|5.96p for vector valued functions p with 
values in Hilbert spaces, we also have that 



[/ (M) - / (m)] EtX - 



M 



Esxdf (s) 



m-O 



(5.98) 



M 



(EtX - Esx) df (s) 



M 



<\/(/) sup \\Etx-Esx\ 

s€[m,M] 



for any t G [m, M] and x G H. 

Since < Et < 1h in the operator order, then —lH^Et~Es<l which 
gives that -||.t||^ < {{Et~Es)x,x) < ||x||^ i.e., \{{Et - Es)x,x)\ < \\xf 
for any x £ H, which implies that \\Et — Es\\ < 1 for any t,s E [m, M] . 
Therefore sup^g[ „, j^/j \\EtX — Esx\\ < \\x\\ which together with (|5.98p prove 
the last part of (|5.95p . ■ 

The case of Lipschitzian functions is as follows: 
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Theorem 367 (Dragomir, 2010, [8j) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M and let {E\}^ be its spectral family. If f : [m, M] — > C 
is a Lipschitzian function with the constant L > on [m, M] and with 
f (M) 7^ / (ni), then we have the inequality 



\{[fiM)lH-f{A)]inA)~fim)lH]x,y)\ 
<U\\y\\\fiM)~fim)\ 



(5.99) 



AI 



Etx 



fiM)-fim)j^_, 



AI 



Esxdf (s) 



dt 



rM pM 



< o^'bll / / \\EtX ~ Esx\\ dsdt 



< iIl'^ ||y|| (M - m) {Ax ~ mx, Mx ~ Axf^ < —L^ \\y\\ \\x\\ {M - mf 

for any x,y Cz H. 

Proof. Recall that if p : [a, &] — >■ C is a Riemann integrable function and 
V : [a,b] ^ C is Lipschitzian with the constant L > 0, i.e., 

1/ (s) - / (^)l <L\s~t\ for any t, s e [a, b] , 

then the Riemann-Stieltjes integral J p (t) dv (t) exists and the following 
inequality holds 



p (t) dv (t) 



<L / \p{t)\dt. 



(5.100) 



Now, on applying this property of the Riemann-Stieltjes integral, then 
we have from the representation ()5.94|) that 



\{[f {M)1h ^ f {A)][f (A) ^ f {fn)lH]x,y)\ 
<|/(M)-/(m)| 



(5.101) 



M 



rn— 



Et- 



f(.M) 



_2 [^ 

I)- f {rn) J^_o 



E,df{s)]x,[Et~-lH]y 



df (t) , 



<L\fiM)~f{m)\ 

rAI 

EtX 



1 



/ (M) - / (m) y„_o 



AI 



Esxdf (s) 



Ety ~ -^y 



dt 



1 



L\\y\\\f {M) - f {m)\ 



AI 



m-0 



EtX 



fiM)-f{m)J^_, 



AI 



Esxdf (s) 



dt 
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for any x,y Cz H and the first inequality in (|5.99p is proved. 
Further, observe that 



|/(M)-/(m)| 



M 



TJl-0 



Etx- 



1 



/ (M) - / (m) J,„_o 



M 



Egxdf (s] 



dt (5.102) 



M 

771 — 

M 

771 — 



[/ (M) - / (m)] Etx - / E.xdf (s) 

'th-O 



M 



dt 



M 



{Etx - Esx) df (s) 



dt 



for any x d H. 

If we use the vector valued version of the property (|5.100p . then we have 



m-0 



M 



(Etx - Esx) df (s) 



771 — 



dt<L / \\EtX - Esx\\ dsdt 

>/?n — •/ ?7l — 

(5.103) 
for any x € H and the second part of ()5.99|) is proved. 

Further on, by applying the double integral version of the Cauchy-Buniakowski- 
Schwarz inequality we have 



M pM 



lEfX — E^xll dsdt 



(5.104) 



777 — ./ 777 — 



<{M-ni)i / \\EtX - Esxf dsdt 

\ Jin-Q Jin-Q 



1/2 



for any x € H. 

Now, by utilizing the fact that Eg are projections for each s E [rn,M], 
then we have 



M pM 



\Etx — Esx\\ dsdt 



(5.105) 



771-0 ./ 771 — 



M 



{M~m) / \\Etx\\^dt- 



pM 


2" 


/ Etxdt 




Jm-Q 




pM 


2" 


/ Etxdt 




Jrn-0 





M 

[M - m) / {EtX, x) dt - 

ni—O 



for any x £ H. 

If we integrate by parts and use the spectral representation theorem, 
then we get 

M pM 

{Etx, x) dt = {Mx — Ax, x) and / Etxdt — Mx — Ax 



5.6 Product Inequalities 
and by (|5.105l) we then obtain the fohowing equahty of interest 
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I I \\EtX- Esx\\^ dsdt = 2{Ax~mx,Mx~ Ax) 

J m—0 J rii — 



(5.106) 



for any x d H. 

On making use of (J5.106I) and (|5.104p we then deduce the third part of 

Finahy, by utihzing the elementary inequality in inner product spaces 



1 9 

Re{a,b) < -\\a + b\\ , a,be H, 



(5.107) 



we also have that 



{Ax~mx,Mx- Ax) < - (Af - m)^ ||x||^ 

for any x £ H, which proves the last inequality in (|5.99|) . ■ 
The case of nondecreasing monotonic functions is as follows: 

Theorem 368 (Dragomir, 2010, [8j) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp {A) C [m, M] for some real num- 
bers m < M and let {Ex}^ be its spectral family. If f : [m, M] — > R is a 
monotonic nondecreasing function on [m,M], then we have the inequality 



\{[f {M)Ih - f {A)][f (A) - f {m)lH]x,y)\ 
<l\\y\\[f{M)~fim)] 



(5.108) 



M 



Etx- 



f{M)-f{m) 



M 



Egxdf (s) 



m-O 



df{t) 



< l^MWf {M) - f {m)] 

X ([/ (A/) iH-f {A)] [f {A) - f (m) Ih] x,x)^'^ 

<\\\y\\\\x\\[f{M)~f{m)f 

for any x,y £ H. 

Proof. From the theory of Riemann-Stieltjes integral it is also well known 
that if p : [a, &] — >■ C is of bounded variation and v : [a, 6] — > M is contin- 
uous and monotonic nondecreasing, then the Riemann-Stieltjes integrals 
/^ p (t) dv (t) and /^ \p {t) \ dv (t) exist and 



p (t) dv (t) 



< 



\p{t)\dv{t). 
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Now, on applying this property of the Riemann-Stieltjes integral, we have 
from the representation (|5.94p that 



\{[f{M)lH~f{A)][fiA)-fim)lH]x,y)\ 
< [f (M) - / (m)] 



M 



Ef 



' m—O 

<[/(M)-/(m) 



M 



/(M)'/(..J ,-/-^^"'"(^-4'"l'' 



(5.109) 
df it) , 



M 



Etx 



f (M) - f (m) y,„_o 



AI 



Esxdf (s) 



-||2/||[/(Af)-/(m)] 



M 



m—O 



Etx 



1 



/ (M) - / (m) y,„_o 



M 



Esxdf (s) 



Ety - 2^ 



dfit) 



df{t) 



for any x^y d H, which proves the first inequality in (j5.108|) . 

On utilizing the Cauchy-Buniakowski-Schwarz type inequality for the 
Riemann-Stieltjes integral of monotonic nondecreasing integrators, we have 



< 



,1 


F, 1 




1 /-^'^ 

/ F -rrlf ("\ 


df f+'i 


-0 

f 


M 

i 
j.-O 

M 


Vit) 


1/2 

1 f^' 

1 F Tflf 


is) 


2 

df{t) 


Jm-Q 




/(m)-/mL_o^^"''^ 



(5.110) 



1/2 



for any x,y ^ H. 
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Observe that 



M 



rn— 



EfX- 



1 



/ (M) - / (m) y„_o 



M 



Esxdf (s) 



df{t) (5.111) 



M 
m — 



|£;ta;f -2Re(£;ta;, 



/ (M) - / (m) y„_o 



M 



S^xd/ (s) 



1 



M 



f{M)-fim,j^_, 
= [/(M)-/(m)] 
1 



^,a;d/ is] 



1 



#(t) 



M 



/(M)-/(m)^„_o 

2' 



|i?ta;f d/(t) 



/(M)-/(m)y„_o 



M 



i?sa;d/ (s) 



and, integrating by parts in the Ricniann-Stieltjcs integral, we have 



WEtxfdf (t) = / {Etx,Etx) df (t) = / {Etx,x) df {t) 

m — J ni—O Jm—0 



M 



and 



(5.112) 



= /(M)||x|r- / fit)d{Etx,x) 
Jm-a 



f (M) ||x|r - (/ (A) x,x) - ([/(M) 1h - ,/ (A)] x,x) 



M 



E.xdf (s) ^ f (M) x - f (A) X (5.113) 



m-O 



for any x ^ H. 
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On making use of the equalities (|5.112p and (|5.113p we have 



1 



M 



\Etxfdfit) 



1 



/ (Af ) - / (m) 



M 



Esxdf (s) 



(5.114) 



/(M)-/(m)^„_o 

1 

~ [f{M)~fim)f 

'[f (M) - / (m)] ([/ (M) iH-f (A)] X, x) ~ 11/ (M) x ^ J {A) x\\ 

_ [/ (Af ) - / (m)] ([/ (Af ) Ig - / (A)] x, x) - if (M) x - / (^) a:, / (Af ) a; - / (A) x) 

[/(A/)-/(m)f 
_ [/ (Af ) - / (m)] ([/ (Af ) Ig - / (A)] X, x) - if {M) x^f{A)x,f (A/) x - f [A) x) 

[f{M)-f{m)f 
_ {fiM)x~fiA)xJ{A)x-fim)x) 
[f{M)-f{m)f 

for any x & H. 

Therefore, we obtain the following equality of interest in itself as well 



/ {M) ~ / (m) y,„_o 



M 



Etx- 



f (M) - f (m) y„_o 



M 



i?sX(f/ (s) 



#(t) 

(5.115) 



_ (/(Af)a;-/(A)x,/(A)x-/(m)x) 

[/(Af)-/(m)]^ 
^ ([/ (Af ) Ig - / (A)] [f (A) - f (m) 1h] X, x) 
[f{M)-f{m)f 

for any x ^ H 

On making use of the inequality (|5.110p we deduce the second inequality 
in ([ETM| . 

The last part follows by (|5.107l) and the details are omitted. ■ 



5.6.2 Applications 

We consider the power function / [t) 
The following power inequalities hold: 



:= tP where p e M\{0} and t > 0. 



Proposition 369 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, Af ] for some real numbers with < m < M . 
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If p > 0, then for any x,y Cz H 

\{{MnH - AP) {AP - tuPIh) X, y)\ (5.116) 

/2 
< ^Bl \\y\\ (M - m) {Ax - mx,Mx - Axf^ 

<^Bl\\y\\\\x\\{M-mf 



where 



and 



MP-^ ifp>l 

mP^^ ifO<p<l,m>0 



\{{A-P ^ M-p1h) {m-PlH-A-P)x,y)\ (5.117) 

/2 
< — C^ \\y\\ (M - m) {Ax - mx, Mx - Ax)^^^ 



<^C'^\\y\\\\x\\iM-mf 



where 



Cp = pm~P~^ and m > 0. 

The proof follows from Theorem 13671 applied for the power function. 

Proposition 370 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers with < m < M . 
If p > 0, then for any x,y G H 

I {{MPIh - AP) {AP ~ mPln) x, y) \ (5.118) 

< i \\y\\ {MP - mP) {{MPIh - AP) {AP - m^lff ) x, x) ^''^ 

<\\\y\\\\x\\{MP-mPf 

and 

\{{A-P - M-pIh) {m-PlH-A-P)x,y)\ (5.119) 

< \ \\y\\ ("^"^ - M-P) {{A-P ~ M-pIh) {m-PlH - A-P) x,xf'^ 
<\\\y\\\\x\\{m-P-M-Pf. 

The proof follows from Theorem 13681 

Now, consider the logarithmic function / (t) = ln<,i > 0. We have 
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Proposition 371 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, Af] for some real numbers with < m < M . 
Then we have the inequalities 



and 



\{[{lnM)lH -lnA][\nA- {lnm)lH]x,y)\ 
V2 



< 



2vn? 



\\y\\ {M -m) {Ax - mx, Mx - Ax)^^'^ 



%/2 [M 

4 \ m 



(5.120) 



\{[{\nM)lH -\nA][\nA- {\nm)lH]x,y)\ 

< -\\y\\{[{\nM)lH -\nA][\nA- {\nm)lH]x,x)^^^\n 



<l\\y\\M 



In 



M 



(5.121) 



The proof follows from Theorem 13671 and 13681 applied for the logarithmic 
function. 
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6 

Inequalities of Taylor Type 



6.1 Introduction 

In approximating n-time differentiable functions around a point, perhaps 
the classical Taylor's expansion is one of the simplest and most convenient 
and elegant methods that has been employed in the development of Math- 
ematics for the last three centuries. There is probably no field of Science 
where Mathematical Modelling is used not to contain in a form or another 
Taylor's expansion for functions that arc differentiable in a certain sense. 

In the present chapter, that is intended to be developed to a later stage, 
we present some error bounds in approximating n-time differentiable func- 
tions of selfadjoint operators by the use of operator Taylor's type expansions 
around a point or two points from its spectrum for which the remainder is 
known in an integral form. 

Some applications for elementary functions including the exponential and 
logarithmic functions are provided as well. 



6.2 Taylor's Type Inequalities 

6.2.1 Some Identities 

In this section, by utilizing the spectral representation theorem of self- 
adjoint operators in Hilbert spaces, some error bounds in approximating 
n-time differentiable functions of selfadjoint operators in Hilbert Spaces 
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via a Taylor's type expansion are given. Applications for some elementary 
functions of interest including the exponential and logarithmic functions 
are also provided. 

The following result provides a Taylor's type representation for a function 
of selfadjoint operators in Hilbert spaces with integral remainder. 

Theorem 372 (Dragomir, 2010, [5j) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M , {-EaIa &e its spectral family, I be a closed subinterval on M 
with [m, M] C / (the interior of I) and let n be an integer with n> 1. // 
f : I ^ C is such that the n-th derivative f^"'' is of bounded variation on 
the interval [m,M], then for any c G [m,M] we have the equalities 



/ (^) = E ^/^'^ (^) (^ - '^Iff )' + ^" (/' C' ™' M) (6.1) 

k=0 

where 

Rn{f,c,m,M)^^J 1 1 (A-t)"d(/(")(f)) jrfi^A. (6.2) 

Proof. We utilize the Taylor formula for a function / : / — > C whose n-th 
derivative /*•"■' is locally of bounded variation on the interval / to write the 
equality 

1 n ■ ' ^ C 



k=0 



for any A,c G [m, A4], where the integral is taken in the Riemann-Stieltjes 
sense. 

If we integrate the equality on [m, M] in the Riemann-Stieltjes sense with 
the integrator E\ we get 



rM n 1 i-M 



/ /(A)di?,^5]-/W(c)/ {X-c)''dE, 

(A-i)"d(/(")(t)))di?A 



1 

+ -; 



fe=0 

M 



'^' -Im-O 



which, by the spectral representation theorem, produces the equality (|6.ip 
with the representation of the remainder from (j6.2[) . ■ 

The following particular instances are of interest for applications: 

Corollary 373 (Dragomir, 2010, [5j) With the assumptions of the above 
Theorem \372[ we have the equalities 

n 

fe=o 
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where 

i„ (/, c, m, M) = 1 J"^^ (j^ (A - tr d (/(") (t)) j rfi^A 
and 

(6.5) 



kl" 

k=0 



where 

M„ (/, c, m, Af ) = 1 ^*'^ fy^^^^^ (A - tr d (/(") (t)) j dE^ 
and 

fc=0 

\n+l i-M / cA/ 



f/„ (/, c, m, M) = L_i_ / / (f - A)" d (/(") (t)) dE^, (6.7) 



respectively. 



Remark 374 We remark that, if the n-th derivative of the function f 
considered above is absolutely continuous on the interval [to, M] , then we 
have the representation i6. 1\) with the remainder 



Rnif,c,m,M) = ^l" {j\\-tff'^''+^\t)dt\dEx. (6.8) 

Here the integral j (A — f)" f('"-+^i (f) dt is considered in the Lebesgue sense. 
Sim,ilar representations hold true when c is taken the particular values to, M 

Now, if we consider the exponential function, then for any selfadjoint 
operator A in the Hilbert space H with the spectrum Sp (A) C [to,, M] and 
with the spectral family {Ex})^ we have the representation 






^A-ci^ = V -^ (^ - clnf + ^ / ( /\a - tr e'--dt] dEx, (6.9) 



where c is any real number. 



344 6. Inequalities of Taylor Type 

Further, if we consider the logarithmic function, then for any positive 
definite operator A with Sp (A) C [m, M] C (0, oo) and with the spectral 
family {Ex}^ we have 



,„^.a„.,i„ + fti)'-(^ -■"«)' 



k=l 



kd^ 



+ (-1)" 



r:(r^^')- 



for any c > 0. 



(6.10) 



6.2.2 Some Error Bounds 

We start with the following result that provides an approximation for an 
n-time differentiable function of selfadjoint operators in Hilbert spaces: 

Theorem 375 (Dragomir, 2010, [5j) Let A he a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M , {E\\^ be its spectral family, I be a closed subinterval on R 
with [m, M] C / (the interior of I) and let n be an integer with n> 1. // 
/ : / — > C is such that the n-th derivative f^"""' is of bounded variation on 
the interval [m,M], then for any c G [?Ti, Af ] we have the inequality 



\{Rn{f,c,m,M)x,y)\ 

= {f{A)x,y)-J2l_f^''Hc)({A-clH)'x,y 



k=0 



(6.11) 



m m—O 

M M 

+ (M-c)"V(/^"0V((^()^'2^)) 

C C 

^ M ... I ... 

(M-c)"V(/^"0'(^-"^)"V(/^"0 V ((^(o^'y)) 

c ) rn— 

M M 

V(/'"0 V((^()-'J'))' 



< — ■ max 
n! 



<l(i(M-H + 



m + M 



m-O 



for any x,y ^ H. 
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Proof. From the identities (I6.ip and (|6.2p we have 

(i?„ (/, c, m, Af ) X, y) 

= if (A) x,y)-Y, -/W (c) ((A - clnt x,y^ 



(6.12) 



fc=0 



rn— \ ../c 
1 

M / ,.A 



1 



n 



\x-trd(^f(-Ht))\d{E^x,y) 
(A-i)"d(/(")(i)) U(i?AX,J/) 



for any x,y G H. 

It is well known that if p : [a, 6] — ?> C is a continuous function, v : [a, b] -^ 
C is of bounded variation then the Riemann-Stieltjes integral /^ p (t) dv {t) 
exists and the following inequality holds 



p {t) dv (t) 



< niax |p(t)|W(u), 

te[a,b] ' 



(6.13) 



where W (v) denotes the total variation of v on [a, b] . 

a 

Taking the modulus in (|6.12p and utilizing the inequality (|6.13p we have 

\{Rnif,c,m,M)x,y)\ (6.14) 

1 



< 



m— \Jc 
M / p\ 



< — max 

n! xe[m,c] 



1 
— - max 

n! xe[c,M] 



{X-trd(^f^^^Ht))\d{E^x,y) 
(A-i)"d(/(")(t))Jd(i?,x,y) 
(A-t)"(i(/(")(t)) V {{Ei-)^^y)) 

m-O 

M 

(A-t)"d(/(")(t)) y {{E^.^x,y)) 



for any x,y & H. 

By the same property (|6.13[) we have 



max 

A£[?n,c] 



(A-i)"rf(/^"'W) <(c-m)"\/ (/(")) (6.15) 
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and 



max 

Ae[c,Af] 



M 



Now, on making use of (I6.14p - (I6T6P we deduce 

I {Rn if, C, TO, M) X, y) I 

L m rri — 

M M 

C C 

{c-mT\j[f-)),{M-cr\/[fi-)) 

\ m 

" c M 

V ((^(•)^'y)) + V((^(-)^'y)) 

.m— c 

M 

- max {(c-mr,(M-cr}\/(/("^) V ((^(O^'?/)) 



1 
< —7 max ■ 



1 /I 



i! V2 



(A/ - to) + 



TO + A/ 



ri A/ _ M 



V /"' V ((^(o-'^)) 



?n — 



for any x,y G H and the proof is complete. ■ 

The following particular cases are of interest for applications 

Corollary 376 (Dragomir, 2010, [5]) With the assumption of Theorem 
\375\ we have the inequalities 



n 

if (A) x,y)-Y^ -/W (to) ({A - TOl^)'= X, y 

k=0 
-. M M 

<i(Af-TO)"v(/^"0 V((^()-'y)) 

ra 771—0 

M 

C-(M-TO)"\/(/^"0ll^llll2/L 



3.17) 
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/ (A) x,y)-J2 4^/''^ (M) {{MIh A)' x, y 



fc=0 
M 



m 771—0 

<-[M-mT\/[f^-^)\\x\\\\v\\ 



and 



n 



k=0 



m + M 



^ m + AI , 
A Iff x,y 



(6T8) 



(6.19) 






1 + A-f 
"T — 



M 



m-0 



< 



l^(Af-mrmaxi \/ (/(")), V (/^"^ f "^" "^" 



2"n 



respectively, for any x,y £ H. 

Proof. The first part in the inequalities follow from (|6.1ip by choosing 
c = m,c = M and c = Hi±M respectively. 

The last part follows by the Total Variation Schwarz's inequality and we 
omit the details. ■ 

The following result also holds: 

Theorem 377 (Dragomir, 2010, [5j) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M, {E\\^ be its spectral family, I be a closed subinterval on M 
with [m, AI] C / (the interior of I) and let n be an integer with n > 1. 
If f : I ^ C is such that the n-th derivative /'"•* is Lipschitzian with the 
constant i„ > on the interval [m,M], then for any c G [m,M] we have 
the inequality 



\{Rnif,c,m,M)x,y)\ 
1 



(6.20) 



< 



< 



(n + 1)! 
1 



Lr. 



M 



{c-mr' V m.)^.y)) + {M-cr^'\/{{E^.)X,y)) 



■Ln ( - (M-to) 
(n + 1)! "V2^ ' 



^(;^^"G(^-"^) 



m 


+ M 


m, 


2 

+ M 




2 



1+1 M 



V ((^(o^'y)) 



rn—O 



71+1 



l^lllbll 
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for any x,y ^ H. 

Proof. First of all, recall that if p : [a, 6] ^- C is a Riemann integrable 
function and w : [a, fo] — > C is Lipschitzian with the constant L > 0, i.e., 

|/(s)-/(t)|<L|s-<| for any t,se [a,b], 

then the Riemann-Stieltjes integral J p (t) dv (t) exists and the following 
inequality holds 



p (t) dv (t) 



<L f \p{t)\dt. 

J a 



Now, on applying this property of the Riemann-Stieltjes integral we have 



max 

A£[m,c] 



(i-Ard(/(")(t)) 



< max 



L„ / (t-A)"dt 



(6.21) 



^71 / \n+l 

(c — m) 



n+1 



and 



max 

Ae[c,M] 



(A-i)"d(/(")(i)) 



< max 

Ae[c,M] 



L„ / (A - i)" dt 



3.22) 



71+1 



(Af-c) 



n+l 



Now, on utilizing the inequality (|6.14|) . then we have from ()6.21|) and ()6.22p 
that 



\{Rn{f,c,m,M)x,y)\ 

1 *^ 

+ (;m)!^"(^^-^)"^'V((^(-)-^^)) 



3.23) 



< 



1 



-Lr, max 



(n+l)l 



M 

{(c-m)"+\(M-c)"+^} V ((i?(.)X,y)) 



TO + M 



m-0 
n+l M 



V ((^(o-^^y)) 



m-0 



and the proof is complete. ■ 

The following particular cases are of interest for applications: 
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Corollary 378 (Dragomir, 2010, [5j) With the assumption of Theorem 
\377\ we have the inequalities 



n , 

(/ (A) x,y)-J2 Tj/^'^ (rn) ({A ~ mlnf x, 



fe=0 



kl 



< 



M 



< 



(n+1)! 



(Af-m)"^^L„||x||||y|| 



3.24) 



and 



(/ {A) x,y}-Y, Hi /^'^ (^^) ((^'^1^ - ^)' ^' y 

k=0 



< 



1 ^ 



<-^-.(M-m)"+iL„||x||||y|| 



(n + 1)! 



(6.25) 



and 



1 

(/(A).,y)-^-/(^ 



(fc) 



fe=0 



m + M 



^ m + K'I . 
A Iff x,y 



1 ^^ 



< 



1 



2"+i(n + l)! 
respectively, for any x,y (z H. 



m-O 



(M-m)"+^i„||a;||||y|| 



.26) 



The following corollary that provides a perturbed version of Taylor's 
expansion holds: 



Corollary 379 (Dragomir, 2010, [5]) Let A be a selfadjoint operator 
in the Hilbert space H with the spectrum Sp (A) C [m, M] for some real 
numbers m < M, {Ex})^ be its spectral family, I be a closed subinterval on 
M. with [m, M] C / (the interior of I) and let n be an integer with n > 1. If 
g : / — >■ M is such that the n-th derivative g^^' is {In, Ln) — Lipschitzian with 
the constant Ln > In > Q on the interval [m,M], then for any c S [m,Al] 
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we have the inequality 



{g (A) x,y)-g (c) {x, y) - ^ -g^'^ (c) {{A clnf x, y) 



fc=i 



3.27) 



^n+l 



(A'^+^x, y) - (x, y) 

(n+1)! \ '^' (n+1)! ^ '"' 



E 



n — k+1 



k\{n-k + l)\ 



[A-cIh) x,y 



< 



1 



(-l^ti ~ 'nj 



2(n + l)! 

(c-mf+i V m.^x,y)) + iM-cr+'\/{{E^.^x,y)) 



M 



m-0 



for any x,y ^ H. 

Proof. Consider the function / : / — ^ K defined by 



m 


+ M 


m 


2 

+ M 




2 



ri+l A/ 

V ((^(o^-y)) 

jn-O 

n+1 

ll^llbll 



f{t)--=9(t) 



1 L„ + ^ 



n -r In ,n+l 



(n + 1)! 2 



i" 



Observe that 



C^) Cf^ •= oC^) r^^ - 



r''> (t) := g^'^J (t) 



1 -^" + '» .n-fc+l 

(n-fe + l)! 2 



for any fc = 0, ..., n. 

Since i?*^"-* is (Z„, L„) — Lipschitzian it foUows that 



/(") (t) := 5(") (t) - :^S;^^:ti!i . t 



is i (in — Z„)-Lipschitzian and applying Theorem 13771 for the function /, 
we deduce after required calculations the desired result (IG.lip . ■ 
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Remark 380 In particular, we can state from {6.21^ the following inequal- 
ities 



n _. 

{g {A) x,y) - g (m) (x, 2/) - ^ ^5^''^ (m) (^{A - mluf x, y 



k=l 



,n+l 



(n + Ij! ^ ' (n + Ij! 



E 



i-k+l 



— y (^{A-mlHf x,y^ 



< 



< 



^ kl{n-k + iy. 



M 



m-0 



n+l 



2(n+l): 



(L„-;„)(M-m)"-^^||x||||y 



2 

(6.28) 



l^g{A)x,y)-g{M){x,y)~Y.-^g^^^[M)(^{M\u~Afx,y) 

fc=i 



2 [(n + Ij! (ri + Ij! 

" ]\,fn—k+l , . 



< 



/i:!(n-fc + l) 
-^ (L„ - L) {M - mr+' V {{E^.)X, y)) 



m-0 



< 



2 (n+l) 



iL^-ln){M-mr^'\\x\\\\y\\ 



3.29) 



352 6. Inequalities of Taylor Type 

and 



{g (^) x,y)- g{ — - — ) {x, y) 



(6.30) 



tX^) (^-=^1-1- 



fc! 



k=l 



[n + Ij! ^ ' [n + Ij! 



n+l 



A ;; — Iff x,y 



< 



^ (n-k+iy.kl 
fc=l ^ ^ 



M 



m-0 



< 



n+l 



{L,,-l„)iM-mr^'\\x\\\\y\ 



2"+2 (n + l)! 
respectively, for any x,y (z H. 

6.2.3 Applications 

By utilizing Theorem 13751 and 13771 for the exponential function, we can 
state the following result: 

Proposition 381 Let A he a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [rn, M] for some real numbers m < M and 
{Ex}^ be its spectral family, then for any c € [m, M] we have the inequality 



n 

(e^x,y)-e^5:-((A-cl^ 



fc=0 



x,y 



(6.31) 



(c_^)"(e^_e™) V {{E^.)X,y)) 

m— 

M 

+ (M_e)"(e^^-e=)V((i?(.)^,y)) 

C 

lmax{(M-c)"(e^^-e^),(c-m)"(e^~e™)} \/ ((i?(.)X,2/)) 

m-O 
M 

{e''-e-)\/ {{E,,x,y)) 
j (e^-^-e™)||a;||||y|l 



n! 

1 A . 
<- -(M-..) + 



<l(i(Af-..) + 



m 


+ M 


m 


2 

+ M 




2 
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and 



(e^x,y)-e=^-((A~clH)'x, 



fc=0 



.32) 



< 



^M 



{n 


+ 1)! 




1 


{n 


+ 1)! 




1 



M 



{c-mf^' V ((i?(.F,2/)) + (M-cr^V((^(-)->y)) 



771 — 



<^-^e*^(-(M-m) + 



< , ' x. e^^ I - (^4" - m) + 



m + M 



2 

m + M 



2+1 M 



V ((^(o^'y)) 



n+l 



M lly|l 



/or any x,y (z H. 

Remark 382 We observe that the best inequalities we can get from i6.31\) 
and h6.32\) are 



I A \ m + M -r-^ 



1 



fc! 



fc=0 



^ m + Af , 
^ ;; Iff 2^,y 



A/ 



(6.33) 



< 



i-(Af-m)"(e*^-e") V((^(.)->2/)) 



< 



2"n! 

1 
2"n! 



m-O 



(M-m)"(e^-e'")||:E||||y|l 



and 



/ 4 \ "» + " 

(e x,2/) -e 2 



E^ f- 



fc=0 



TO + Af ^ 



Iff x,y 



3.34) 



< 



< 



^ M 



1 



2"+i(n + l)! 
for any x,y £ H. 



e*' {M-my^'\\x\\\\y\\ 



The same Theorems 13751 and 13771 applied for the logarithmic function 
produce: 

Proposition 383 Let A be a positive definite operator in the Hilbert space 
H with the spectrum Sp{A) C [?7i, M] C (0,cxd) and {Ex}^ be its spectral 
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family, then for any c Cz [m, M] we have the inequalities 



n 

-iiAx,y) - {x,y)lnc-^ 



i-lf-' {{A- cAHfx,y) 



fc=i 



fcc'^ 



3.35) 



1 
< - 

n 



7n—0 



c 

^ 1 ( {c^my^^d^_-m^ [M - c)" (M" - c") ] w . , ,. 



m — 



< - ( - (Af - to) + 

< i ("i (Af - to) + 
n \2 



c — 



TO 


+ M 


TO 


2 




2 



(M" - TO") ,*/ ., >. 

m— 

(M" - TO") 

— TT \\A\ \\y\\ 



and 



n 

(In Ax, y) - (x, y) In c - ^ 



" (-lf-^^(A-cl^)S^y) 

fe=l 



1.36) 



c M 

{c-mf^' V ((i?(.)^,y)) + (M~c)"+^V((^(-)^'y)) 

7n— c 



m + M 



n+l M 



V ii^n^^y)) 



m + M 



c — 



n+l 



~ {n+ 1)to"+i 

< ^ — f - (M - to) + 

- (n+l)m"+i V2 

< ^ -r ( - (M - to) + 

- (n+l)m"+i V2 

/or any x,y E H. 

Remark 384 The best inequalities we can get from, 116. 35\) and 116. 36\) c 



Ikll 112/11 



/c=l 



A;(2i±M)* 



3.37) 



< J_(M-m)" ^^"~"'"^ V ((^O^.y)) 
~ 2"n W^m™- V ^^ n 'y/; 

m— 

1 .,r Nn (M"-to") 

~ 2"n M'^m'^ 
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and 



fe=l ^ (, 2~ 



(6.38) 



1 /M 

< 



2"+i (n + 1) Vm 



•i+l A/ 



V ((^(o-.y)) 

1-r) — n 



ni — 
n+1 



1 /A/ . 

/or OK?/ x,y (z H. 



6.3 Perturbed Version 

5.5.i Some Identities 

The following result provides a perturbed Taylor's type representation for 
a function of selfadjoint operators in Hilbert spaces. 

Theorem 385 (Dragomir, 2010, [4j) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [rri, M] for some real num- 
bers m < M , {Ex}^ be its spectral family, I be a closed subinterval on K 
with [m, AI] C / (the interior of I) and let n be an integer with n > 1. If 
f : I ^ C is such that the n-th derivative f^"^' is of bounded variation on 
the interval [m,M], then for any c € [m, M] we have the equalities 

n 

/(^)=Efc!/^'^(^)(^-^l«)' (6-39) 

k=0 



1 

fiM)-Y.^_f^'Hc){M-c)' 

fc=0 



Iff + Vn (/, c, m, M) 



where 



Vnif,c,m,M):^-^—L-J ij (i - Af'^ d (/(") (t)) j i?,dA. 

(6.40) 

Proof. We utilize the Taylor's formula for functions f : I ^> C whose n-th 
derivative /^"' is locally of bounded variation on the interval / to write the 
equality 

/ (^) = E l/^'^ W (^ - ^)' + ^ /' (^ - *)" d {&^ (t)) (6.41) 
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for any A, c G [m, M], where the integral is taken in the Riemann-Stieltjes 
sense. 

If we integrate the equality on [m, M] in the Riemann-Stieltjes sense with 
the integrator E\ we get 



fe=0 

1 t' 



nlVl " 1 I'M 

which, by the spectral representation theorem, produces the equality 

/ (^) = I:^/'"w(^-ci„)'+i£^(/\a-<)". (/<... «)))<ii.. 

(6.42) 
that is of interest in itself as well. 

Now, integrating by parts in the Riemann-Stieltjes integral and using the 
Leibnitz formula for integrals with parameters, we have 

M / <.A 



m— \ J c 

A '^ '' 



rn— 



M 

771 — 

M 



iX-t)"d(^f''^tMdEx (6.43) 

^E^l^j\x~trd(^f<^-Ut)) 

E,d(l\x-trd[f^-^{t))\ 

(Af-i)"d(/(")(i))jlH 

(A-t)"-^d(/(")(i))jii;AdA 
and, since by the Taylor's formula ()6.41[) we have 

-J^ [M-tTd[f(^^\t))^f{M)-Y,-/^Hc){M-c)\ (6.44) 



n 



m—O \ "' c 



fc=0 



then, by (|6.42l) and (|6.44l) . we deduce the equality (|6.39p with the integral 
representation for the remainder provided by (|6.40l) . ■ 

The following particular instances are of interest for applications: 
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Corollary 386 (Dragomir, 2010, [4j) With the assumptions of the above 
Theorem \385[ we have the equalities 



n 



k=0 



3.45) 



+ 



n 



k=Q 



Iff + Tn {f,c,m,M) 



where 










1 


pM j 


' r^ 


r„(/,m,M):= 




Jm-0 \ 


I 


(n-1)! 


J m 


and 









(6.46) 



" 1 



fc=0 



ik)l!!^±M_^f^^rn + A£^ 



H 



(6.47) 



/w-E>^^"^''^^''"™ 



fc!- 

fc=0 

+ W,Af,c,m,M) 



\ 2 



L_f/ 



whe 



n pM I f\ 



W'n(/,m,M) 



(-1) 
[n- 1)! y„_o Wi:i±M 



{t-\f'U{j^^\t)y\Exd\ 

(6.48) 



and 



fc=0 



^ (^) = E ^r-/^"^ (^^) (^^1^ - ^)' + ^« (/' ^' "^' ^^) (6.49) 



wher 



Yn{f,m,M) 



respectively. 



(-ir 



«+l /.J\f / /.M 



(n~l)! 



r?x-0 \-'A 



(i-A)"-^d(/(")(i))ji?AdA, 

(6.50) 



Remark 387 In order to give some examples we use the simplest repre- 
sentation, namely ^6.4^^ for the exponential and the logarithmic functions. 
Let A be a selfadjoint operator in the Hilbert space H with the spectrum 
Sp{A) C [ttt,, A/] for some real numbers m < M and let {E\}^ be its 
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spectral family. Then we have the representation 



^■■^^■■■ES:^(^^i«-^)' (6-51) 



fe=0 

(-1 



fc! 



{n - 






In the case when A is positive definite, i.e., m > 0, then we have the 
representation 



^nA^ilnM)l,-±iMl^ (6.52) 

k=l 



'Ur'^^'h- 



6.3.2 Error Bounds for f^'' of Bounded Variation 

We start with the fohowing result that provides an approximation for an 
n-time differentiable function of selfadjoint operators in Hilbert spaces: 



Theorem 388 (Dragomir, 2010, [4j) Let A he a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [m, M] for some real num- 
bers m < M , {E\\^ be its spectral family, I be a closed subinterval on M 
with [m,M] C / (the interior of I) and let n be an integer with n > I. If 
f : I ^ C is such that the n-th derivative J^"' is of bounded variation on 
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the interval [m, M], then for any c G [to, M] we have the inequalities 



\{Vn{f,c,m,M)x,y)\ 
1 



< 



< 



< 



(n 


1 


1)! 


{n 


1 


1)! 


{n 


1 


1)! 


{n 


1 


1)! 


[n 


- 


1)! 



m-O 

M 



{c-\r-^\jl^f^^^^)\{E^x,y)\dX 



1 /■ / \ 

7w/ {\-cT-'\J[&^)\{Exx,v)\d\ 



r-M 



3.53) 



1 ^"^ / \ /"^ 



< — max 
n! 



' c M ~j 



/or any x,y G -ff, where 



B„(c,TO, M,x,y) 



r [(M-cr + (c-mr]||x||||y|l; 

C„(c,TO, M,x,2/); 

n[i(M-TO) + |c-2i±M|]"-i 
I X [((Ml^ - yl)x,x) {{MIh - A)y,y)f^ 



3.54) 



and 



C„(c, TO, M, X, y) (6.55) 

:= [([(M - c)" Iff - sgn (A - cIh) \A - cl^ j"] x, x)]'^' 
X [([(M - c)" Iff - 55n (A - clff) |yl - clff n y, y)]'/' . 



i^ere f/ie operator function sgn {A — clff) \A — clff | is generated by the 
continuous function sgn (• — c) |- — c|" defined on the interval [m, M] . 
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Proof. From the identities (|6.39p and (|6.40p we have 

|(K(/,c,m,M)a;,y)| 



(6.56) 



< 



< 



{n-l)\ 

1 

(n-1)! 

1 

1 
(n - 1)! y,„_o 



rn— \ ■/ c 



dA 



771 — V-^C 

Af / /.A 



(n-1)! 



'(t-A)"-^d(/(")(t))j(i?AX,y)dA 
(t-A)"-id(/(")(i))j(£;AX,2/)rfA 
'(i-Ar^^d (/(«)(<)) \{E^x,y)\d\ 
{t-Xr-'d[f(^Ht)) \{Exx,y)\dX 



for any x,y G H. 

It is weh known that if p : [a, 6] — > C is a continuous function, v : [a, b] — > 
C is of bounded variation, then the Riemann-Stieltjes integral J^ p (t) dv (t) 
exists and the following inequality holds 



p (t) dv (t) 



< sup \p{t)\\/{v), 
tela,b] „ 



3.57) 



where \J (v) denotes the total variation of v on [a, b] 

a 

By the same property (j6.57p we have 



(i-A)"-^d(/(")(t)) <(c-A)"-^V (/(")) 



for A e [m,c] and 



(i-A)"-^d(/(")(t)) < (A -c)"-^V (/(")) 



(6.58) 



3.59) 



for A e [c. Ml . 
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Now, on making use of (I6.56P and (|6.58p - (|6.59p we deduce 

\{Vn{f,c,m,M)x,y)\ 

1 r 

{n ~ 1)! 7„_o 



<-^—. r ic-Xr-'\/(f<^^A\{E,x,y)\dX 

A 

1 rM ^ 



(n-1) 



for any x^y £ H which proves the first part of (j6.53p . 

The second and the third inequahties fohow by the properties of the 
integraL 

For the last part we observe that 

M pM 

\\-cr-A{Exx,y)\d\< max \{Exx,y)\ \X~cr'dX 

m-O Ae[m,M] J „^ 

<-\\x\\\\y\\[{M-cr + {c~mr] 
n 

for any x,j/ G -ff,and the proof for the first branch of B{c,m, M,x,y) is 
complete. 

Now, to prove the inequality for the second branch of B{c,m, M,x,y) 
we use the fact that if P is a nonnegative operator on H, i.e., {Px,x) > 
for any x € H, then the following inequality that provides a generalization 
of the Schwarz inequality in H can be stated 

\{Px,y)f<{Px,x){Py,y) (6.60) 

for any x,y £ H. 

If we use (|6.60p and the Cauchy-Buniakowski-Schwarz weighted integral 
inequality we can write that 

M 

|A-c|"-i|(^Aa;,y)|dA (6.61) 

m-O 

< / \X-cr'{E^x,x)'/'{E^y,y)'/'dX 

<(r \X-cr-^E^x,x)dx\ I r \X-cr-'{E>,y,y)dx] 



for any x,y £ H. 
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Integrating by parts in the Riemann-Stieltjes integral, we have 



M 
m-0 



|A — c|" {E\x,x) dX 



(6.62) 



771 — 



M 



{c-\f^^{Exx,x)dX+ / iX-cf^^{Exx,x)dX 



{Exx, x)d{c~ A)" + / {Exx, x)d{X~ c) 



777-0 



M 



n 



-{c-Xr{Exx,x)\l_,+ / ic~Xrd{Exx,x) 

j-M 

{Exx, x) (A - c)"|f - y {X-cTd {Exx, x) 
(c — A)" d{Exx, x) 

pM 

\\xf{M-cf- {X-c)"d{Exx,x) 

J c 

\\x\\\M-cr 

pM 

{c — X)" d{Exx,x) — / {X — c)" d{Exx,x) 



7M — 

1 \\\ l|2 

n 

1 II l|2 

- \m\ 

n 
1 

m-O 



M 



||a;|nAf-c)"- / sgn{X~ c)\X~ c\'" d{Exx,x) 



[{[{M - c)" 1h - sgn {A - cIh) \A - cl^l"] a;, x)] 



for any x G H, and a similar relation for y, namely 



M 

777-0 
1 



|A~cr-i(ii;A2/,y)dA 



[([(Af - c)" 1h - sgn {A - cIh) \A - cImH y, y)] 



3.63) 



for any y € H. 

The inequality (|6.6ip and the equalities (|6.62p and (I6.63P produce the 
second bound in (|6.54p . 
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Finally, observe also that 

|A — c|" {E\x, x) dX 



(6.64) 



M 

(c - A)""^ {E),x, x)dX+ I (A - c)""^ {Exx, x) dX 



< (c - m)"~" / {Exx, x) dX + {M - c)" 



M 



{Exx, x) dX 



< max 



\{c-m)"-\{M-c)"-^} f {Exx,x)dX 



-{M-m) 



M 



{Exx,x)X\^_^^ 



- {M - m) + 



■m + M 


- n-1 


2 




/ Ad {Exx, x) 

m~0 



m + Af 



-I n-l 



{{M1h-A)x,x) 



for any x d H and similarly, 



|A — c|" {Exx,x) dX 



3.65) 



< 



2 (^ - "i) 



TO + M 



n-l 



((AflH-^)2/,y) 



for any y £ H. 

On making use of ()6.6ip . ()6.64p and (|6.65p we deduce the last bound 
provided in (|6.54l) . ■ 

The following particular cases are of interest for applications 

Corollary 389 (Dragomir, 2010, [4j) With the assumption of Theorem 
\388\ we have the inequalities 



\{T^{f,m,M)x,y)\ 

r-M 



3.66) 



< 



1 



(n- 1): j„_o 

M 



{X-mr-'\/[f^-^)\{Exx,y)\ 



< 



(n-l)! 



1 / \ r"' 



dA 



dX 



< 



1 ^'^ 
-V (/(")) i3„(m,Af,x,y), 
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for any x,y £ H, where 

B^{m,M,x,y) (6.67) 

f (M-mn|x||||y||; 

Cnim,M,x,y); 
^ n (M - mf'^ \{{M\u - A) x, x) ((Ml^ - A) y, y)]^/^ 



C^{va, M, X, y) := [([(M - m)" !« - (A - ml^ )"] x, x)]'/' (6.68) 

X [([(M - m)" Iff - (A - miff)"] 2/, y)f^ . 

The proof follows from Theorem 13881 by choosing c — m and performing 
the corresponding calculations. 

Corollary 390 (Dragomir, 2010, ^) With the assumption of Theorem 
\38^ we have the inequalities 



\{Y,,{f,m,M)x,y)\ 



(6.69) 



< 



(n- 1)! j„_o 

M 



M 

{M-\r-'\/i^f("^)\{E,x,y}\dX 



< 



< 



rAvV(/*"0 / iM-Xr-'\{E,x,y)\ 
-V (/(")) B„(m,M, a;, y), 



dA 



/or BKj/ x,y Cz H, where 
Bn{m,M,x,y) 



(6.70) 



r (Af-m)"||x||||y||; 

Cn{m,M,x,y); 
^ n{M- m)"-' [((Af Iff - A) x, x) ((Af Iff - A) y, y)] ^'^ 



and 



Cn{m, M, X, y) := [((Miff - Af x, x)f' [{{MIh - Af y, y)f' . 



.71) 
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The proof follows from Theorem 13881 by choosing c = M and performing 
the corresponding calculations. 

The best bound we can get is incorporated in 



Corollary 391 (Dragomir, 2010, [4]) With the assumption of Theorem 
\38^ we have the inequalities 



\{Wn{Lm,M)x,v)\ 

1 /"^J" fm + M 



(6.72) 



< 



< 



n-1)! 



V (/("))|(i?,x,y)|dA 



n — 1)\ j m + M 



M 



A- 



TO + M 



n-l A 



V /^"' l(i?AX,2/)|dA 



^ nc-r i^i. . \ 71 1 



' ra + M -^ T \ / 



n-1) 
1 



n~ 1)! 



-T— A/ 

V (/*"0 ' V (/^"O 



M 



< — max 

n'. 



m + M 



\{Exx,y)\dX 

M 1 



/or flny x,y (^ H, where 



Bnim,M,x,y) 



3.73) 



^ M^I<:|la:||||y||; 



C{m,M,x,y) 
[ 2^ (M - m)"-i [((Miff - A) X, x) ((Miff - A) y, y)]^/^ 
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and 



'{M-mY' 



2" 
[M-mY 



, A m + M 
Ih - sgn A 1^ 



, ^ m + M 
Ih - sgn A Ih 



^ m + AI 
A 7. — Iff 



^ m + K'I 

A 7. lif 






1/2 



y,y 



-,1/2 



(6.74) 



6.3.3 Error Bounds for f'^'^^ Lipschitzian 

The case when the n-th derivative is Lipschitzian is incorporated in the 
following result: 



Theorem 392 (Dragomir, 2010, |4j) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp (A) C [rri, M] for some real num- 
bers m < M , {Ex\^ be its spectral family, I be a closed subinterval on R 
with [m, M] C / (the interior of I) and let n be an integer with n > 1. 
If f : I ^f C is such that the n-th derivative /'"' is Lipschitzian with the 
constant L„ > on the interval [m,M], then for any c € [m, M] we have 
the inequalities 



\{Vn{f,c,m,M)x,y)\ 



(6.75) 



1 
n\ 



< 



M 



:L„ 



\X-cn{Exx,y)\dX 



{n + iy. 

{M-cr+' + {c-mr+']\\x\\\\y\\; 



X < 



(A/ - cY^' Ih - sgn {A - cIh) \A - cIh\ 



n+l 



{M - cY^' Ih - sgn {A - cIh) \A ~ cIh 



n+l 



1/2 
1/2 



y,y 



(n+l)[i(Af-m) + |c-2i±M|]" 
[ X [{{MIh - A)x,x) {{MIh - A)y,y)Y/^ ; 



for any x,y ^ H. 
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Proof. From the inequality (|6.56p in the proof of Theorem 13881 we have 

(6.76) 

\{E^x,y)\dX 



\{Vn{f,c,m,M)x,y)\ 
1 



< 



{n - 1)! y,„_o 

1 I'M 



(n-1)! 



(t-A)"-id(/(")(i)) 



\{E),x,y)\d\ 



for any x,y Cz H. 

Further, we utihze the fact that for an L— Lipschitzian function, p : 
[a, /3] — >■ C and a Riemann integrable function v : [a, f3] — ;> C, the Riemann- 
Stieltjes integral /^ p (s) dv (s) exists and 

rP rP 

/ p{s)dv{s) <L \p{s)\ds. 

'JO. -/a 

On making use of this property we have for A G [m, c] that 

(t - A)"-i d (/(") (t)) < Ln y (t - Xf-' dt = iL„ (c - A)" 
and for A e [c, M] that 

(^-A)"-id(/(")(t)) <i„y' {x~tr-'dt = U,,{\-cr 

which, by (|6.76l) produces the inequality 



\{Vn{f,c,m,M)x,y)\ 



3.77) 



M 



<^Ln f (c - A)" I {Exx, y)\dX + ^L„ / (A - c)" \{Exx,y)\ dX 
:L„ I \X-c\''\{E^x,y)\dX, 



n 



m-O 



for any x,y £ H, and the first part of (|6.75p is proved. 

Finally, we observe that the bounds for the integral /,„_g | A — c|" | {E\x, y) \ dX 
can be obtained in a similar manner to the ones from the proof of Theorem 
13881 and the details are omitted. ■ 

The following result contains error bounds for the particular expansions 
considered in CoroUarv 13861 
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Corollary 393 (Dragomir, 2010, [4j) With the assumptions in Theo- 
rem \392] we have the inequalities 



\{Tn{f,m,M)x,y)\ 



<^L„ 



M 



(A-m)"|(SAX,2/)|dA 



m—Q 



(6.78) 



< 



(n + 1)! " 

r iM-mr+'\\x\\\\y\\; 



X < 



(M - m)"+' Ih-{A^ miff )"+' 



\n+l 



{M - m)"^' iH-iA- miff) 



n+l 



1/2 
1/2 



y,2/ 



, (n + 1) (M - mf [{{MIh - A) x, x) {{MIh - A) y, y)f^ 



|(F„(/,m,M)x,y)| 

1 I'M 



iM-Xf\{Exx,y)\dX 



< 



1 



(n+l)! 



m-O 



Ln 



{M-mr+'\\x\\\\y\\; 



X < 



1/2 



(6.79) 



( [{MIh - Ar+'] X, x)] [( [{MIh - Af^'] y, y) 



^ (n + 1) [{M - m)]" [((Miff - A) x, x) ((Miff - A) y, y) 



1/2 



1/2, 
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and 



\{Wn{f,m,M)x,y)\ 






M 



m—0 



\- 



m + M 



\{E).x,y)\d\< 



(n + 1)! 



( (M-m)" + ^ 



X < 



{M~m)'^ + ^ 



\h — sgn (yA 



2„ Iff - sgn {A 2 



{M-m)" + '^ - 



5— Iff 



m+Mi \ I A m+A/i |"+1 
^h) \A ^ — iff 



1/2 
1/2 



2/,y 



. ^ (Af - m)" [((Miff - A) a;, x) {{MIh - A) y, y)]^'^ ; 



for any x,y ^ H, respectively. 



(6.80) 



6.3.4 Applications 

In order to obtain various vectorial operator inequalities one can use the 
above results for particular elementary functions. We restrict ourself to 
only two examples of functions, namely the exponential and the logarithmic 
functions. 

If we apply Corollary 13901 for the exponential function, we can state the 
following result: 

Proposition 394 Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [rn, A/] for some real numbers m < M and 
{E\},^ be its spectral family. Then we have 



{e^x,y)-e''Y. 



fc=0 



^-^((yMlH-Atx^y 



(6.81) 



< 



(n-1)! 



M 



{M - \T-^ {e^' - e^)\{Ey,x,y)\dX 



< 



(n-1) 
1 



l^< 



e*^ - e" 



M 



)/ iM-\r-'\{Exx,y)\d\ 

m-O 



n] 



( (A/-m)"||x||||y||; 
X < [{iMlH-Arx,x)f'[{iMlH-Ary,y)f^ 



. niM- m)"~' [((Af Iff - A) x, x) {{MIh ~ A) y, y)]^'"^ 
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for any x,y ^ H. 

If we use Corollary 13931 then we can provide other bounds as follows: 
Proposition 395 With the assumptions of Proposition \^U^ we have 



{e\,y)-e'^'Y.-^(iMlH-Afx,y 



k=0 



(6.82) 



n\ 



< 



M 



M 



{M^\f\{E^x,y)\d\ 






(n+1)! 

' {M-mr+'\\x\\\\y\\- 



X < 



1/2 



( [{MIh - Ar+'] X, x)] [( [{MIh - Ar+'] y, y) 



1/2 



^ (n + 1) [[M - m)]" [{{MIh - A) x, x) {{MIh - A) y, y)]^/' : 



Finally, the Corollaries 13901 and 13931 produce the following results for the 
logarithmic function: 

Proposition 396 Let A be a positive definite operator in the Hilbert space 
H with the spectrum Sp{A) C [m, M] C (0,oo) and {-EaJa ^e ^^s spectral 
family, then 



{\nAx,y) - {x,y)lnM + Y, 

fc=i 

^ _i M" - A" 



{MlH-Ayx,y 



< I {M-xy 

'm-O 

< 



M"A" 



kM'^ 
\{E)^x,y)\dX 



< 



M'^m" 
M"^ -rrf' 



{M^\f-^\{Exx,y)\d\ 



m-O 



(6.83) 



( (M-m)"|l:r|j|jy||; 
X < [{{MIh - A)" x,x)f' [{{MIh - Ar y,y)f^ 



. n{M- m)"^' [{{MIh - A) x, x) {{MIh - A) y, y)f^ 
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and 



(In Ax, y) - {x, y) In Af + ^ 
1 



{MlH-Afx^y 



fc=i 



fcAf'' 



< 



yn + l 



M 



{M-\T\{Exx,y)\d\ 



m — Q 



< 



{n+ 1)to"+i 

(M-mr+^||x||||y||; 



(6.84) 



X < 



{MIh-A)''+\,x 



1/2 



{MlH~Ar+'y,y 



1/2 



^ (n + 1) [{M - m)r [{{MIh - A) x, x) {{MIh - A) y, y) 



1/2, 
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6.4-1 Representation Results 

We start with the following identity that has been obtained in P]. For the 
sake of completeness we give here a short proof as well. 

Lemma 397 (Dragomir, 2010, [2]) Let I be a closed suhinterval on R, 
let a,b € I with a < b and let n be a nonnegative integer. // / : / — ^ R is 
such that the n-th derivative /'"^ is of bounded variation on the interval 
[a,b] , then, for any x e [a,b] we have the representation 



/W 



1 



[{b-x)f{a) + {x-a)f{b)] 



b — a 

{b — x) {x ~ a) 
b — a 



(6.85) 



n -. 



fc=i 
1 



6- 



?„(a;,i)d(/W(i)), 



where the kernel Sn '■ [a, b] — > R is given by 



J„ \X, t) — - X 



(x-i)"(6-x) 



if a < t < x; 



{-lf+^ {t - xf {x - a) ifx<t<b 
and the integral in the remainder is taken in the Riemann-Stieltjes sense. 
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Proof. We utilize the following Taylor's representation formula for func- 
tions / : / —> R such that the n-th derivatives /^"^ are of locally bounded 
variation on the interval /, 

/ (^) = E ry (^ - ^)' /^'^ (^) + - / (^ - *)" ^ (/^"^ (*)) ' (6.87) 



fc=0 



where a; and c are in / and the integral in the remainder is taken in the 
Riemann-Stieltjes sense. 

Choosing c = a and then c = fe in (I6.87P we can write that 

/ (^) - E Tf (^ - «)' /^'^ («) + A r (^ - ^)" ^ (/^"^ (*)) ' (6-88) 
and 

/ (-) = E ^ (^ - -)' /^'^ (^) + ^P /' (^ - -)" ^ (/'"' (^)) ' 

(6.89) 
for any a: g [a, &] . 

Now, by multiplying (|6.88p with (6 — x) and (|6.89p with [x — a) we get 



n 

{b-x)f{x) = {h-x)f{a) + {h~x){x-a)Y,^,{^-<^t''l^^Ha) 

(6.90) 



fc! 



i{b-x) r{x~trd(f^-Ht)) 



+ 

n 
and 

(x - a) / (x) = (x - a) / (6) + (6 - x) (x - a) 5] i-^ (6 - x)'^- V^'H^^) 

fe=i 

(6.91) 

_ \n+l 
+ ' 



LJ_(^^^a)J^ (t-x)"d(/(")(t)) 



respectively. 

Finally, by adding the equalities (I6.90p and (|6.9ip and dividing the sum 
with (fe — a) , we obtain the desired representation ()6.86p . ■ 

Remark 398 The case n — provides the representation 

f{x)^-^[{b-x)f{a) + {x-a)f{b)] + -^ [ S{x,t)d{f{t)) 
— a b — a J ^ 

(6.92) 
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for any x G [a,b] , where 

{b — X if a < t < X, 
a — a; if x < t < b, 

and f is of bounded variation on [a, b] . This result was obtained by a dif- 
ferent approach in f^. 

The case n = 1 provides the representation 

f (x) = -^[{b- x) f {a) + (x - a) f {b)] + -^ f Q{x,t)difit)), 
b- a b- a Ja 

(6.93) 

where 

{{a — t) {b — x) if a < t < x, 
[t ~~b){x-a) ifx<t< b. 

Notice that the representation 116. 9 3\) was obtained by a different approach 
inl^. 

Theorem 399 (Dragomir, 2010, [3j) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp {A) C [m, M] for some real num- 
bers m < M , {E\\^ be its spectral family, I be a closed subinterval on M 
with [m, M] C / and let n be an integer with n > 1. If f : I ^ C is such 
that the n-th derivative J^"' is of bounded variation on the interval [m, M], 
then we have the representation 

f (A) = —^— [f (m) (MIh -A) + f (M) {A - ml^)] (6.94) 

M — m 

^ {MlH-A){A-mlH) 

M -m 

n -. 

^ E fc! {/^'^ M (^ - "^1^)""' + (-1)' /^'' (M) {MIh Af-'} 
fc=i 

+ T„(/,m,M), 
where the remainder Tn (/, m, M) is given by 

1 ^'' 



T„ (/, TO, M) := — — / Kr. (to, M, /; A) dE^ (6.95) 

(M - to) n\ 7„_o 



and the kernel Kn {ni, M, /; •) has the representation 

Kn (to, M, /; A) := (M ~ A) N ^ (A - tf d (/<") (t)) j (6.96) 

+ (-l)"+i(A-TO)('r(t-A)"rf(/(")(i))] 



f-M 

for A e [to, M] . 
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Proof. Utilising Lemma [3971 we have the representation 



/(A) 



1 



M — m 
{M - A) (A - to) 
M -m 



[{M - A) / (to) + (A - to) / (Af )] 



(6.97) 



n _. 

(M-A) / (A-t)"d(/(")(i)) 



fe=i 



{M — m) n\ 
+ (-l)"+i(A-m) /■■'(t-A)"d(/(")(i)) 



for any A £ [to,, Af ] . 

If we integrate ()6.97p in the Riemann-Stieltjes sense on the interval 
[to.,M] with the integrator E\, then we get 



M 



f (A) dE^ 



(6.98) 



77T. — 



1 



Af -TO 



M 



[{M - A) / (to) + (A - to) / (Af )] dEx 



m-O 



(Af - A) (A - to) 



rn — 



M — m 



1 

+ (-1)'= (Af - \f-' /C^) (Af )| dEx + j-r^ 



M 
m — 



(Af - to) n! 
(Af-A)( /'\A-i)"d(/^"^(t)))di?A 



A/ 



M 



+ (-l)"+W (A-to) / (i-A)"d(/(")(i)) df^A 



Now, on making use of the spectral representation theorem we deduce from 
(|6.98p the equality (|6.85p with the remainder representation (|6.86p . ■ 



Remark 400 Let A be a selfadjoint operator in the Hilbert space H with 
the spectrum Sp{A) C [tti, Af ] for some real numbers to < Af, {Ex}^ be 
its spectral family. In the case when the function f is continuous and of 
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bounded variation on [m,M], then we get the representation 



I {A) 



1 



M -m 
1 



[/ (m) {MIh -A) + f (M) {A - ml/,)] (6.99) 



M 



{M ~ A) [/ (A) - / (m)] dE^ 



[M - m) 

M 

(A - m) [f (M) - / (A)] dEx 



Also, if the derivative /' is of bounded variation, then we have the repre- 
sentation 



I {A) 



1 



M -m 
1 



+ 



[M-m) 



[f (m) {MIh - A) + f (M) {A - rnl^)] (6.100) 



(Af-A) / {\-t)d{f'{t))\dEx 



+ f (A-m)(/ it-X)dif'{t))]dEx 



Example 401 a. Let A be a selfadjoint operator in the Hilbert space H 
with the spectrum Sp (A) C [m, M] for some real numbers m < M and 
{E\}^ be its spectral family. If we consider the exponential function, then 



get from |g. 94^ and i6.95]) that 
1 



e^ = 



[e™ {MIh ~ A) + e*^ {A - mln 



M — m, 
{MIh - A){A- mln 
M-m 



(6.101) 



" 1 
^ J\ {^" ^^ " "^Iff)""' + (-1)' e*' {MIh - Af-' } 



k=l 



(M - to) n! 



M 



m-0 



(Af - A) / (A - t)" e*rfi d£;A 



+ (-1)"^' / (A - to) ( / (i - A)" e*d< ) dEx 



b. If A is a positive definite selfadjoint operator with the spectrum Sp {A) C 
[m,M] C (OjCxd) and {E\}^ is its spectral family, then we have the repre- 
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sentation 



lnA = 



1 



M — m 
{MIh -A) {A- mln) 



[{MIh - A) In m + (A - mln) In M] 



M - m 



tli-^ 



fe-i 



.,{A-mlHr-' {MIh -A) 



\fc-i 



fc=i 



1 



(M-m) !_ j,„_o 

M / rM 

(A — m) 



(6.102) 






m-O 



X 






The case of functions for which the n-th derivative /^"^ is absolutely 
continuous is of interest for applications. In this case the remainder can be 
represented as follows: 



Theorem 402 (Dragomir, 2010, [3j) Let A be a selfadjoint operator in 
the Hubert space H with the spectrum Sp {A) C [m, M] for some real num- 
bers m < M , {E\\s^ be its spectral family, I be a closed subinterval on M 
with [m, M] C / and let n be an integer with n > 1. If f : I ^ <C is such 
that the n-th derivative J^"' is absolutely continuous on the interval [m, M], 
then we have the representation ^6.94^ where the remainder T„ (/, m, Af ) 
is given by 



T^{f,m,M):-- 



1 



(M - to) n\ J„,_o 



M 



Wnim,MJ;X)ExdX (6.103) 



and the kernel Wn (m, M, /; •) has the representation 



W^ (to, M, /; A) := (-1)" / (A - i)"-^ [nM + t-{n+l) A] /("+i) {t) dt 

(6.104) 



M 



{t - A)""' [t + nm-{n + 1) A] /("+i) (t) dt 



for A e [to, M] . 
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Proof. Observe that, by Leibnitz's rule for differentiation under the inte- 
gral sign, we have 



dX 



(M - A) / (A - tf /("+!) (t) dt 



(6.105) 



(A - f)" /("+!) it) dt+{M-X)j-i (A - t)" /("+!) (i) dt 
(A - t)" /("+!) (i) dt + n (M - A) / (A - ty-^ /("+!) (i) dt 



(A - t)""^ [nM + t - (n + 1) A] /("+!' (f) dt 



for any A G [m, M] . 

Integrating by parts in the Riemann-Stieltjes integral we have 



{M - A) / (A - t)" /("+!) (t) dt dEx 



(6.106) 



A 



M 



m-0 



M / ,.A 



(M-A)(y^(A-t)"d(/(")(t))ji?A 

(A - t)""^ [nM + t - (n + 1) A] /("+i) (t) dt \ ExdX 
(A - t)""^ [nM + t - (n + 1) A] /<"+!) (t) dt ) ExdX. 



m— \./m 

M / rX 



m—0 \ J m 



By Leibnitz's rule we also have 



d_ 
dX 



M 



(A-m) / (t- A)" /("+!) (t)dt 



(6.107) 



M 



M 



(t - A)" /("+!) (t) dt + (A - m) — I y^ (t - A)" /("+!) (t) dt 
(t - A)" /("+!) (t) dt-n{X-m) (t - A)"-i /("+i) (t) dt 

A JA 

M 

(t - A)""^ [t + nm - (n + 1) A] /("+i) (t) dt 

A 



for any A e [to, M] 
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Utilising the integration by parts and (|6.108p we get 



(A-m) / (i- A)" /("+!) (OdiU^A (6.108) 



(A - m) I y'' [t - A)" /("+!) (t) dt j i?A 



Af 



m-0 



/ (f - A)""^ [t + nm-{n+ 1) A] /("+!' (t) dt ExdX 
/ (< - A)""^ [t + nm^{n + 1) A] /<"+!) (t) d< i^A^A. 

m-O \JA / 



Finally, on utilizing the representation (|6.95l) for the remainder r„ (/, m, M) 
and the equalities (|6T06p and (|6.108p we deduce (|6.103p . The details are 
omitted. ■ 



Remark 403 The case n — 1 provides the following equality 



f (A) = j^^ [f (to) [MIh ^A) + ! (M) {A - mlH)] (6.109) 



1 pM 



Wi (to, M, /; A) ExdX, 



(M - to) y,„_o 

where 

nX nM 

Wx (to, M, /; A) := / (2A - M - t) /" (t) di + / (2A - t - to) /" (t) dt 

J m J X 

(6.110) 
/or A e [to, M] . 



6.J^.2 Error Bounds for f^^^ of Bonded Variation 

The following result that provides bounds for the absolute value of the 
kernel Kn {m,M,f\-) holds: 



Lemma 404 (Dragomir, 2010, [3]) Let I be a closed subinterval on R 
with [m, M] C /, let n be an integer with n > 1 and assume that / : / — > C 
is such that the n-th derivative f^^' exists on the interval [m,M]. 
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1. If f^^^ is of bounded variation on [to,M] , then 
\Kn{m,M,f;X)\ 



(6.111) 



< 



(M - A) (A - m)" V (/(")) + (A - m) (M - A)" \/ (/<")) 

m A 

A M 

(A - m)"-^ V (/^"O + (^ - ^)""' V (/^"O 



< -(M-m)^ 



<i(M-m)'j„(m,M;A) 



where 



J„ (m, M; A) 

[i(M~m) + |A-iii±M|]"-iY (/(«)) 



(6.112) 



M 



X 


r/A \9 

V (/'"') 


(M-A)''^"-^)]' 

/M \ 9] 

+ V (/'"^) 

\ \ / 


/P 
1/9 


ifl 

1 

2 


M 

V (/^"^) + i 


1; 

A M 

V (/^"^) - V (J 

m A 


f(»)) 



^ X [(A - m)"-^ + (M - A)""'] 



and A e [m, M] . 

^. If X E {m,M) and /("' is Ln,i,\-Lipschitzian on [m,X] and Ln.2,\- 
Lipschitzian on [A, M] , then 



|if„(TO,M,/;A)| 
1 



(6.113) 



< 



i„,i,A (M - A) (A - m)"^^ + L„,2.A (A - m) (M - Xy 



< 



< 



n+1 

7^^-T [Ln,i.x (A - m)" + L„,2,A (M - A)' 
4 (n + 1) 

1 



4 (n + 1) 

( [(A - m)" + (M - A)"] max {L„,i,a, i«,2,A} 



X < 



[iX-mr + iM-Xrf'[Ll,^, + Ll,^,) 



1/9 



i/n> 1 i + i = 1; 



I [i (M - m) + |A - iri±M|]" (L„^^_^ + ^^^^ ,^) 
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and X e [m, M] . 

In particular, if f^"' is Ln-Lipschitzian on [m,M] , then 

|X„(m,M,/;A)| 



(6.114) 



< 



n + 1 



(M - A) (A - m)"+' + (A - m) (M - A) 



n+l 



^ 4(n+l) [(^-"^^ +(M-A)] 

ond A e [m, M] . 

3. If the function /'"' is monotonic nondecreasing on [m, M] , then 



\K„{m,MJ;X)\ 



(6T15) 



< {M - A) 



+ (A - m) 



(A - tf^ /(") (t) dt-{X- m)" /(") (to) 



I'M 

(M - A)" /(") {M)^n (t - A)""^ /(") (i) di 



< (M - A) (A - to) 
(A - to)""^ [/(") (A) - /(") (m)j + (M - A)""^ [/ ("^ {M) - /(") (A) 

< i (M - mf 
(A - to)""^ [/(") (A) - /(") (to)] + (M - A)""^ [/(") (M) - /(") (A) 

< - (M - to)' r„ (to, M; A) 
w/iere 



T„(to,M;A) (6.116) 

' [i (M - to) + |A - ™±M |]"-1 [J(n) (A^) _ J(n) (^)] . 

1/p 

1/9 



(A - to)''^"-^) + {M - A)''("-i)" 
■(/(") (M) - /(") (A))' + (/(") (A) - /(") (to))' 



z/p>l,i + i = l; 



i[/(")(M)-/(")(TO)]+|/(")(A) 
'(A-to)""' + (M-A) 



/''''(M) + /<">(m) 
2 



n-1 



Proof. 1. It is well known that if p : [a, &] — )■ C is a continuous function, 
w : [a, 6] — > C is of bounded variation then the Riemann-Stieltjes integral 
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/^ p (f ) dv {t) exists and the following inequality holds 



p (i) dv (t) 



< max|p(t)|\/H, 



(6.117) 



where W (u) denotes the total variation of v on [a, 6] . 

a 

Utilising the representation (|6.96p and the property (|6.117p we have suc- 
cessively 

\Kn{m,MJ;X)\ 



< [M - A) 



(A-i)"d(/(")(t) 



+ (A-m) 



M 



(6.118) 
(t-A)"d(/(")(i) 



A M 

< {M - A) (A - m)" V (/(")) + (A - m) (Af - A)" \/ (/(")) 



= (M - A) (A - m) 



A A/ 

(A - m)"-i V (/(")) + (M - A)"-^ V (/'"') 

771 A 

A M 

(A - m)"-i V (/(")) + (Af - A)"-^ V (/(")) 



< - (A/ - m)^ 

< ^ (A// - m)' /„ (to, A//; A) 

for any A € [to,, Af ] . 

By Holder's inequality we also have 

f„ (m, Af ; A) 

[i(Af-TO) + |A-i^|]"-^V(/*"^); 



(6.119) 



M 



"(A - to)p("-^' + (Af - A)P("-') 



i/p 



< <^ 



'M 



V(/^"^) + V(/^"^) 



1/9 



ifp> l,i + i = 1; 



M 



W(/ 



(")^ + i 



A/ 



V(/^"^)-V(/'"^ 



X [(A-TO)"-V(Af-A)"-i] 



for any \ E [m, M] 
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On making use of (|6.118p and (|6.119l) we deduce (|6.11ip . 
2. We recall that if p : [a, 6] — >■ C is a Ricmann integrable function and 
t" : [a,6] — >■ C is Lipschitzian with the constant L > 0, i.e., 



1/ (s) - / (t)\ <L\s-t\ for any t, s e [a, b] , 



then the Riemann-Stieltjes integral j p (t) dv (t) exists and the following 
inequality holds 



p (t) dv (i) 



<L f \pit)\dt. 

J a 



Now, on applying this property of the Riemann-Stieltjes integral we have 



\K„{m,M,f;X)\ 



< {M - A) 
1 



(A-i)"d(/(")(t)) 



+ (A-m) 



M 



(6.120) 

(i-Ard(/(")w) 



< 



Lnxx (M - A) (A - m)"+' + L„,2,a (A - m) (M - A)"+' 



n+ 1 
(M - A) (A - m) 
n + 1 

\2 



[i„,i,A(A-m)" + L„,2,A(M-A)' 



^ ^Jr-TTT [^"-i.A (^ - "^)" + ^".2,A (Af - A)"] 
4(n + lj 

(M-to)^ 



< 



X < 



4(n + l) 

f [(A - m)" + (A/ - A)"] max {£„,i,a, Ln.2,\} 

if p > 1 1 ' 1 - 1 • 



i/« 



p q 



[ [i(Af-m) + |A-Hi±Mn (L„,i^;, + L„,2,a) 



which prove the desired result (|6.114p . 

3. Prom the theory of Riemann-Stieltjes integral is well known that if 
p : [a,b] ^ C is continuous and v : [a, 5] — >■ R is monotonic nondecreasing, 
then the Riemann-Stieltjes integrals /^ p {t) dv (i) and /^ \p {t)\ dv (t) exist 
and 



p (t) dv (t) 



<l \p{t)\dv{t) < miix\p{t)\[v{b)~v{a)]. (6.121) 

te[a,b] 
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By utilizing this property, we have 



|X„(m,Af,/;A)| 



< {M - A) 



(A-trd(/(")(t)) 



+ (A-m) 



M 



< {M - A) j^ (A - t)" d (/(") it)) +{X-m) j^ {t - A)" d (/(") (t)) 
= Hn (to, M; A) 



A 



(6.122) 
(i-A)"d(/(")(i)) 



By the second part of (|6.12ip we also have that 

iJ„(TO,M;A) (6.123) 

< (M - A) (A - to)" [/("' (A) - /(") (to)" 

+ (A - m) {M - A)" [/(") (Af ) - /(") (A) 

= (M - A) (A - to) 

X "(A - to)""' [/(") (A) - /(") (to)] + (M - A)""' [/(") (M) - /(") (A) 

< - (M - to)^ 

~ 4 



p(n) 



K") 



f(") 



f(") 



(A -to)""' /^"U^) - /^"M"^) +(A//-A)""' Z^"-* (A//) - Z^"-* (A) 
i (Af - mf Ln (to, Af ; A) 



with 



L„ (to, AT; A) 



(6.124) 



, Tl-l 



"i (Af - m) + |A - i»±M|]" [/(«) (M) - /(") (m)] 



(A - mf""-^^ + [M - A) 



p(n-l) 



1/p 



< <^ 



(/(") (Af) - /(") (A))' + (/(") (A) - /(") (to))^ 



ifp> l,i + i = 1; 



1/9 



\ [/("^ (M) - /(") (to)] + /(") (A) - /'"H^)+/'"'('") 



X (A-TO)""' + (Af-A) 



n-l 
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Integrating by parts we have 
Hn{m,M;X) (6.125) 

= (M - A) / (A - tr d (/(") (t)) +{X-m) f {t- A)" d (/<") (t)) 



A 

n-1 



(A - t)" /(") (i) + n / (A - 0""' /^"^ (0 '^^ 



(t-A)"/(")(t) 



M 



Af 



(t - A)""^ /(") (t) di 



(A - tf~' /(") (t) dt - (A - m)" /(") (m) 



M 



(M - A)" /(") (M) - n / (f - A)"~^ /(") (t) di 



= (M - A) 
+ (A - m) 
= (M-A) 
+ (A-m) 



On making use of (|6T22l) - (|6T25p we deduce the desired result (|6.115p . ■ 
On making use of the bounds for the kernel Kn{m,M, f;-) provided 
above, we can establish the following error estimates for the remainder 
Tn if, fn, M) in the representation formula (|6.94p . 

Theorem 405 (Dragomir, 2010, |3j) Let A he a selfadjoint operator in 
the Hubert space H with the spectrum Sp (A) C [rri, M] for some real num- 
bers m < M, {Ex\^ be its spectral family, I be a closed subinterval on M 
with [to, M] C / and let n be an integer with n > 1. If f : I ^ <C is such 
that the n-th derivative /^"' is of bounded variation on the interval [to, M], 
then we have the representation 



{f{A)x,y) = 



1 



+ 



M — m 

1 

M -m 



[f (to) {{MIh -A)x,y)+f (M) {{A - mln) x, y)] 

(6.126) 



\T.^/^'^ ("^) ((^^1^ -A) (A- mlH)" X, 

[k=l 
n _. "^ 

- E fc! (-1)' /'"^ (^^) ((^ - ™i^) (A^i« - ^)' ^' y) 
fc=i ' J 



+ Tn if, TO, M; X, y) , 
where the remainder Tn (/, to, M; x, y) is given by 

1 



Tnif,m,M;x,y) 



(Af - to) n\ y„_o 



M 



Knim,MJ;X)d{Exx,y) (6.127) 
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and the kernel Kn (m, M, /; •) has the representation \6.9b]) . 
Moreover, we have the error estimate 

\Tn{f,m,M;x,y)\ 



< 



±iM-m)\/ m.)X,y)) 

m-O 

r A M 

(A - m)"-i V (/(")) + (M - A)"-i V (/^"' 

m X 

M M 

m m— 

-(M-m)"\/(/^"') 11^11112/11 



< 



X max 

Xe[m,M] 



< 



(6.128) 



4n! 



for any x,y ^ H. 

Proof. The identity (|6.126p with the remainder representation (|6.127p fol- 
lows from ([Oi)) and ((05|) . 

Now, on utilizing the property (|6.117p for the Riemann-Stieltjes integral 
we deduce from ()6.127p that 



\T„{f,m,M;x,y)\< 



1 



M 



max 



(M — m) n\ Ae[m,M] 



\K^im,MJ;\)\ \/ {{E^.)X,y)) 



m-O 



for any x,y & H. 

Further, by (I6.11ip and (|6.112p we have the bounds 



(6.129) 



Knim,MJ;X)\ (6.130) 

A M 

(A - m)"-i V (/(")) + (M - A)"-^ V (/^"') 



< -{M -mf 



< -{M -mf 



- (M - m) 



A- 



m + M 



1-1 M 



V (/'"O ' 



for any A € [m, M] . 

Taking the maximum over A e [to, M] in (|6.130p we deduce the first and 
the second inequalities in (|6.128p . 

The last part follows by the Total Variation Schwarz's inequality and we 
omit the details. ■ 
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Corollary 406 (Dragomir, 2010, [3j) With the assumptions from The- 
orem,\40^ and if f^^''' is Ln-Lipschitzian on [m,M] , then 



\Tnif,m,M;x,y)\ 



M 



< 



(n+l)!(Af-m) 



Ln V i{Ei-)^^y)) 



X max 

Ae[m,M] 



(M - A) (A - m)"+' + (A - m) {M - A)"+' 



M 



< 



< 



■^ '■ m-O 



1 



4(n+l)! 
for any x,y (^ H. 



(M-m)"^^L„||x||||y|| 



(6.131) 



6.4-3 Error Bounds for f^"^ Absolutely Continuous 

The following result that provides bounds for the absolute value of the 
kernel W„ (m, M, /; •) holds: 

Lemma 407 (Dragomir, 2010, [3j) Let I be a closed subinterval on M. 
with [m, M] C /, let n be an integer with n > I and assume that / : / — > C 
is such that the n-th derivative /'"' is absolutely continuous on the interval 
[m,M]. Then we have the bound 



\Wn (m, M,f;\)\<J2 BiP (m, M, /; A) 



(6.132) 



where 



BllHm,MJ;X) 



:= n [M - A) / (A - i)"" /^"+^ {t) dt < n {M - A) 



r i (A -m)" II /(«+!) I 



[rn, A], oo 



«//("+!) eiooK A]: 



X < 



.-i)p!+i]i/pi (A-m)" 



-1 + 1/pi II fin+1) 



,/ /(n+1) e i^J^, A] ,pi > 1, -3- + J- = 1; 



l[m,A],<3i 



(A-m)""M|/("+i)| 



,A],i ■■ 



(6.133) 
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(6.134) 
dt 

r 1 (A-m)"+i||/(«+i)|L ,, 1/ /("+!) e Leo K A] : 



B(2)(™,M,/;A) 

(A - t)" /("+!) (t) 



< < 



.A] 



m.A Loo 



.1)1/P2 ^ ' II'' II [m, A], (32 '^ '^ «2 L ' J 



(np2 + 

P2>i,^ + i = i; 



(a-to)"||/("+i)| 



,A1,1 



i3i3)(r„,M,/;A) 



(6.135) 



M 



(t - A)" /("+!) (t) 



di 



r ^(M-A)"+i||/( 



"+1 II f(n+l) I 



l[A,M],oo 



j//(«+i)eLoo[A,M] 



< <^ 



(np; 

P3>i,ir + i = i; 



_J__ (^, _ ^)«+i/P3 ||/("+l)||j^_^^j_^^ ^//(n+1) e L,3 [A, Af] , 



(M-A)"||/("+i)| 



[A,M],1 



BW(^,M,/;A) 



(6.136) 



M 



■=n{\-m) {t- Xy-' /^"+^^ (t) dt<n{X-m) 



' i(M-A)"||/("+i)| 



[A,M], 



*//("+!) eioo [A, M] 



X < 



1 (M - \\"-l + l/P4 II f(n+l)|| 

[(n-l)p4 + l]^''''' ^ -^ II-' ll[A,M],g4 

z/ /("+!) e L,, [A, M] ,p4 > 1, ^ + ^ = 1; 



. (M-A)"-||/("+i)||;„_,,,,; 
/or any A G [m, M] , where the Lebesgue norms \\-\\t^ y are defined by 

{j!;\9it)fdty^'' tfgeLp[a,b],p>l 
ess suptg [„_,,] |g(t) I if g e Loo[a,h]. 



y\\[aM,P 
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Proof. From (|6T04p we have 

\Wnim,MJ;X)\ 



(6.137) 



< 



(A - t)"-^ [nM + t-{n + l)\] /("+i) (t) dt 



M 



(t - A)""^ [t + nm-in + 1) A] f^''+^^ (t) dt 



< / (A-<)""'|nM + t~(n + l)A| /<"+') (t) 



M 



^n-l 



+ (t- Xy-' \t + nm-{n + 1) A| f''+'> (t) 

r-A 

f("+l) (t) 



NK-l 



dt 
dt 
dt 
dt 



< / {X-tf^'[n{M-X) + iX-t)] 

'J m 

+ j [t- Xf-' [{t -X)+n{X- m)] /("+!) (t) 

4 

= 5^i?«(m,M,/;A) 



for any A G [to, M] , which proves (|6.132p . 

The other bounds follows by Holder's integral inequality and the details 
are omitted. ■ 

Remark 408 It is obvious that the inequalities Ii6.132\l - ll6.136\) can pro- 
duce 12 different bounds for \Wn (to., M, /; A)| . However, we mention here 
only the case when /("+^) g L^o [A, M] , namely 



j(n+l) 
j(n+l) 



|W„(to,M,/;A)| 

< {M - A) (A - to)" 

+ -^ {M - xr+' 

n+1 ' [A,M],oo 

< [(M - A) (A - to)" + (A - to) (Af - A)" 

+ 1 (A-™)"+V^(Af-A)"+i 
n+1 n+1 



r \ \n+l 

H (A- to) 

[Tn,A],oc. n+1 

+ (A - to) (M - A)" 



y("+i) 

fin+l) 



(6.138) 

[m,A],oo 
[A,M],oo 



(n+1) 



[m,M],oo 



for any X G [to, M] . 

Finally, we can state the following result as well: 

Theorem 409 (Dragomir, 2010, [3j) Let A be a selfadjoint operator in 
the Hilbert space H with the spectrum Sp (A) C [ni, M] for some real num- 
bers m < M , {E\\^ be its spectral family, I be a closed subinterval on 
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R with [m, M] C / and let n be an integer with n > 1. If f : I ^ C 
is such that the n-th derivative f^"' is absolutely continuous on the inter- 
val [m,M], then we have the representation \6.12b]) where the remainder 
T„ (/, m, M; x, y) is given by 

1 I'M 



r„ (/, m, M; X, y) := — / W„ (m, M, /; A) {E^x, y) dX 

[M - m) n\ 7,„_(, 

(6.139) 

and the kernel Wn {m, M, /; •) has the representation \6.104^ . 

We also have the error bounds 

\Tr,{f,m,M;x,y)\ (6.140) 

1 rM 



[M - to) n\ J^_Q 



M 



1 /" 

^777 Vl / \Wn{ni,MJ-\)\{Exx,xf^E^y,yf'^d\ 

{M — TOJ n\ J,„_o 



< 



1 /-A/ 



y||a:||||z/|| / \Wn{m,MJ-\)\d\ 



[M ~m)n\ 

for any x,y E H. 

Remark 410 On making use of Lemma \4-U7\ one can produce further bounds. 
However, the details are left to the interested reader. 
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